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providing us a copy of Watson's notes. For an engaging biography of Watson, 
see Rankin's paper [1]. 
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Preface 


During the years 1903—1914, Ramanujan recorded most of his mathematical 
discoveries without proofs in notebooks. Although many of his results were 
already in the literature, more were not. Almost a decade after Ramanujan's 
death in 1920, G. N. Watson and B. M. Wilson began to edit his notebooks 
but never completed the task. A photostat edition, with no editing, was 
published by the Tata Institute of Fundamental Research in Bombay in 1957. 

This book is the third of five volumes devoted to the editing of Ramanujan's 
notebooks. Part I, published in 1985, contains an account of Chapters 1—9 in 
the second notebook as well as a description of Ramanujan's quarterly re- 
ports. Part П, published in 1989, comprises accounts of Chapters 10—15 in 
Ramanujan’s second notebook. In this volume, we examine Chapters 16—21 
in the second notebook. For many of the results that are known, we provide 
references in the literature where proofs may be found. Otherwise, we give 
complete proofs. Most ofthe theorems in these six chapters have not previous- 
ly been proved in print. Parts IV and V will contain accounts of the 100 pages 
of unorganized material at the end of the second notebook, the thirty-three 
pages of unorganized results comprising the third notebook, and those results 
in the first notebook not recorded by Ramanujan in the second or third 
notebooks. The second notebook is chiefly a much enlarged and somewhat 
more organized edition of the first notebook. 


Urbana, Illinois Bruce C. Berndt 
May, 1990 
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Introduction 


In der Theorie der Thetafunctionen ist es leicht, eine beliebig grosse Menge von 
Relationen aufzustellen, aber die Schwierigkeit beginnt da, wo es sich darum 
handelt, aus diesem Labyrinth von Formeln einen Ausweg zu finden. 

G. Frobenius 


The content of this volume is more unified than those of the first two volumes 
of our attempts to provide proofs of the many beautiful theorems bequeathed 
to us by Ramanujan in his notebooks. Theta-functions provide the binding 
glue that blends Chapters 16—21 together. Although we provide proofs here 
for all of Ramanujan's formulas, in many cases, we have been unable to find the 
roads that led Ramanujan to his discoveries. It is hoped that others will at- 
tempt to discover the pathways that Ramanujan took on his journey through 
his luxuriant labyrinthine forest of enchanting and alluring formulas. 

We first briefly review the content of Chapters 16-21. Although theta- 
functions play the leading role, several other topics make appearances as well. 

Some of Ramanujan's most famous theorems are found in Chapter 16. The 
chapter begins with basic hypergeometric series and some q-continued frac- 
tions. In particular, a generalization of the Rogers- Ramanujan continued 
fraction and a finite version of the Rogers- Ramanujan continued fraction are 
found. Entry 7 offers an identity from which the Rogers- Ramanujan identities 
(found in Section 38) can be deduced as limiting cases, a fact that evidently 
Ramanujan failed to notice. The material on q-series ends with Ramanujan's 
celebrated ‚у, summation. After stating the Jacobi triple product identity, 
which is a corollary of Ramanujan's ,U, summation, Ramanujan commences 
his work on theta-functions. Several of his results are classical and well known, 
but Ramanujan offers many interesting new results, especially in Sections 
33-35. For an enlightening discussion of Ramanujan's contributions to basic 
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hypergeometric series, as well as to hypergeometric series, see R. Askey's 
survey paper [8]. 

Chapter 17 begins with Ramanujan's development of some of the basic 
theory of elliptic functions highlighted by Entry 6, which provides the basic 
inversion formula relating theta-functions with elliptic integrals and hyper- 
geometric functions. Section 7 offers many beautiful theorems on elliptic 
integrals. The following sections are devoted to a catalogue of formulas for 
the most well-known theta-functions and for Ramanujan's Eisenstein series, 
L, M, and N, evaluated at different powers of the argument. These formulas 
are of central importance in proving modular equations in Chapters 19—21. 

Several topics are examined in Chapter 18, although most attention is given 
to the Jacobian elliptic functions. Approximations to z and the perimeter of 
an ellipse are found. More problems in geometry are discussed in this chapter 
than in any other chapter. The chapter ends with Ramanujan's initial findings 
about modular equations. 

Chapters 19 and 20 are devoted to modular equations and associated 
theta-function identities. Most of the results in these two chapters are new and 
show Ramanujan at his very best. It is here that our proofs undoubtedly often 
stray from the paths followed by Ramanujan. 

Chapter 21 occupies only 4 pages and is the shortest chapter in the second 
notebook. The content is not unlike that of the previous two chapters, but 
here the emphasis is on formulas for the series L, M, and N. 

Since Ramanujan's death in 1920, there has been much speculation on the 
sources from which Ramanujan first learned about elliptic functions. In com- 
menting on Ramanujan's paper [2] in Ramanujan's Collected Papers [10], 
L. J. Mordell writes “It would be extremely interesting to know if and how 
much Ramanujan is indebted to other writers." Mordell then conjectures that 
Ramanujan might have studied either Greenhill’s [1] or Cayley's [1] books 
on elliptic functions. Greenhill’s book can be found in the library at the 
Government College of Kumbakonam, but we have been unable to ascertain 
for certain if this book was in the library when Ramanujan lived in Kumbako- 
nam. Hardy [3, p. 212] remarks that these two books were in the library 
at the University of Madras, where Ramanujan held a scholarship for nine 
months before departing for England. Hardy then quotes Littlewood's 
thoughts: “a sufficient, and I think necessary, explanation would be that 
Greenhill's very odd and individual Elliptic Functions was his text-book." 
Mordell, Hardy, and Littlewood surmised that Greenhill's book served as 
Ramanujan's source of knowledge partly because Greenhill's development 
avoids the theory of functions of a complex variable, a subject thought to have 
been never learned by Ramanujan. In particular, the double periodicity of 
elliptic functions is not mentioned by Greenhill until page 254. In the un- 
organized portions of the second notebook and in the third notebook, there 
is some evidence that Ramanujan knew a few facts about complex function 
theory. (See Berndt's book [11].) However, Ramanujan's development of the 
theory ofelliptic functions did not need or depend on complex function theory. 
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Ramanujan also never mentions double periodicity. Because Cayley's book 
contains several sections on modular equations, it is reasonable to conjecture 
that this book might have been one of Ramanujan's sources of learning. 

The origins of Ramanujan's knowledge of elliptic functions are probably 
not very important, since Ramanujan's development of the subject is uni- 
quely and characteristically his own without a trace of influence by any other 
author. Ramanujan does not even use the standard notations for elliptic 
integrals and any of the classical elliptic functions. The content of Ramanu- 
jan's initial efforts overlaps with some of Jacobi's findings in his famous 
Fundamenta Nova [1], [2]. However, it is unlikely that Ramanujan had access 
to this work. Moreover, while the Jacobian elliptic functions were central in 
Jacobi's development, they play a far more minor role in Ramanujan's theory. 
(Our proofs in the pages that follow undoubtedly employ the Jacobian elliptic 
functions more than Ramanujan did.) Both Jacobi and Ramanujan exten- 
sively utilized theta-functions, but the evolution of Ramanujan's theory is 
quite different from that of Jacobi. The classical, general theta-function 9, (г, q) 
may be defined by 


oo 
9154 — У, ge, (11) 
where |q| « 1 and z is any complex number. Ramanujan's general theta- 
function f(a, b) is given by 


fla, b) = X grin*1)25n(-1)2. (12) 
where |ab| < 1. The generalities of (I1) and (I2) are the same. To see this, set 
a = q exp(2iz) and b = q exp(2iz). For many purposes, the definition (I1) is 
superior. However, for Ramanujan’s interests and theory, (I2) is definitely the 
preferred definition and was strongly instrumental in helping Ramanujan 
discover many new theorems in the subject. 

Upon studying Ramanujan's development of the theory of modular equa- 
tions in Chapters 18-21, we now are able to understand more clearly the 
rationale for Ramanujan's introduction of *modular equations" in Sections 
15 and 16 of Chapter 15 of his second notebook [9], which we have previously 
described in Part II [9]. Before returning to this material, we need to define 
the generalized hypergeometric function ,,,F, by 


o0 (a )„(® J)a (a ), 2" 
р+1Е,(91, 05, ...,0р+15 Bi, Bo, s В; 2) = Э 1 2 pti 


n=0 (Bi). (B3). (B), nt 


where p is a nonnegative integer, 01,02,...,9р+1, By, B2,...,8, are complex 
numbers, |z| « 1, and 


(a), = a(a + 1)(а + 2:--(a +n — 1), 


for each nonnegative integer n. 
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Ramanujan begins his study of “modular equatons” in Chapter 15 by 
defining 


o {1 
F=- È OS Iud», quero 0 
n=0 . 
He then states the trivial identity 
2t 
Fl ——|- 2). 
5 a (1  F(?) (14) 


After setting х = 2t/(1 + t) and £ = t?, Ramanujan offers the “modular equa- 
tion of degree 2,” 


B(2 — a)? = a, (I5) 


which is readily verified. The factor (1 + t) in (I4) is called the multiplier. He 
then derives some modular equations of higher degree and offers some general 
remarks. We emphasize that this definition of modular equation has no 
connection with any of the standard definitions, but we shall draw some 
parallels shortly. 

There are many definitions of a modular equation in the literature. See 
Ramanathan’s paper [10] or our expository introduction to Ramanujan’s 
modular equations [7] for discussions of some of these alternative definitions. 
We now give the definition of a modular equation that Ramanujan employed 
and the one that we shall use in the sequel. First, the complete elliptic integral 
of the first kind K(k) is defined by 


= 15 do _л ге Gh an _ T 1 1.4.42 
SUR f ое. 
where 0 < k < 1 and where the series representation іп (16) is found by 
expanding the integrand in a binomial series and integrating termwise. The 
number k is called the modulus of K, and k' := 4/1 — К? is called the comple- 
mentary modulus. Let K, K', L, and L' denote complete elliptic integrals of 
the first kind associated with the moduli k, k', £, and 7’, respectively. Suppose 
that the equality 
к Г 
"y = (Т7) 
holds for some positive integer n. Then a modular equation of degree n is a 
relation between the moduli k and 7 which is implied by (17). Ramanujan 
writes his modular equations in terms of х and f, where « = К? and fi = 7?. 
We shall often say that f has degree n. As we shall see in Section 6 of Chapter 
17, modular equations can alternatively be expressed as identities involving 
theta-functions. In fact, often one first proves a theta-function identity and 
then transcribes it into an equivalent modular equation by using the formulas 
in Entries 10—12 in Chapter 17. Ramanujan undoubtedly used this procedure 
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in proving most of his modular equations, and we shall proceed in the same 
fashion. The multiplier m for a modular equation of degree n is defined by 


K 


=>. (18) 


m 


Ramanujan also established many “mixed” modular equations in which 
four distinct moduli appear. See the introduction of Chapter 20 for the 
definition of “mixed” modular equation. 

For those not familiar with modular equations, these definitions may 
appear to be arbitrary and unmotivated. The raison d‘etre can be found in 
the first six sections of Chapter 17. In particular, we note that the base q in 
the classical theory of elliptic functions is defined by д = exp(—7K’'/K). Often 
one seeks relations among theta-functions where the arguments appearing are 
q and q", for some interger n. Further motivation can be found in two survey 
articles (Berndt [7], [8]). 

Before offering some historical remarks about modular equations, we point 
out the analogies between Ramanujan’s definition of a “modular equation” 
in Chapter 15 and the standard definition arising from (I7) that we have given 
above. The function F(x) in (I3) is an analogue of K(k) in (I6). Note that if one 
of the parameters 4 of ,Е, (4, 4; 1; k?) in (16) is replaced by 1, then this hyper- 
geometric function reduces to ,F,(1; k?), which appears in (16) with x = k?. 
Observe that (I5) is a relation between the “moduli” х and fj. Furthermore, 
note that the multiplier 1 + JB in (I4) is analogous to the multiplier defined 
in (I8). 

One could argue, as we did in [7], that the theory of modular equations 
began in 1771 and 1775 with the appearance of J. Landen's two papers [1], 
[2] in which Landen's transformation was introduced. Strictly speaking, the 
theory commenced when A. M. Legendre [2] derived a modular equation of 
degree 3 in 1825 and C. G. J. Jacobi established modular equations of degrees 
3 and 5 in his Fundamenta Nova [1], [2] in 1829. Subsequently, in the century 
that followed, contributions were made by many mathematicians including 
C. Guetzlaff, L. A. Sohncke, H. Schróter, L. Schlafli, F. Klein, A. Hurwitz, 
E. Fiedler, A. Cayley, R. Fricke, R. Russell, and H. Weber. Classical texts 
containing much material on modular equations include those of Enneper [1], 
Weber [2], [3], Klein [2], [3], and Fricke [3]. Enneper’s book [1] and 
Hanna's paper [1] contain many references to the literature. As we shall see 
in the remainder of this book, Ramanujan's contributions in the area of 
modular equations are immense. He discovered many of the classical modular 
equations found by the aforementioned authors, but he derived many more 
new ones as well. With little or no exaggeration, we suggest that perhaps 
Ramanujan found more modular equations than all of his predecessors dis- 
covered together. After approximately a half century of dormancy, modular 
equations have become prominent once again. They arise in the theory of 
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elliptic curves, in the hard hexagon models of lattice gases (Joyce [1]), and in 
algorithms for the rapid calculation of л (J. M. Borwein [1]; J. M. and P. B. 
Borwein [1]-[6]; J. M. Borwein, P. B. Borwein, and D. Н. Bailey [1]). 
H. Cohn [1]-[8] and Cohn and J. Deutsch [1] have returned to the classical 
viewpoints but with a more modern approach and with computer algebra. 
Further references and applications of modular equations are discussed in our 
expository survey paper [7]. A briefer and more elementary introduction to 
modular equations has been given by us in [8]. T. Kondo and T. Tasaka [1], 
[2], G. Kóhler [1], [2], and I. J. Zucker [3] have recently discovered some 
new beautiful theta-function identities in the spirit of those arising in the 
theory of modular equations. 

Many algebraic, analytic, and elementary methods have been devised to 
prove modular equations. Except for H. Schróter, we have not found the 
methods of others helpful in proving Ramanujan's modular equations. Wat- 
son (Hardy [3, p. 220]) has declared that ^when dealing with Ramanujan's 
modular equations generally, it has always seemed to me that knowledge of 
other people's work is a positive disadvantage in that it tends to put one off 
the shortest track." 

In attempting to establish Ramanujan's modular equations, we have uti- 
lized three approaches. The first relies on the theory of theta-functions and 
frequently employs Schróter's formulas, first established in his dissertation [1] 
in 1854. Schróter's primary theorem is a formula representing a product of 
theta-functions as a linear combination of products of other theta-functions. 
Schróter's formulas can be found in the books of Hardy [3, p. 219], Tannery 
and Molk [1, pp. 163—167], Enneper [1, p. 142], and J. M. and P. B. Borwein 
[2, p. 111], as well as in a recent paper by Kondo and Tasaka [1]. In our 
applications, we need to slightly modify Schróter's formulas and obtain related 
representations for f(a, b)f(c, d) + f(—a, —b)f(—c, —d). All of the requisite 
formulas are proved in detail in Section 36 of Chapter 16. Schröter [1]-[4] 
utilized his formulas to find several modular equations, although, except for 
his thesis [1], he never published complete proofs of his results. Ramanujan, 
to our knowledge, has not explicitly stated Schróter's formulas in any of his 
published papers, notebooks, or unpublished manuscripts. However, it seems 
clear, from the theory of theta-functions and modular equations that he did 
develop, that Ramanujan must have been aware of these formulas or at least 
of the principles that yield the many special cases that Ramanujan doubtless 
used. However, Schróter's formulas are applicable in only a small minority of 
instances. We conjecture that Ramanujan possessed other general formulas 
or procedures involving theta-functions that are unknown to us. In particular, 
we think that he had derived a formula involving quotients of theta-functions 
that he did not record in his notebooks and that we have been unable to find 
elsewhere in the literature as well. Watson [5, p. 150] asserted that "a pro- 
longed study of his modular equations has convinced me that he was in 
possession of a general formula by means of which modular equations can be 
constructed in almost terrifying numbers." Watson then intimates that Rama- 
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nujan's "general formula" is, in fact, Schróter's most general formula. How- 
ever, as pointed out above, Schróter's formulas cannot be used in most 
instances. Further efforts should be made in attempting to discover Ramanu- 
jan's analytical methods. 

The second method exploits previously derived modular equations and 
may involve a heavy dosage of elementary algebra. The primary idea is to find 
parametric representations for х and 3 which are then employed along with 
elementary algebra to verify a given modular equation. Ramanujan probably 
used such methods, especially for small values of the degree n. The algebraic 
difficulties normally increase very rapidly with n. Some of our algebraic proofs 
are very tedious, and it is doubtful that Ramanujan would have employed 
such drudgery. Ramanujan, with his great skills in spotting algebraic relation- 
ships, could undoubtedly discover modular equations using algebraic mani- 
pulation, but, particularly in Chapters 19 and 20, the reader will see that some 
of the proofs presented here could not have been accomplished without 
knowing the modular equation in advance. 

Our third method employs the theory of modular forms. In some ways, this 
represents the best approach. First, the theory of modular forms provides the 
theoretical basis which explains why certain identities among theta-functions 
exist. Second, this approach usually does not become too much more compli- 
cated with increasing n, and so proofs remain comparatively short, after the 
requisite theory has been developed. The primary disadvantage to this method 
is that the modular equation must be known in advance, and so, as in the 
second approach, the proofs are more properly called verifications. The princi- 
pal idea is to show that the multiplier systems of certain modular forms agree 
and that the coefficients in the expansion of a certain modular form are equal 
to zero up to a certain prescribed point. We then can conclude that the 
modular form must identically be equal to zero. This approach has been used 
by A. J. Biagioli [1], S. Raghavan [1], [2], Raghavan and S. S. Rangachari 
[1], and R. J. Evans [1] in establishing several of Ramanujan's theta-function 
identities. It might be argued that Ramanujan used a variant of this method 
by comparing coefficients in the expansions of theta-functions. This is ex- 
tremely doubtful, however, because Ramanujan would not have discovered 
the identities by this procedure. 

An earlier version of Chapter 16, coauthored with C. Adiga, S. Bhargava, 
and G. N. Watson, was published in “Chapter 16 of Ramanujan's second 
notebook: Theta-functions and q-series," Memoirs of the American Mathema- 
tical Society, vol. 53, no. 315, 1985. The revised version appears here by 
permission of the American Mathematical Society. A substantial majority of 
the theorems and proofs appearing in Chapters 17—21 have not heretofore 
appeared in print. B. C. Berndt, A. J. Biagioli, and J. M. Purtilo [1]-[3] have 
proved some of Ramanujan's modular equations in journals commemorating 
the centenary of Ramanujan's birth. A brief description of Ramanujan's work 
on Eisenstein series in Chapter 21 was given by us in [10]. Some of Ramanu- 
jan's work on modular equations has also been examined by K. G. Rama- 
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nathan [9], [10], V. R. Thiruvenkatachar and K. Venkatachaliengar [1], and 
K. Venkatachaliengar [1]. 
To help readers find modular equations of certain degrees, we offer a table 


indicating the chapter and sections where the desired modular equations may 
be found. 


Degree Chapter Sections 

3 19 5,7 

5 19 11, 13 

7 19 18, 19 
20 21 

11 20 7 

13 20 8 

15 20 21 

17 20 12 

19 20 16 

23 20 15 

31 20 22 

47 20 23 

71 20 23 

3,9 20 3 

5, 25 19 15 

3, 5, 15 20 11 

3,7,21 20 13 

3,9, 27 20 5 

3, 11, 33 20 14 

3,13, 39 20 19, 21 

3, 21, 63 20 20 

3, 29, 87 20 24 

5, 7,35 20 18, 19 

5, 11, 55 20 19, 21 

5, 19, 95 20 20 

5, 27, 135 20 24 

7, 9, 63 20 19, 21 

7, 17, 119 20 20 

7, 25, 175 20 24 

9, 15, 135 20 20 

9, 23, 207 20 24 

11, 13, 143 20 20 

11, 21, 231 20 24 

13, 19, 247 20 24 

15, 17, 255 20 24 


Each of Chapters 16—20 in the second notebook contains 12 pages, while 
Chapter 21 has only 4 pages. The number of theorems, corollaries, and 
examples found in each chapter is listed in the following table. 
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Chapter Number of Results 


16 134 
17 162 
18 135 
19 185 
20 173 
21 45 
Total 834 


Many of the theorems that Ramanujan communicated in his letters of 
January 16, 1913 and February 27, 1913 to G. H. Hardy may be found in 
Chapters 16—21. We list these results in the following table. 


Location in Collected Papers Location in Notebooks 

p. xxviti, (1) Chapter 16, Entry 15 and corollary, Entry 39 (i) 
p. xxviii, (6) Chapter 20, Entry 20 (i) 

p. xxix, (15) Chapter 18, Corollary in Section 12 

р. xxix, (20) (1), (v) Chapter 20, Entries 11 (i), (ii), (xiv) 

p. xxix, (21) Chapter 20, Entry 19 (iii) 

p. 350, (3) Chapter 18, Entry 12 (ii) 

p. 353, (20) (ii), (iti), (iv), (vi) Chapter 20, Entries 11 (iii), (iv), (v), (xv) 

p. 353, (21) Chapter 20, Entry 19 (iii) 

p. 353, (22) Chapter 20, Entry 24 (i) 


A few of Ramanujan‘s published papers and questions posed to readers of 
the Journal of the Indian Mathematical Society have their origins in Chapters 
16—21 of the second notebook. In some cases, only a small portion of the paper 
actually arises from material in the notebooks. The following table lists those 
papers and the corresponding locations in the notebooks. 


Paper Location in Notebooks 
Squaring the circle Chaper 18, Entry 20 (i) 
Modular equations and Chapter 18, Entry 3, Corollary in 
approximations to z Section 3; Chapter 21 
Question 584 Chapter 16, Entries 38 (1), (ii) 
Some definite integrals Chapter 16, Entry 14 
Question 662 Chapter 19, Entry 7 (iv) (first part) 
On certain arithmetical Chapter 16, Section 35; Chapter 
functions 17, Entry 13 
Question 755 Chapter 18, Corollary (ii) of 
Section 19 
Proof of certain identities in Chapter 16, Entries 38 (i), (ii) 


combinatory analysis 
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In the sequel, equation numbers refer to equations in the same chapter, 
unless another chapter is indicated. Unless otherwise stated, page numbers 
refer to pages in the pagination of the Tata Institute's publication of Ramanu- 
jan's second notebook [9]. Page numbers unattended by any reference num- 
ber always refer to Ramanujan's second notebook. Parts I and II refer to the 
author's accounts [5] and [9], respectively, of Ramanujan's notebooks. 

We mention some standard notations that will be used in the sequel. The 
rational integers, the rational numbers, the real numbers, and the complex 
numbers are denoted by I, Q, R, and €, respectively. The residue of a mero- 
morphic function f at a pole о is denoted by R,, if the identity of the function 
f is understood. 

I am very grateful to many mathematicians for the proofs and suggestions 
that they have supplied. I am most indebted to G. N. Watson for the notes 
that he compiled on Chapters 16-21. In particular, many of the proofs in 
Chapters 19-21 are due to Watson. F. J. Dyson [1, p. 7] has affirmed that 
*Watson was chief gardener in the 1930's and worked hard to develop and 
elucidate Ramanujan's ideas." Evidently, Watson was very careful about 
whom he would permit to stroll through this garden. However, through the 
extensive notes that he left behind, he has allowed me to view many of the 
flowers in the garden, and I am very appreciative. 

I owe special thanks to the following mathematicians. C. Adiga and S. 
Bhargava made many contributions in their coauthoring an earlier version of 
Chapter 16 with me. The quality of Chapter 16 has greatly been enhanced by 
the many suggestions offered by R. A. Askey. A. J. Biagioli and J. M. Purtilo 
provided invaluable and necessary help in the theory of modular forms and 
MACSYMA, respectively. R. J. Evans [1] furnished beautiful proofs of some 
of Ramanujan's most intractable theta-function identities, and we have re- 
produced in the sequel much of his paper. L. Jacobsen has contributed several 
helpful remarks and suggestions on continued fractions. 
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CHAPTER 16 


q-Series and Theta-Functions 


In Chapter 16, Ramanujan develops two closely related topics, q-series and 
theta-functions. The first 17 sections are devoted primarily to q-series, while 
the latter 22 sections constitute a very thorough development of the theory of 
theta-functions. 

Ramanujan begins by stating some mostly familiar theorems in the theory 
of q-series. In particular, Ramanujan rediscovered some of Heine's famous 
theorems including his g-analogue of Gauss' theorem. However, several re- 
sults appear to be new. Perhaps most noteworthy in this respect are the 
continued fractions in Sections 10—13. (Entry 10 is not a q-continued frac- 
tion and is more properly placed in Chapter 12 among other theorems of this 
type.) Entry 13 was later generalized by Ramanujan in his “lost notebook" 
[11]. Entry 16 is a "finite" form of what is now generally known as the 
"Rogers-Ramanujan continued fraction" and was first established in print 
by Hirschhorn [1] in 1972 while being unaware that the result is found in 
Ramanujan's notebooks. 

As is to be expected, Ramanujan's findings in the theory of theta-functions 
contain many of their classical properties. In particular, he rediscovered 
several theorems found in Jacobi's epic Fundamenta Nova [1], [2]. In Entry 
27, Ramanujan records transformation formulas for the modular transforma- 
tion: T(t) = — 1/т. He did not discover more general transformation formulas. 
In Entry 19, Ramanujan gives the famous Jacobi triple product identity of 
which he made numerous applications. Because several of our proofs employ 
Watson's quintuple product identity, it would seem that Ramanujan had 
discovered it. Indeed, the quintuple product identity can be found in Ramanu- 
jan's "lost notebook" [11]. Results in the last part of Chapter 16 indicate that 
Ramanujan had found Schróter's formulas [1]. Although Ramanujan does 
not give these formulas in their most general form, he does offer several special 
cases and deductions from them. 
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But more importantly, Ramanujan discovered several new and deep theo- 
rems in the theory of theta-functions. For example, the beautiful theorems in 
Sections 33—35 appear to be new, as well as Entry 38(iv) and the corollaries 
in Section 37. 

In closing our brief survey of the content of Chapter 16, we would like to 
mention that this chapter contains four results that are due originally to 
Ramanujan and for which he is justly famous. Entry 14 offers Ramanujan's 
q-analogue of the beta-function. The evaluation of this integral was first 
recorded by Ramanujan in [4], [10, p. 57]. There are now at least four distinct 
verifications. In Entry 17 we find "Ramanujan's ү, summation." Several 
proofs, including a new one offered here, now exist. Ramanujan found many 
applications for his у, summation, including a proof of Jacobi's triple pro- 
duct identity. The remarkable Rogers- Ramanujan identities are found in 
Entries 38(1), (ii), and the "Rogers- Ramanujan continued fraction" in Entry 
38 (iii). It might be remarked that this continued fraction is the only continued 
fraction proved in Ramanujan's published papers. However, he did submit 
several formulas containing continued fractions to the problems section of the 
Journal of the Indian Mathematical Society. Also, Ramanujan's letters to 
Hardy contain many beautiful theorems on continued fractions. 

We conclude our introduction with several remarks on notation. For those 
reading this book in conjunction with the notebooks, it seems best to retain 
Ramanujan's notation f(a, b) for the theta-functions (see (18.1)). We remark 
that f(a, b) = 94(z, т), where ab = e?**, a/b = е“, and 94(z, т) denotes the 
classical theta-function in the notation of Whittaker and Watson [1]. Most 
of the results in the sequel are, in fact, more easily stated in the notation f(a, b) 
rather than in the notation 94(z, т). Ramanujan uses x to denote his primary 
variable. Since q is almost universally used today instead of x, we have adopted 
the more standard designation. It is assumed throughout the sequel that 
19| < 1. As usual, for any complex number a, we write 


(а), = (a; 4), = (1 — а)(1 — ag)(1 — aq?) (1 — aq *) 


and 
(0) :— (a; da = J] 0 — аан) 
k=0 


Ramanujan writes | | (— а, x) for (a),,, where x = q. The basic hypergeometric 
series „+; Ф is defined by 


04,05, .... Usa. & (aih(a2)e (Geary x* 
ret «|= à eX bk @ © 


where |x| < 1 and a,,a5, ..., а, у, Б,,Б,, ..., b, are arbitrary, except that, 
of course, (b), #0, 1 <j xs, Ox k < оо. If s is “small,” we shall write 
s 9,0... й+у; 1, ..., b x) in place of the notation at the left side of 
(0.1). Finally, to denote the dependence on the base q, we may write 
sais sess dai bis s b qi x). 
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Entry 1. Let q be real with |4| < 1, and suppose that a and x are any complex 
numbers. Let the principal branches of (1 — a)* and (1 — qy* be chosen. Then 


(i) lim = = (1 — ay, 
q^1 (aq*),, 
" (4) 
x Гар tb 
(iii) (а), = П (aq; 4"), 
k=0 
and 
v) ТЕЕ s 


— (a /4d; Dex 


Pnoor. First assume that |a| < 1. Apply (2.1) below with a and t replaced by 
aq* and 4 *, respectively. Hence, 
. (a) e(—-x(co-x-iíy(—-x-k-1 |, 
lim =1+ a 
q^i (aq?) à k! 


—(1-— ay, 


by the binomial theorem. The general result follows by analytic continuation. 
The following proof of (ii) is due to R. W. Gosper, Write 


x 77 : a 6) 
lim —————— .—— = lim 
"Erde Er. 


Identity (iii) follows easily by regrouping the factors on the left side. To prove 
(iv), let n — 2 in (iii) and replace q by V 


The 4-ватта function I; (x) is defined by 


г.) = 2 (1 — gis (1.1) 
(9°). 
Thus, Entry 1(ii) may be rewritten іп the form 
lim Ij(x + 1) = Г(х + 1). 
q71- 
Gosper's proof of Entry 1(ii) may also be found in Andrews' monograph [18, 
р. 109]. Our proofs of Entries 1(1), (ii) are not completely rigorous, because 
limits were taken without justification under the summation and product 
signs, respectively. T. H. Koornwinder [1] has indeed justified these formal 
processes and provided rigorous proofs. 


Ramanujan's proof of Entry 2 below can be found in his paper [4] [10, 
pp. 57-58]. 
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Entry 2. If |4|, |а| < 1, then 
ed аак 
=0 (Dk 


т 


The earliest known reference for Entry 2, the q-binomial theorem, is the 
work of Rothe [1]. Entry 2 was also discovered by Cauchy [1], [2, pp. 42-50] 
and has been attributed to him, Euler, Gauss, and Heine. If we put —b = at, 
Entry 2 may be written in the form 


(a), _ & ya" 


= : 2.1 
(дь к=% (4), e 
Entry 3. If a is arbitrary and |q| « 1, then 
1 © k,,k? 
y d (3.1) 


(aq), к% (4), (аа), 


Entry 3 is normally attributed to Cauchy [1], [2, pp. 42-50]. However, 
(3.1) can be found in Jacobi's Fundamenta Nova [1], [2, p. 232] published 14 
years earlier. We defer a proof of Entry 3 until Section 9 where a generalization 
will be proved. 


Entry 4. If |abc| « 1, then 


(ab),(ac), _ 25 (1/b),(1/c),(abe)* 
(а), (abc), (ab E) k=0 (4), (а), | 


Entry 4 is a famous result of Heine [1] and is the q-analogue of Gauss' 
summation of the ordinary hypergeometric series. For a proof of Entry 4, see 
Andrews' text [9, p. 20]. 

Observe that if we replace b by 1/t, c by 1/c, and then a by atc and lastly 
put c = 0, we obtain (2.1). Letting b and c tend to 0 and replacing a by aq in 
Entry 4, we deduce Entry 3. 

As Askey [8, p. 69] has observed, Ramanujan formulates his discoveries 
on basic hypergeometric series to emphasize the symmetry of the value of the 
sum, of which the statements of Entries 4 and 5, for example, attest. 


Entry 5. If |q|, |abcd| < 1, then 
y (a/q),(1/b),(1/c),(1/d),(1 — aq?** (abcd)* 
k=0 (ab), (ac),(ad),(q),(1 — а/д) 


_ (a), (abc), labd) Даса). 
— (ab). (ac), (ад) (abcd)., 


Entry 5 was first found by L. J. Rogers [2, p. 29] (where v — Va should be 
replaced by 1 — v/q in one factor). It is a limiting case of a more general 
identity found by F. H. Jackson [1]. Another proof of Jackson’s theorem has 
been given by Andrews and Askey [1]. 
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Pnoor. The aforementioned identity of Jackson is the q-analogue of Dougall's 
theorem and is given by (Bailey [4, p. 67]) 


e| ^1 а, —q / a, b, c, d, e, q^" | 
89 Ja, — a, aq/b, aq/c, aq/d, aq/e, аа??? 4 
_ (aq)w(agq/cd)y(aq/bd)x(aq/be)y 
(aq/b)y(aq/c)y(aq/d)y(aq/bcd)y’ 


where N is a positive integer and a2q**? = bcde. Observe that 


(a / a (—a [ay _ 1 — aq” 55 
(а) а), 1-а ` | 
We now let М tend to oo and e tend to 0 in (5.1). Since 
1 (e)la “к =й (е)к(а?а/{Ьсае), -( a ) 
e^o (ag/ е), (ад), - ео (ag/e),(bcde/a), bcd ' 
we find that 


(5.1) 


b (а), (Б), (с),(4),(1 — ag?") ( аа | 

«=o (аа/Б),(аа/с),(аа/4),(9),(1 — a) \bed 
_ (aq). (aq/cd).. (aq/bd).. (aq/bc)., 
(аа/Ь).(аа/с) (а/а). (aq/ bcd), 


Replacing a by а/д, b by 1/b, c by 1/c, and d by 1/4 in (5.3), we deduce Entry 
5 at once. 


(5.3) 


Entry 6. If |а|, \c}, |q| < 1, then 


(b). (c). 
(a), (d), 


29 (b/a, c; d; a) = 29 (d/c, a; b; c). 


This beautiful theorem is due to Heine [1], and a simple proof based on 
Entry 2 may be found in Andrews' book [9, p. 19]. In the other direction, 
setting c — d in Entry 6, we obtain Entry 2. 

Applying Entry 6 three times, we find that 


pr (ах _ (Б). (at). S (C/b) ep 
2. Onn (c) (t), к= (ада), " 
_ (b). (at) (c/b) (bt), S (b) (abt/c), (9 
(с). (2). (at), (b), k=0 (bt), (4), 
= (c/ b) (bt), (abt/ ©) (©) c (c/ a)(c/ b), (2 | 
(с). (t) —(c/b)s (bt), к< (a) \ с 
_ (abt/c),, <. (c/a)(c/b), ( abt Y 
— Oo à (c).(a). Е ) P 


which we use below. 
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Entry 7. If |q| < 1, then 
y (а), (d/b),(d/c),(d/a),(1 — dq?" )(bc/ayq**? 
k=0 (b),(C),(4/a),(4),(1 — 4/9) 
(as (d), г (Б/а),(с/а), ak 
© (6). (с), к (а/а), (а), 
Proor. By a theorem of Watson [2] (Bailey [4, p. 69]), 
a, —q./a, c, def, 4“ Em 
did di — Va, аа/с, aq/d, aq/e, ag/f, ад cdef 


(aq), (aq" *  /f ),(aq" *!/e), (aq/ef )., $ Е ef,q" 1 (7.1) 
~ (aa/e).(aa/f даа). (aq" Јер), * ? | efa""'/a, а/с, ag/d' f 


where N is a positive integer. Short calculations show that 


q^* (q^ ^), = (1946-02 
N>% (aq"*!), 


lim (a "), E (5). 
x (efg "Ja, Хе 
Letting N tend to oo in (7.1) and using the calculations above as well as (5.2), 
we find that 
y (ac), (d) (е) (Р) — aq?*) ( — a?/cdef a ** *? 
K=O (aq/c),(aq/d),(aq/e),(4q/f (a),(1 — a) 
_ (aq). (aa/ef ).0 bs ef, a| 
(aa/e). (aq/f )., ? "^ | аа/с, аа/ ef | 
We next let d tend to oo in (7.2). Since 


and 


(7.2) 


(d),d~* k kk- 
im z(-—1)ygM* 02 
ise agi, 4 

we find that 


Э (а), (с), (е), CP). — ад) (a?/cef Fq” 
ко — (aq/c)(aa/e)(aq/f (a). (1 — a) 
_ (ad). (age), & (Ds i om 
(аа/е). (aq/f ) к=% (aa/ c) (a), Nef / ` | 
Replacing а, c, e, and f by 4/4, а, d/b, and d/c, respectively, in (7.3), we find that 
y (a),(d/b),(d/c),(d/q),(1 — da?" (bc/afq 7? 
=0 (Б), (о), (а/а), (4), (1 — d/a) 
_ (4). (Ьс/а),, & (d/b),(d/c), (=) 
(b).(c), к=0 (4/а), (9), 


k 
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_ Dolbc/d)o (a), Fr (Ь/а),(с/а), , 
(Б). (с). (bc/d), к=% (d/a),(a), 


where we have applied (6.1). This completes the proof of Entry 7. 


An important application of Entry 7 will be made in Section 38. 


We now prove a lemma from which Entries 8 and 9 will follow as limiting 
cases. 


Lemma. For |de/abc |, |e/a|, |q| < 1, 


32(a, b, c; d, e; de/abc) = (e/a)..(de/bo),, 


(€), (de/abc) 392(a, d/b, d/c; d, de/bc; e/a). (8.1) 


Pnoor. Using Entry 2 and (6.1), we find that, for |a|, |e/a|, |de/abc| < 1, 


E (MON ( de | _ Фф Oeh (4 de | 
o иа, abe). ~ (0), do (d),(a),(aq"),, \ аЬ 
(2. & (МО), | de | (ејд, ы 
шылк) @, 4 7" 
_ @„ а (dn = ФМО», Са ў 
= Oe te (Qu do Ala), абс 


Oo у (е/а)ь „ (еа"/а),, у e/o. (4/Ь), (а/с), (a) 
(e), m=0 (q, ^ (deg"/abc), => (dg \ a 
_ oled) г (d/b)(d/ch (e В] 

(е).„(ае/аБс)., i-o (4), 04), Ха 


Е (a), (e/a),, (d/b),(d/c), | 


(de/abc),, 
m-o (qd) 

(deq*/be),, 
~ (Oe (de/abc), к=  (d(q \а/ — (aq), 


by Entry 2 again. The restriction |a| « 1 may now be removed by analytic 
continuation, and the lemma easily follows. 


7 (aq*)" 


"ida 


5 


M 


Entry 8. If |a], |q| < 1, then 


(а) ф (ubah к _ x (— 1*b/a),(d/c), (acq? 
ni De — e ([DNCNCY 


Pnoor. Let b tend to oo in (8.1). Then replace a, c, and e by b/a, d/c, and b, 
respectively, to achieve the desired result. 


Observe that Entry 8 is a q-extension of Pfaff's transformation (Bailey 
[4, p. 10]) 


2Р,(9, b; c; x) = (1 — x) *;F,(a c Б; c; —x/(1 — x)). 
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Entry 9. If |q| « 1, then 


© k2 


© (— 1)*(b/a), a*q ** 0? 
@д„ 2. C aod # 73 


First PROOF. Letting a and b tend to oo in (8.1), we deduce that 


a" e _ 1 g (Fae. 


к= (4) (е), (a). NN (d). (а), 


Next, let d — bc/a and e — aq. Letting c tend to 0, we complete the proof of 
Entry 9. 


SECOND Pnoor. Using Entry 6 twice, we find that 
(ax), (b), 
Malan 

_ (фх(с/®„ 
(х). (c). 
Now replace x by x/ab and let a and b tend to oo. This yields 
oo xtg 1 со —1)*(x/c), c*q k(k—1)/2 
У Imt yt Soc bui eni AC cp 
K=0 (Aale) (0). K=O (9), 
Replacing x by bq and с by aq, we obtain Entry 9. 


2€ (a, b; c; x) = —— 7 — 20 (c/b, x; ax; b) 


2€ (abx/c, b; bx; c/b). 


V. Ramamani [1] has given a proof of Entry 9 by obtaining two functional 
relations for the right side. Andrews [10] has shown that Entry 9 is a limiting 
case of an identity due to Rogers. V. Ramamani and K. Venkatachaliengar 
[1] have established Entry 9 by showing that it is a limiting case of Heine's 
transformation, Entry 6. A generalization of Entry 9 has been discovered by 
Bhargava and Adiga [3]. H. M. Srivastava [1] subsequently established an 
equivalent form of their result. The particular case a — —1 of Entry 9 was 
posed as a problem by Carlitz [2]. 

Observe that if we let a — b, then Entry 9 reduces to Entry 3. 


Corollary (i). If |q| « 1, then 


=}, (— 1)“ kk*1)2 


Proor. Put a = 1 and b = q in Entry 9. 


Corollary (ii). If |q| « 1, then 
oo k(2k-t1) [ro] 


(9; 42) 2 T) = у C fq". 
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Pnoor. Replace q by 42 in Entry 9 and then set a = 1/q and b = q. 


Entry 10. Let x, 7, m, and n denote complex numbers. Define 


| Txt£—-mn DT Gx --Z-m-n 1)r(x-Z mn 1)T(x—£-m-n-4 1) 
~ TÜ(x-Z—m-«n4 DT (i(x —Z—m-—n- 1)F(Mx--£-- mn D) Q(x-- £4 m—n41) 


Then, if either 2, m, or n is an integer or if Re x > 0, 
1—Р_ 24mx 4(x? — 1?) (7? — 1?) (m? — 1?) 
1-P х?+{?+т?—п?—1+ 369 42? 4m? —n—5) 
A(x? — 22) (7? — 22) (m? — 2?) 
+ 5(х2 + 2? + т? — п? — 13) 
A(x? — (k — 1)2)(22 — (k — 1)?)(m? — (k — 1)2) 
++ (2k — 1)(x? + 7 + т? — п? — 2k? + 28 1) + 


PnRoor. We apply Entry 40 from Chapter 12 in Ramanujan’s second notebook 
[9, p. 163] (Part II [9, pp. 151-152]), which was initially proved by Watson 
[6]. Let 

К -IT($(x*fBxyrtóccdi) 


where the product contains eight gamma functions and where the argument 
of each gamma function contains an even number of minus signs. Let 


Q-II(i(atftyctórscl) 


where the product contains eight gamma functions and where the argument 
ofeach gamma function contains an odd number of minus signs. Suppose that 
at least one of the parameters £, y, б, г is equal to a nonzero integer. Then 


1 — Q/R 
1+Q/R 


_ 8aByde 
= 1{2(a4 + ptt y* + ó* + et + 1) — (02 + f? + yp? + 6? + е2 — 1)? — 22) 
64(a? — 17)(B? — 17)(y? — 17)(5? — 17) (e? — 1?) 
+ 3{2(a* + Bt + у* + 54 + et + 1) — (02 + 82+ у? + 52 + 22 — 5)? — 67} 
64(2 — 27)(B? — 22) — 27)(5? — 27) (c? — 27) 
+ 5(2(a^ + B* + y* + 54+ et + 1) — (02 + B? + у? + 8? +e? — 13)? — 147} ++ 
(10.1) 
In (10.1), let « = x, В = n — в, y = /, and 6 = m, where e is a positive integer. 
In the quotient Q/R of 16 gamma functions, we observe that eight are in- 


dependent of e and eight depend on ғ. The quotient that is independent of € 
is precisely equal to P, while the quotient that depends on e is equal to 


Г((х+4+т+п-– 22+ IP (Ax 7 -m—n42e4 IN G(x—¢ —m—n + 2e+ 1) (0х —7 —m 4 n — 2e 4 1)) 
T(d(x—Z mt n-2c41)T(Áx—£ m—n42e4 INT Ae +o —m—n+ 264+ DT (x -Z -m4-n—2e4 1)) 
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By Stirling's formula, the quotient above tends to 1 as г tends to oo. Hence, 


| .1—Q/R 1-Р 
i = | 
ОТРОК 1+Р 


(10.2) 


We next examine the right side of (10.1) as є tends to oo. An elementary 
calculation shows that 


2(x* + (n — е) + Z* + т + et + 1) (x? + (п — 8)? + 12 + т? + е2 
— (2)? + 2) + 1))? 
= 4(n? — x? — £? — m? + 2j? + 2j + 1)e? + O(e), 


as e tends to oo, where 0 < j < oo. Hence, the continued fraction on the right 
side of (10.1) is equal to 


— 8xZme? + О(г) 
1{4(n? — x? - 22 — т? + Ie? + O(e)} 
64(x? — 12)(¢2 — 12)(т2 — 12)e* + O(e?) 
+ Зи — x? — 7 — т? + 5e + 00} 
64(x? — 22)(¢2 — 22) (m? — 22)e* + Ole?) 
+ 5{4(n? — x? —  —m* + 13)? + O(e)} + 


as £ tends to oo. Successively dividing the numerators and denominators above 
by — 4c? and letting є tend to oo, we find that the foregoing continued fraction 
tends termwise to 


2xém 4(x? — 12)? — 1?)(m? — 1?) 
x2 + 027 +m? —n?—14 3(x? 4+ 2? + т? — п? — 5) 
4(x? — 227? — 2?)(m? — 22) 
+ 5(x? 4+ + т2 — п? — 13) + 


(10.3) 


Combining this with (10.2), we complete the proof of Entry 10, except for an 
examination of the convergence of (10.3). 

If either 7, m, or nis an integer, then the continued fraction terminates, and 
the limiting process is easily justified. If none of these parameters is an integer, 
then the convergence for Re x > 0 follows from an application of the uniform 
parabola theorem. The details are similar to those in proving Entry 35 of 
Chapter 12 [9, p. 135] (Part II [9, pp. 156-158]). We refer the reader to 
Jacobsen's paper [1, pp. 427—429] for all of these necessary details. 

The following beautiful theorem has some resemblance to Entry 33 in 
Chapter 12 [9, p. 149] (Part II [9, p. 155]). Our first proof below has also been 
given by Ramanathan [6]. 
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Entry 11. Suppose that either q, a, and b are complex numbers with |q| « 1, or 
q, a, and b are complex numbers with a — bq" for some integer m. Then 


(— a). (b), — (a), (— b), 

(a). (b), + (a), (— b), 
_a—b (a—bg)(aq—b) аа — bq’)(aq’ — b) 
 1-4- 1-42 + 1—4 + 


We give two proofs for the case a # bq” for all integers m. 


First Proor. We employ Heine's [1] continued fraction for a quotient of two 
contiguous basic hypergeometric series, namely, for |q] < 1 and |z| < 1, 


29ı(%, Bq;y4;4;2 1 a, а, a; 


E EUN 3 11.1 
3910 B;:3;4;2 — 14 0 do de (11.1) 
where 
zaq* ! (1 — Bq*)(1 — yg*/a) 
da = — = , kzi, 
2k (1 mE yq** 1)(1 LEE yq^*) 
and 


... zfq*(1 — aq*)(1 — yq*/B) 
көлү ууруну, 020 


Now replace о, f), у, q, and z by bq/a, b/a, q, q?, and а?, respectively. Then 


2k-1 (a = bq?*)(b E aq”) 


anc ow (1— q*) = а#*тү К>1, 
апа 
(а = bq?**!)(b a aq?**7) 
dei = C4 qp аянган к> 0. 
In summary, 
— ba*\(ag* — 
a, = q^ (a — bq*)(aq* — b) к> 1. 


(1 T qty E gy 
It follows from (11.1) that, for |а| < 1, 

a — b 49;(bq/a, bq?/a; 4°; q^; a?) 

1—4 29,(bq/a, b/a; q; q^; a?) 


_a—b (a-bq)(aq —b) q(a— bq’)(aq’ — b) 
1-44 1—4? + 1—4? Te 


(11.2) 
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Letting 


—b 
A = 491(bq/a, b/a; q; q^; a?) апі B= =" = ale, bq?/a; 4°; q^; a”), 


we observe that, for |a| < 1, 


(a — b)(a — ba) , (a — b)(a — ba)(a — bq’) 
III =з ше ЕЕ 
CEDE 
(Фа), 
by Entry 2. It follows that 
(ba, — (boaa 4*B-(A-B) B 
(b, (a), +(—b)o—@)q A+B+(A—B) A 
Combining (11.2) and (11.3), we complete the proof for |a| < 1. 


(11.3) 


If |q| < 1, the given continued fraction is easily seen to be equivalent to a 
continued fraction of the form K (c,/1), where c, tends to 0 locally uniformly 
with respect to either a, b, or q, and where we have used a familiar notation 
К (a,/b,) for a continued fraction with kth partial numerator a, and kth partial 
denominator b,, k > 1. By analytic continuation, equality holds for all a, b, 
and q such that a = bq” for all integers m (Jacobsen [1, pp. 418, 435]). 


SECOND Pnoor. For |q| < 1 and 0 < |a] < 1, define the sequence {P,,} by 


Py = У (б/а) от (11.4) 
and 
1 g (baa 2п+2. 
(9)2„-1 к= (4), 
Then {P,,} satisfies the recurrence relation 
P, = (1 — q?"*3) Pas, + "(а — bq"*!)(aq"*! — b) Pasa, т>0, (11.6) 
since by (11.4) and (11.5), P) — (1 — ФР, = (a — bq)(aq — b)P, and, for m > 1, 


Р, = аа т> 1. (11.5) 


(5a. 1 = Фата), 
Р. (1 = "india P. Ее Т. Е 2n 
"f eT Dua uaa Gy d ema 
lag gy 1-477 & ba" Ја), 
Damn d RT uua d 77, 


x (4?"*?; q^); a?" 


1 У (bg"*! /а)л„- iq 2n+2. 


2 
Onh Gg 1 ma 
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2n 11 — bq"/a | 1— bq"*?"ja 
ха j—qmü 1 gm 


q 


= 1 с (balas о 2п+4. 
(Aam но (422), 


q “(4 mti — “a e» n Tu) 
2n*2 a 


dua 


od (1 A q?"*iy = а?"*?"*З) 
1  & (bq"*?/a), 
= g™a — bg"*!Y(ggq"*! — b n 
T c umm sss (9), 
x (4?"*?, агада?" 


= q"(a — 4") (а4"* — b)Pns2 
Непсе, Бу (11.6), 


а Сы ш 

mn РР, 

sqcgg Раа = 0): -ala= be eg =>) 
i їз б + Р/р" 


and so on. The continued fraction thus generated is limit periodic. Indeed, the 
kth partial numerator approaches 0 and the kth partial denominator ap- 
proaches 1 as k tends to oo. Hence, the continued fraction converges to Р,/Р, 
if іт, P,/P,,, # — 1. From the definition (11.5) of P,, we observe that 
lim, P,/P,,,, = 1. Thus, for |q| < 1 and 0 < |а| < 1, we conclude that 


= pg fOr =?) q(a — bq?)(aq? — b) 
P, i-g + 1-4 + 


Therefore the continued fraction in this entry converges to 


= (b/@)2n41 а2"+! 
a—b p» 


2: (021 = (b), / (a), БЕ ( md Ж P а)» 
Po/P, y Can (b/a)an an (Dua), + (7b), 7 a). | 
п=0 (Don 


where the last equality follows from Entry 2. Multiplying the numerator and 
denominator of this last expression by (a),,(—a),,, we complete the second 
proof of Entry 11 for |q| < 1, 0 < |а| < 1, and a = bq". The result follows for 
all complex a by analytic continuation. 

It remains to prove Entry 11 for a — bq", when the continued fraction 
terminates. In such a case, both sides are rational functions of q and b. We 
refer the reader to L. Jacobsen's paper [1, p. 435] for complete details. 
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The second proof we have given is a simplification, due to Jacobsen, of that 
given in the monograph by Adiga, Berndt, Bhargava, and Watson [1]. 


Entry 12. Suppose that a, b, and q are complex numbers with |ab| « 1 and |q| « 1 
or that a — b?"*! for some integer m. Then 


(a^q^iq*),(b ^q: a"), _ 1 (a— Ы) — ад) 
(aq; q),(b^q;q*), — 1— ab + (1 — ab)(q? + 1) 
(a — bq*)(b — ад?) 


ducato ee CAU 


The following proof is due to L. Jacobsen [1]. It supplants the more 
complicated original proof found in the monograph by Adiga, Berndt, Bhar- 
gava, and Watson [1]. Jacobsen's proof, although it has some time-consuming 
calculations, has two advantages. First, by using Vitali's theorem, she [1, 
p. 424] shows that it is sufficient to establish (12.1) for a certain discrete set of 
values of a as well as for a limit point of this set. In fact, the continued fractions 
on this set are terminating. Second, the proof uses three other entries from 
this chapter, Entries 2, 8, and 15. 


Lemma 12.1. For any complex numbers a and q and nonnegative integer n, 


(a), = 5 (- pe~ 7 kge- Olak, (12.2) 


Pnoor. Since 
(a h = (Thag, к> 0, 
the right side of (12.2) may be written in the form 
* (a ") ад") 
час (Di | 
Applying (2.1) with t = q^" and a replaced by aq”, we complete the proof. 


PROOF OF ENTRY 12. Following Jacobsen [1, p. 425], we first establish 
(12.1) for a = bq?"*!, where m is any fixed nonnegative integer and |ab| = 
|b29?"*!| < 1. Since (12.1) is trivial when bq = 0, we assume that bg + 0 in 
the sequel. Observe that the left side of (12.1) equals 


(°4*"*5; д®) (Ь24°; a*), — (24°; q*), 
(b^9*"*3: q*),.(b74; a^), (24; 4), +1 


А 4(т+1—Ю). „4 
усу 0а (раду 
4(т+2-—К). , (123) 


‚жы Sal TUS 
— 1} 4* 2k b? k 
ds | (4°; 4), v9 
by Lemma 12.1. 


16. q-Series and Theta-Functions 25 


When a = bq?"*, the right side of (12.1) is the terminating continued 
fraction 
1 bq(1 TA q^" aes qi) Pa A 42"72)(1 E» Д] 
1— p?q?n*i үсү (1 ER Б242"+1)(1 + а?) C (1 EN b2g?™*1)(1 + q^) 
p?q?n^(1 кт q^) = q^") 
= ue (1 Кай p?q?n*!y(1 + 42") 


1 d,b?q d,b*q d,,b7q 
pus pig + 1 blg" фр Бат... 1— pg 
(12.4) 
where 
d E (1 = q?")(1 x g^") 
: 14-4 
and 
dir s q'"* — q^" — gr 
t (1+ 42")(1 + 4?"7?) : 
for2<n<m. 
Let 
A(m+2-hk. „4 
= sa) xi 
Fo = Dy (= d ?k(b?q)* 
and 


4(m*2-n-k) „4&ү ү 92. 321 (__ ,2m-2k+2. „2 
Éha a hla 34), 2k(k-1 tn 0р2 ау 


—— q 
(a5; a*),(— а?"; q?),( — а?" 2" 28+; 42), 


where 1 X n € m + 1. By a somewhat tedious calculation, it can be shown 
that, for n — 0, 1, 2, ..., m — 1, F, satisfies the recurrence relation 


F= Ў (094 


Р, = (1 — q"" b)F,, + ,.,6?Е, 2. (12.5) 


It should be pointed out that the verification for n = 0 must be accomplished 
separately from the cases 1 < n x m — 1, because for n = 0 the definitions of 
F, and 4„ are different from those when n > 0. From (12.5), 


P р gigi 4 2674 
Е; Е, (Е, 
e as Ь242"+і + d,b?q 4,624 
1— pig? + Е,/Е» 
= 1 — ра" га _ dbg — 1„Ь?д 
Le pig?n(i To Е,/Е + 
= 1 — pma d,b°q dmb’q 


1 — big" p o + 1 bga? 
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since Е, = 1 — b?q?"*! and F,,, = 1. Hence, the continued fraction in (12.4) 
equals Е, /F,. But this is exactly the expression that we found in (12.3) for the 
left side of (12.1). Hence, we have proved (12.1) for the set (a = bq?"*!:0 < 
m< oo}. 

This set has a limit point a = 0. Next, we must establish (12.1) for a = 0. 
In this case, (12.1) reduces to the equality 


(Ъ?д?; q^), _ 1 b?q pq? Ь24> 
(р24; gf) 1-1+4 1+4 1+4 – 


(12.6) 


However, by applying Entry 15 below with а = — 1, q replaced by g?, and b 
replaced by — b?/q, we find, after some simplification, that 
3 qt)” —k)/2 


2 (b?q 
—1* 
zt ) (4°; q^). Е 1 b?q p b?q5 
$ ( pO un 1-1+{—1+4—1+4%——-— 
= (4°; 4), 
By letting n tend to oo in Lemma 12.1 with q replaced by q* and a = b?q? and 
bq, respectively, we find that the left side of (12.7) equals 


(674°; д“). 
(b^q; q*), 
(Alternatively, we may draw the same conclusion by applying Entry 8 with q 
replaced by 4°, b = 0, c = 1, d = 0, and a replaced by b?4? and b?q, respec- 
tively.) Hence, we have shown that (12.7) reduces to (12.6), as desired. 
Next, if we write the continued fraction of (12.1) in the form 


(12.7) 


where c, = a,/b, ,b,, k => 1, and by = 1, we must show, for k > m + 1 and m 
sufficiently large, that the elements c,,, lie in the parabolic region 
{z:|z| — Rez < 5) (12.8) 
(Jacobsen [1, pp. 417, 424]). A brief calculation yields 
beige (1 v q^* n3 Ех q^") 
Clearly, for k > т + 1 and m sufficiently large, с, +; lies in the region (12.8). 


Lastly, we must examine the convergence of the continued fraction in (12.1). 
Now, as k tends to oo, 


А _ (а ps bq?*-!)(b = aq?* 1) 
en (г ab) + DG? +1) 
tends to ab/(1 — ab)? locally uniformly with respect to a, b, and q. For con- 


vergence, we need that ab/(1 — ab)? ¢ (— oo, — 1], and this is so if and only if 
lab| « 1. This completes the proof. 
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We have not described here the entire theoretical background for the proof 
above; we refer to Jacobsen's paper [1] for the remainder of the theory. 
If |ab| > 1, the continued fraction in (12.1) is equivalent to 


—l/ab)  (1/a— q/b)(1/b — а/а) (1/a — q?/b)(1/b — q*/a) 
1 — I/(ab) + (1 —t1/(ab)(g? - 1) + (1— l/(ab)(g^ +1) + 
which, by Entry 12, converges to 
4 (2/25; д), (4°/Ь?; 4*)., 
аЬ (а/а?; 4), (4/0°; 4). ° 
which, in general, does not equal the left side of (12.1). Since the continued 
fraction diverges for |ab| = 1, the hypotheses on a and b in Entry 12 cannot 


be relaxed. 
If |ab| « 1 and |q| > 1, the continued fraction in (12.1) converges to 


(a^/q*; 1/q*)..(b7/4°; V/q*)., 
(a*/a; 1/4“). (Ь?/9; 1/a*)., 
which furthermore evinces the beautiful symmetry in this wonderful entry. 


Entry 13. If |q| « 1, then 


co 1 aq a(q?—q) ад? a(q* – 42) 
— пм КЕТ}? — _ 1 MES 
à aq ї+1+ 1 +4 24 1 tet 7 
Pnoor. Let 
oe 13.2 
b, a) = (ag), У, ———- А 
/% a) = de (дуу, ш 
Then it is easy to verify that 
f(b, а) = f(b, aq) — aqf(ba, aq) (13.3) 
and 
fib, a) = f(ba, a) + baf(bq?, aq). (13.4) 
From (13.3) and (13.4), 


f(bq, а) = f(bq’, а) + ba?f(ba?, aa) 
= f(bq’, aq) + (ba? — aq)f(ba?, aq). 
Using (13.4), the equality above, and iteration, we find that 


fea) ,, bg урра b-a 
f(bq, a) f (ba, a) iss f(bq^, aq) 
f(bq?, aq) f (ba^, aq) 

ir bq bq?—aq bq? bat- ад? 


Ьа“, aq’) 


fue. ue pep Ae Ee 
У(Ьа?, aq?) 
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bq bq?—aq bq? bq*—aq? 
= Ri NN E DC NE D ERN Р 13.5 
ET 1 + 1 + 1+ 1 ыт Urn 


This continued fraction is of the form 


iss к(& ы A, 


where c, and d, tend to 0 as n tends to oo. The continued fraction therefore 
converges. Furthermore, since also f(bq?", aq")/f (bq?"*!, aq") = 1 + O(q?"*!) 
as n tends to оо, the continued fraction converges to f(b, a)/f (bq, a). 

Now set b — a in (13.5) and employ Entry 9. Observe that, by Entry 9, 
f(a, a) = 1. Taking the reciprocal of both sides of (13.5) we deduce (13.1). 


Entry 13 is originally due to Eisenstein [1], [2, pp. 35—39]. However, the 
special case a — 1 can be found in an entry of Gauss' diary [1, p. 68], dated 
February 16, 1797. See also J. J. Gray's paper [1, p. 114], which provides a 
translation of Gauss' diary. A generalization of Entry 13 appears in Ramanu- 
jan's “lost notebook” [11]. For proofs of this more general theorem, see papers 
of Andrews [10, Eq. (1.4)], Hirschhorn [3], and Ramanathan [4]. Bhargava 
and Adiga [1] have established, with a unified approach, some continued 
fraction expansions in Ramanujan's “lost notebook," including those men- 
tioned above as well as a related continued fraction of Hirschhorn [2]. R. Y. 
Denis [5] and N. A. Bhagirathi [1] have proved some very general continued 
fractions for certain basic bilateral hypergeometric series which include Entry 
13 as special cases. 

After stating Entry 13, Ramanujan gives formulas for the denominator D, 
of the nth convergent of (13.1), namely, 


n a*q"* k | 
D,, = by П (1— qui, п> 1, (13.6) 
K=0 (фк j-i 
and 
n kg k 
Da). a-g, n20 (13.7) 
ко (dk ji 


To prove (13.6) and (13.7), we employ a familiar recursion formula for denomi- 
nators (Wall [1, p. 15]) along with induction on n. 

First, from (13.1), it is obvious that D, = 1 and р, = 1 + aq, which are in 
agreement with (13.7) and (13.6), respectively. Proceeding by induction and 
using the aforementioned recursion formula, we find that 


Dan = Р, + аф", 


2-1 дї nk (n-1)k k 


=} ia- a) + apri y Fag 


(9), ј=1 ко (gk ja 


akg nk " q*-1g-1&-0 k-1 


f n-j 2n-1 ап) 
2v Fra m (4)к-1 Ц к=) 
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n акд" 
aria РТ {01 q" уна) а-а j) 
n a*q"* ki 
= 1—4 n-j 
2, (4), Ц ) 


Replacing j by j — 1, we complete the proof of (13.6). 
The proof of (13.7), which begins with the recursion formula 


Donst = D, t а(д?" =. 9")р,,-1, 


is very similar to the proof of (13.6), and so we omit the details. 


Entry 14. If n < 1 and 0 < a < 4", then 


"(-a)s р T 0.4). 
o PC, sinter) (4). (a4). 


(14.1) 


This beautiful integral formula was stated by Ramanujan in his paper [4], 
[10, p. 57]. Acknowledging that he did not possess a rigorous proof, Ramanu- 
jan confessed: "My own proofs of the above results make use of a general 
formula, the truth of which depends on conditions which I have not yet 
investigated completely. A direct proof depending on Cauchy's theorem will 
be found in Mr. Hardy's note which follows this paper." (That paper is [1], 
[2, pp. 594—597].) The special case a = 0 of (14.1) is found in Ramanujan's 
quarterly reports. To see how Ramanujan “proved” (14.1), consult Hardy's 
book [3, p. 194] or Berndt's account of the quarterly reports [5]. 

Askey [2] has found a simple proof of Entry 14 and has demonstrated why 
(14.1) is a q-analogue of the beta function. Recalling the definition of the 
q-gamma function in (1.1), we may rewrite (14.1) in the form 


| 2 a ta ao  _ COCU — ГА) 
о de Ea) + py 


where a, В > 0 (Askey [2], [8]). It is thus clear that (14.2) is an extension of 
the beta function 


(14.2) 


p mo qa COTO 
o (14-0)? Tía + B) 


R. L. Lamphere [1] has found a very elementary proof of (14.1). 

For further q-beta integrals, see papers by Askey [1], [3], [5], [6], Andrews 
and Askey [3], Askey and Roy [1], and Rahman [1] as well as Andrews’ 
monograph [18]. An asymptotic expansion for Г,(х), uniform in q as q tends 
to 1 —, that is, an analogue of Stirling's formula, has been proved by N. Koblitz 
[1] and by D. S. Moak [2], who [1] has also studied orthogonal polynomials 
with respect to weight functions akin to the integrand in (14.1). More general 
work in this direction has been accomplished by Askey and Wilson [1], where 
a plethora of references may be found. 
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Entry 15. If |q| < 1, then 


© btg 

2, (24), (9), _ bq bq? bq? 

$ Fa ghey Ta ag+1—ag ад 
к=® (ад)к(4)к 


Proor. Let f(b, а) be defined by (13.2). Replacing a by аа in (13.4) and adding 
the result to (13.3), we find that 


f(b, a) = (1 — aq)f(ba, ад) + baf(ba?, aq’). 
Replacing a by aq" ! and b by bq”, we may rewrite the previous equality in 
the form 


Уа", ад") _ pq" 


ДАА acce ex d aat А 1 
ТЫН ag") aq" 4 n>1 (15.1) 


Ла", аа")? 5 
f(bq"*?, aq") 
Using (13.4), (15.1), and iteration, we deduce that 
f(b, a) _ MR an ПЧ bq? 
Ха, a) Ха, a) 1 ~aq + f(bq’, aq) 
(ba^, ад) f(ba*, ад?) 
bq bq? bq? 
t— aq +1- а ti-a + 


That this continued fraction converges and that it converges, indeed, to 
f(b, a)/f (bq, a) follow as in the proof of Entry 13. If b X 0 and ag” = 1 for some 
positive integer n, then equality holds with the convention that we take the 
limit of both sides as a tends to 1/4". If b = 0 and aq" = 1, we interpret both 
sides as equaling 1. This completes the proof. 


Corollary. If |q| « 1, then 


a* qn» 


à e Uh ol Ur M а 
o ака" I+ 14+ 2 4 2 400 
K=O [^ 


Proor. Set a = 0 in Entry 15 and then replace b by a. The corollary now 
readily follows. 


The continued fractions of both Entry 15 and its corollary were mentioned 
by Ramanujan [ 10, p. xxviii] in his second letter to Hardy. The corollary was 
established earlier by Rogers [ 1, р. 328, Eq. (4)] and then later by Watson [3]. 
The special case a = 1 is Entry 38(iii) and is discussed in detail in Section 38. 
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Ramamani [1] has given a similar proof of Entry 15 by obtaining functional 
relations for the function 


EN. 1)*(b/a), a*g** 12 


= ( 
2 (9), 


k=0 


and using Entry 9. Entry 9 is not used in our proof. Entry 16 below provides 
a finite version of Entry 15. Thus, an alternative proof of Entry 15 is obtained 
by letting n tend to oo in Entry 16. Hirschhorn [1], [4] has given a proof of 
Entry 16; perhaps our proof is somewhat simpler. 


Entry 16. For each positive integer n, let 


кз a*a (o), з 


и = ua, 4) = 
к=0 (4),(9),-2к+1 
and 
[n/2] 5k, k--1) 
y= v(a, q) = у, aq (Фи 
K=0 (9),(9),-2к 
Then 
Blqqo9 o S 
v 1+ 1 +--+ 1 


Proor. For each nonnegative integer r, define 
Re y ака (4), „аал 
K=0 (4),(4),-,-2к+1 


Observe that Fy = и, ЕЁ, = v, F, = 1, and Е,_, = 1 + aq". A straightforward 
calculation shows that 


Е, DE Fa = aq" Fs, г> 0. (16.1) 
Using (16.1), iteration, and the special cases pointed ош above, we find that 

в Fo 4 q 584. ү ed aq? 

v A F,/F, 1 + EF, 
2 n-i 

aq ML EE a UN 

1+ 1 ++ Е,_,/Е, 

aq aq? aq"! aq" 


which is the required result. 


Entry 17 offers another famous discovery of Ramanujan known as “Rama- 
nujan's summation of the ,w,.” It was first brought before the mathematical 
world by Hardy [3, pp. 222, 223] who described it as *a remarkable formula 
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with many parameters." Hardy did not supply a proof but indicated that a 
proof could be constructed from the q-binomial theorem. The first published 
proofs appear to be by W. Hahn [1] and M. Jackson [1] in 1949 and 1950, 
respectively. Other proofs have been given by Andrews [2], [3], Andrews and 
Askey [2], Askey [2], Ismail [1], Fine [1, pp. 19—20], and Mimachi [1]. The 
short proof of Entry 17 that we offer below has been motivated by Askey's 
paper [2] and has been discovered independently by K. Venkatachaliengar 
[1]. See also his monograph with V. R. Thiruvenkatachar [1]. Askey [4] has 
discussed our proof along with a "proof" of a "false theorm" to illustrate 
certain pitfalls in formally manipulating Laurent series. 

We emphasize that Entry 17 is an extremely useful result, and several 
applications of it will be made in the sequel. Fine [1] and Bhargava and Adiga 
[5] have employed Entry 17 in their work on sums of squares. For a connec- 
tion between Entries 14 and 17, see Askey's paper [2]. Further applications 
of Entry 17 have been made by Andrews [10], [18, Chap. 5], Askey [3], [5], 
and Moak [1]. A generalization of Entry 17 has been found by Andrews [12, 
Theorem 6]. 

As we shall see in Section 19, the Jacobi triple product identity is a special 
case of Ramanujan's ү, summation. In 1972, I. Macdonald [1] found multi- 
dimensional analogues of the Jacobi triple product identity, which can also 
be considered as analogues of Entry 17, and which are now called the Mac- 
donald identities. One of the Macdonald identities is, in fact, the quintuple 
product identity, discussed in detail in Section 38. More elementary proofs of 
some of Macdonald's identities have been found by S. Milne [1]. These 
considerations partly motivated Milne [2]-[4] to develop multiple sum gen- 
eralizations of Ramanujan's у, sum. R. Gustafson [1] has found further 
analogues of the ‚у; summation. Lastly, we mention that D. Stanton [1] has 
developed an elementary approach to the Macdonald identities. 


Entry 17. Suppose that |Bq| < |z| < 1/|aq|. Then 
© (1/0; q?),(—aq) , = (1/B:a?).(— Ва) _, 
ү à (Bg) 1 à (d) 
-| (— 42; q^). (— 9/2; 4), He: q^). (fa^; a (7.1) 
(—aqz; q*).(— Ва/2; q^), ) (a^; a^). (Ba; 97 Joo d 


Proor. Let f(z) denote the former expression in curly brackets on the right 
side of (17.1). Since f(z) is analytic іп the annulus, |Bq| < |z| < 1/|aq|, we may 
set 


ЛӘ) = Y «s. 1841<121< tagl. 
From the definition of f, it is easy to see that 


(B + qz)f(q°z) = (1 + aq2)f(z), 
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provided that also |fg| < 14221. Thus, in the sequel we assume that 


18/41 < 121 < 1/laq]. 
Equating coefficients of z^, — оо < К < oo, on both sides, we find that 


Ba? *c, + 42% су, = cy qui. (17.2) 
Hence, 
aq(1 — q?*~?/a)cy_4 
C, = — Г jq” ; 1 €k« oo, 
and 
220-2 
t m Ва(1 q /В)с-„+1 : 1 « k « со, 


i aq” 


where, to get the latter equality, we replaced k by 1 — k in (17.2). Iterating the 
last two equalities, we deduce that, respectively, 


_ (cog) (1/0; 4°),со 


C, = — >> 1< К< о, (17.3) 
i (Ba*; q^), 
and 
(— Bay 1/B; 42),со 
a = > 1 € k « oo. 
i (аа; q?), 
Examining (17.1), we see that, to complete the proof, it suffices to show that 
_ (28°; 42). (Ва?; q?)., 


(oS E RE P EE UU (17.4) 
9 (4°; a). (na^, 42). 
Now let ф(2) and y (z) denote, respectively, the two infinite series on the left 
side of (17.1). Now f(z) has a simple pole at z = — 1/04, and since Ņ(z) is 
analytic for |z| > |Bq|, we find that 


lin (eaa tm Дїй = du С 
z— —1/aq 2 —1l/aq n-»oo (xq) 


by Abel’s theorem. Using the definition of f(z) and (17.3), we may rewrite (17.5) 
in the form 


(17.5) 


(1/05 q^), (әд?; q^), — (1/43 4°) со 
(a^; 42). (na^ a^), — (Ba^ q^), 
Equality (17.4) obviously follows, and so the proof of Entry 17 is complete for 


18/91 < 121 < t/Jagl. By analytic continuation, (17.1) is valid for |Bq| < |z| < 
1Лоа|. 


Entry 17 can be reformulated in а more compact setting. We first extend 
the definition of (c; q), by defining 
(c; дь 


(c) = (с; 4 = (ca5 an’ 
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for every integer k. In Entry 17, now replace х, В, and z by 1/a, b/q?, and — az/q, 
respectively. Lastly, replace q? by q. Then (17.1) can be written in the form 


c (9), z* zm (az). (q/ az), (d) (b/ à). 
к= (b) (2). (b/az),. (Б), (а/а), " 
where |b/a} < |z| < 1. 
For another proof of (17.4), see the monograph of Thiruvenkatachar and 
Venkatachaliengar [1]. 


(17.6) 


Corollary. If |nq| < |z| < 1/|nq|, then 


2, (1/n; q?),(—na)G* + 2%) 
1 
4 à (nq?; q^), 
_ (—42; 4) (— 4/2; a*)« (a5; a3). n^ q^; 4?) 
(—nqz; q^), (— па/2; a? ), (na^; 4?)2, 


Pnoor. Set х = В = nin Entry 17. 
The remainder of Chapter 16 is devoted to the theta-function 


f(a, Б) 214 Y (аЬу 2 (gk + b*) = Y qhtk+1)/2 4 kk-1)/2, (18.1) 
k=1 к= —oo 

where |ab| < 1. If we set a = 4е2°, b = qe ?", and q = e"", where z is complex 
and Im(:) > 0, then f(a, b) = 94(z, т), where 93(2, т) denotes one of the clas- 
sical theta-functions in its standard notation (Whittaker and Watson [1, 
p. 464]). Thus, all of Ramanujan's theorems on f(a, b) may be reformulated 
in terms of 9;(2, т). It seems preferable, however, to retain Ramanujan's 
notation. Not only will the reader find it easier to follow our presentation in 
conjunction with Ramanujan's, but Ramanujan's theorems are more simply 
and elegantly stated in his notation. 


Entry 18. We have 


(i) f(a, b) = f(b, a), 
(ii) Ја, а) = 2f(a, a°), 
(111) /(— 1, a) = 0, 
and, if n is an integer, 
(iv) f(a, b) = a" * 2p» 71? (агару, b(ab)""). 


Ramanujan remarks that (iv) is approximately true when n is not an integer. 
We have not been able to give a mathematically precise formulation of this 
statement. Repeated use of (iv) will be made in the sequel. 
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PROOF. First, (i) is obvious. 
Second, 


f(i,a)=2+ x gem ү у "x 


k= 
=2(1 + X jai) 


22l14- 3 n 3 k(k+1)/2 
ы + Ej) 


=2(1 + Y аК@к ү Y qnn) 


k=1 k=1 


со со 
= 2(ı Ё px qa *-2(453)« 12 ТЕ p ШЕ) 


= 2f(a, a?). 
Third, 


f(—1, a) = y (—1y&*u24k«-10/2 + У (— 1) 024k0*1)2 = 0, 
k=2 k=1 


upon the replacement of k by k + 1 in the first sum on the right side. 
Fourth, replacing k by k + n on the far right side of (18.1), we find that 


f(a, b) = y ght 0 n*1)/25 ccm n-1)2 
=— 0 


со 
== qn*1)/251071)2 у а*® 2n* 125 k(c* 2n-71)2 


к= —oo 
= ат!" )2pn(-1y2 у (a(aby )*** 02 (b(ap) "} 002, 
к= о 
which completes the proof of (iv). 


Entry 19. We have 
f(a, b) = (—а; ab), ( — b; ab), (ab; ab)... 


ProoF. In Entry 17, let qz = а, q/z = b, апа х = В = 0. 
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In the notebooks [9, Vol. 2, p. 197], Ramanujan informs us how he proved 
Entry 19 by remarking: “This result can be got like XVI. 17 Cor. or as follows. 
We see from iv. that if a(ab)" or b(ab)” be equal to —1 then f(a, b) = 0 and 
also if (ab)" = 1, f(a, b) (1 — (a/b)? } = 0 and hence f(a, b) = 0. Therefore 
(—a; ab), ( — b; ab),,, and (ab; ab),, are the factors of f(a, Б). (We have slightly 
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altered Ramanujan's notation.) The product and series in Entry 19 converge 
only when |ab| < 1, but there is even a more serious objection to Ramanujan's 
argument. It is not clear that the only factors of f(a, b) are (— а; ab)», (— b; аЬ), 
and (ab; аЬ)... 

Entry 19 is Jacobi’s famous triple product identity, established in his 
Fundamenta Nova [1], [2] but, in fact, first proved by Gauss [3, p. 464]. See 
the texts of Andrews [9, pp. 21, 22] and Hardy and Wright [1, pp. 282, 283] 
for other proofs. 


Entry 20. If «f = n, Re(a*) > 0, and n is any complex number, then 
Jafer, pM cm = eh, / Bf(e 9^ * P, e P inb) 


Entry 20 is a formulation of the classical transformation formula for the 
theta-function 9,(z, t) (Whittaker and Watson [1, p. 475]). This entry is also 
recorded in Chapter 14 [9, Vol. 2, p. 169, Entry 7]. A proof via the Poisson 
summation formula is sketched in our book [9, p. 253]. 


Entry 21. If |q|, lal, |b| < 1, then 


© —1) ta 14k 
Log(—4; 4) = DE Mina (21.1) 
and 
k-1 k 
Log f(a, b) = Log(ab; ab),, + je СЕ (21.2) 


Ái kü-ab) ` 


Pnoor. For |4|, la| < 1, 


d o œ —1)F-1 nyk 
Log(—a;q)= Y, Log(1 t aq") - У Y; p 
n=0 n=0 k=1 
-$CUCe gy. RD 
-À x 007 Ra 


Equality (21.2) follows immediately from Entry 19 and (21.1). 


Entry 22. If |q| « 1, then 


| e pg (9; g) 9?) 
= = 1 2 => > 
(i) Ф(4) f(a, q) + 2i q (q; q^—4; q^), 


| © (a^; а?) 
e e k(k*1)2 — \1 » 4 fo 
Gi) ^ wv(g:—f(q. a) 2.9 GPx’ 


ü) f(—@) =f(—4 —@2) = Y (-1ygiotng + Y (=g eoe 
k=0 k=1 


= (q; d)». 
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and 


(v) x(a) = (~q; 4?)„. 


Observe that ø(q) = 94(0, т), where q = e"*. If q = е2", then f(—4) = 
e ™*/12n(z), where y(t) denotes the classical Dedekind eta-function. Equality 
(iii) is a statement of Euler's famous pentagonal number theorem [1], [5]. See 
Andrews' book [9, pp. 9-12, 14] for an elementary proof and further refer- 
ences. Note that (iv) is only a definition of x(q). 


Ркооғ OF (i). The first equality follows immediately from the definition (18.1) 
of f (a, b). 
From Entry 19, 
fia, 4) = (~a; a? (a^; 9 oo: (22.1) 
Now, 
0 юа" 
4; 2), = 1 + 42") = 
(4) = Цана") Ii 
E Й 1—4?” _ 1 
я=1 (1 — 4")(1+ 42") (9; a^), (74^: 4) 
which is a famous identity of Euler. Substituting (22.2) into (22.1), we complete 
the proof of (i). 


(222) 


Observe that (22.2) may be rewritten in the form 


—4: dq), = ——À- 22.3 
Geny а? E) 
The equality (22.3) is the analytic equivalent of Euler's famous theorem: the 
number of partitions of a positive integer n into distinct parts is equal to the 
number of partitions of n into odd parts. 


Using (22.3) in Entry 22(i), we derive the useful representations 


_ (4; 9) 


= | 224 
(—4; 4) eo 


Ф(—4) = (a: a)«.(4; 9?) 
Pnoor or (ii). For |q| « 1, 


f(q, 45) =1+ p а??? + 2 qon 


which proves the first equality. 
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By Entry 19, 
fiq, 4?) = (—4: 4).,(— a5; 4).,(9*; 9) a0 
= (—а; 4?)(— 4; q?)s(q^; 4). 


(qd) 
(9; a^),, ' 
by (22.2). 
PROOF or (iii). The first equality follows immediately from the definition (18.1) 
of f (a, b). 


By Entry 19, 
1—9 —4?) = (4; G7) 0475 a?)« (q^; 4°)» = (9; Veo 


Entry 23. For |q| < 1, 


@ Los 0) =2 Y. cx ag тту 
Gi) Log w@ = È түү 
© q* 
(iii) Log f(—4) = b ИТД 
© m 1,k 
(iv) Log x(q) = »p Meo: 
and 


ya)  (—454) 
() dm 2059 
Proor. Equalities (i)-(iv) follow easily from (i)- (iv), respectively, of Entry 22. 
Since the proofs are very similar, we prove only (i). Thus, by Entry 22(i), for 
41 « 1, 


1+ 2n-1 © 1+ 2п 
Log 9(q) = X Log 1— i-i a a En a 
о mu 
DIL 
== ) Bg 
© © үй 
=2 OW Аз 
hoe ч 21 ч —.1y71(42k-1yu 
=2 Y р 2! 1)" (q^ ) 


Е qi 
= 2 Ў, Ob. 101 uL 21ү: 
mi Qk — 1)(1 + 4%) 


Finally, (v) is an immediate consequence of Entries 22(1), (ii). 
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Example. 


11 1111 111111 


{0 1110 111110 = 1.101001000100001 .... 


Proor. Put q = 45 in Entry 22(ii), and the desired result readily follows. 


Entry 24. We have 


(i fi _ ¥@ _ xad |909) 

19 Wad x(-4 vela 
(i) POD = eau) = Y CC Qk + gren, 
(iii) еа М Ф  Ф(4) 76-92) 


42) VICA f@ Wea’ 

(iv) 2720—92) = ф(—Ф020), and x(ax(—4)- х(— 92). 

PROOF OF (i). Using Entries 22(111), (ii), (iv), and (i), respectively, we find that 
each of the given ratios is equal to (— 4; q?),/(g; 42). 


PROOF or (ii). By Entries 22(i) and (ii), 


2 _ (42; PRla o 
e" (—q)(g) = (Сл? 
= (a^; a? Y (a; a^) 
—(4; a) = f*(—4). 


by Entry 22(iii), where in the penultimate line we used (22.3). 


The second equality in (ii) is another famous theorem of Jacobi [1], [2] 
and is a limiting case of his triple product identity. We refer to the well-known 
book of Hardy and Wright [1, p. 285] for a proof. An elegant generalization 
of Jacobi's identity has been discovered by Bhargava, Adiga, and Somashe- 
kara [4]. 


Proor OF (iii). Each of the five displayed expressions is equal to (— 4; 42),,. 
For the first, second, and fifth, this claim follows immediately from Entry 22. 
For the third, (22.2) must also be used. Lastly, by Entry 22, 


eq g P: a). 
Ја) (43.47) — 45; 4).0—9: — Deo 
(—4; 4?).(9?; 92), 


i "P 
(9; a?) (— a5; à?) (a^; 4), (— 4; 4?) C7 s. 


by (222). 


40 16. q-Series and Theta-Functions 


PROOF OF (iv). By Entry 22, 


e(—a)y^(a) = e ER ae SLT (4°; 4°) = f*(—4^) 


where we have used (22.2) again. 
Lastly, by Entry 22(iv), 
x(a)x(—4) = (—а; 42).09; 42) = (42; 4® = x( 9). 

Entry 25. We have 
i X pq) + o(—4) = 2ф(4*), 

(ii) ^ p(q) — e(—4) = 4aV (q^), 

(iii) ф(а)Ф(—9 = p-a), | v(aw(—a) = yola), 
(iv) e (aW (q^) = V^(a), 

(у) ?(q)— e?(—4) = 8aV? (a^), 

(vi) la) + ф2(—4) = 29? (q^), 
and 


(vii) otla) — o*(— a) = 16qy*(q?). 


— 


Pnoor or (i). By Entry 22(i), 


ọla) + 9(—4) 2242 > (q? + (—ay^) 
-244 Y д9 = 244%). 


k=1 
PROOF OF (ii). By Entries 22(i) and (ii), 
AC ea Gel же у qum 

— 4q m (q9)*79? = 4qy/(g?). 
PROOF OF (iii). The first equality is a ready consequence of Entry 22(i). By 
Entries 22(i) and (ii) and (22.2), 

(4°; 4°) (4°; 4°) 

(a^; q*),(— a^; 4*)=(— 4°; 4), 
= (4*; 4*)2(?; 4) 
= (4°; q*)..(a^; 4). 


V(qa?)e(—4^) = 
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On the other hand, by Entry 22(ii) and (22.2), 
(4^; а?) 
(4; a^). (—4: 4°)» 
- (a^; 42)2(—9; 4Э„ = (a^; a^), (a*; q*)... 
Hence, the second equality in (iii) follows. 


у (4) (—4) = 


PROOF OF (iv). By Entries 22(i) and (ii), 
(—4; 47)475 a^). (a^; 9) 
(a; 4^). (7 4^; 4” )«(4^; 4), 
0—4; 4),692; 4)50— 9°; 9), s 
(9; 42)2(— 975 a^). (—4; 4°)» д 
PROOF or (v). Multiply equalities (i) and (ii) and then employ equality (iv). 


olaya?) = 


PROOF or (vi). By Entry 22(i), 


Pata Y mU". у, Cave 


т,п= — 0 т,п= —– 00 
У 24,2 
=? q" n 
т,п= — 00 
m+n even 
V 2g?^*k? 2(42 
=2 у gp? -29'(q), 
jk=—-oo 


where we set m + n = 2j and m — n = 2k. 


PROOF or (vii). Multiply equalities (v) and (vi) together and use (iv). 


Corollary. If 
1—t ф2(—9 
= 25.1 
Га: ep eag 
then 
4 2 
1—{2= p (—4 ) 
ф*(4?) 


Pnoor. Let À denote the right side of (25.1). By Entries 25(iii) and (vi), 
e*(-q) _ | 2ф(4)Ф(—4) ү 24 
ф*(4) 1929 + Ф0—9) (0+1)? 


after an elementary algebraic computation. 


Lt 


We have given above a slightly more explicit version of the corollary than 
did Ramanujan. 
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In the next section, we write, for brevity, 
G(g) = qe" f(g", q"), mn > 0. 


In Entry 26 and its two corollaries, we quote from the notebooks [9, Vol. 2, 
p. 198]. 


Entry 26. G(q) is a perfect, complete, pure, double series of 4 a degree. 


Corollary (i). ф(д), S/ qv (q), and 24/qf(q) are complete series of 4 a degree. 
Corollary (ii). х(4)/22/ а is a complete series of 0 degree. 


PROOF OF ENTRY 26. The definitions of “perfect,” “complete,” “pure,” “double,” 
and “degree” are found in Section 10 of Chapter 15 (pp. 186, 187) (Part II [9, 
pp. 320-321]). 

Apply the Euler- Maclaurin summation formula (Whittaker and Watson 
[1, p. 128]) to the function 


(m—n)2/8(m- n) +mx(x+1)/2 *nx(x—1)/2 


g(x) = 9 


=q {2¢m+n)x+(m—n)}2/8(m+n) 


on the interval — oo < x « oo. The series 


wv By 
к=1 (2k)! 


where B; denotes the jth Bernoulli number, terminates and, in fact, is iden- 
tically equal to zero. Thus, according to Ramanujan, С(4) = у -—„д(Ю is 
perfect and complete, respectively. 

Next, G(q) is pure because the coefficients (which are = 1) are homogen- 
eous. 

As with Example 6, Section 10 of Chapter 15, which is the special case 
m = п = 1 here, Ramanujan evidently intends “double” series to mean “bilat- 
eral” series in this example. 

Lastly, M. E. Н. Ismail has suggested to us that the degree of a series should 
be equal to the order of an appropriate singularity on the boundary of con- 
vergence of the series. This does not seem to be the definition given rather 
hazily by Ramanujan. But Ismail's interpretation is more feasible for some 
of Ramanujan's examples. By the Poisson summation formula (Knopp [1, 


p. 40]), 


get f a oo)&?*, 


со 
G(q) = у ечк +(m—n)/2(mtn))? 
к= —oo 


1 oo 
= — у е 


Jt к=—‹о 


where e ^ = q"*?/? "Thus, G(g) has a singularity at t = 0 of degree 4. 


—nk? [t nik(m—n)/(m- n) 
, 
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PROOF OF COROLLARY (i). The results follow immediately from Entries 22 and 
26. 


PROOF OF COROLLARY (ii). This claim follows at once from Corollary (i) and 
the fact x(q) = Ф(4)// (4) from Entry 24(ii). 


Entry 27. It is assumed that « and f are such that the modulus of each exponential 
argument below is less than 1. If aß = m, then 


(i) Jae) = S Bole) 


and 

(ii) 2. aple?) = ‚/Ве*'!5ф(—е-#*), 
If aß = п?, then 

(iii) e «12 ауе 718) = e72 4/ p f(— 728), 
(iv) et Saf (e) = 78244 Ве), 
and 

(v) e* ^ y(g7*) = eP2*y (gH), 


РЕООЕ or (i). Set n = 0 in Entry 20. 


PRoor OF (ii). Set n = a in Entry 20 and observe that f(1, e^?*) = 2W(e72#”) 
by Entries 18(ii) and 22(ii). 


PROOF or (iii). By Entries 27(i), 27(ii), and 25(iii), 
2аф(е * ^y (e 7") = Ве (ет?) (е7?) 
= fe" g*(— e ?P), 


where aff = л. Multiplying both sides by (e 2?) and using Entry 24(ii), we 
find that 


2жф(е ©) (e ?* (e ?9") = Be? ^ f3(— g72P*), 
Interchanging х and В, we deduce that 
2Bo(e (e? "(e P) = ae f3 — 729), 
Divide the former equality by the latter and use Entry 27(i) to conclude that 
a Be" ^f 3(—e728*) 
В есе 


Taking the cube root of both sides and replacing о? and f? by х and £$, 
respectively, we complete the proof. 


PROOF or (iv). Replace «” and fi? by х and 6, respectively, in Entry 27(i) and 
multiply the resulting equality by Entry 27(iii) to get 


ae *! 2 (e *)f(—e77*) = Betol hfe) (27.1) 
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Using the equality f?(q) = q(q)f/(— 42) from Entry 24(iii) and then taking the 
square root of both sides of (27.1), we complete the proof. 


Pnoor or (v). In Entry 27(i) replace a? and fi? by х and fi, respectively, and 
then divide that equality by the equality of Entry 27(iv) to obtain 
вара Pe") _ oaa ole’) 
f(e *) fe ^) 
where af = z?. Using the equality y(q) = o(g)/f(qg) from Entry 24(111), we 
complete the proof. 


Ofcourse, Entry 27(1) is the transformation formula for 94(0, т) = 83(z), and 
Entry 27(iii) gives the transformation formula for y(t). Several proofs exist for 
each of these transformation formulas. Moreover, Entries 27(i) and (iii) are 
only special cases of more general transformation formulas under modular 
transformations. See Knopp’s book [1, Chap. 3] for a full discussion of these 
transformation formulas. A unified approach to the transformation formulas 
of n(z), 33(z), the other classical theta-functions, and many generalizations has 
been presented by Berndt [1], [2], [4]. 


Entry 28. If p = ab and n is any natural number, then 
f(a, b)f"(—p”) 
f(— p) 

Pnoor. Using Entries 19, 22(iii), and 1 (iii), we find that 


Ла, ур) 
Шш =. а; P)o( b; р). „(р >P Js 


IH f(ap* ^, bp" *) = 


"ii (—ap*"'; n.| i (—bp*; r.p" р") 
= II (—ap*^!; p"),.(—bp"*; р"), (р"; р") 
= Ц Ларе", bp") 


Corollary. We have 
fC-a^, -Sa —4°) = f(- af (7a) 


and 


f(-4. —4°)/(—4?,—4°)/(— 4°, —a*) = f(-a)£?(—47). 


After the last equality, Ramanujan [9, p. 199] remarks “and so on.” By 
these words, he implies that 


7-а - д j= fi qf" (— ge), (28.1) 
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where n is any positive integer. The corollary records the cases n — 2, 3 of 
(28.1). 

We shall now establish (28.1). Employing Entries 19, 1(iii), and 22(iii), we 
find that 


I f, —q?nti-k) = П {(q*; gee utres qt). (gts g^) 


=(q)..(q7"*!: gy 
= 70—47" '(-qi") 


Entry 29. If ab = cd, then 
(i) F(a, b)f(c, d) + f(—a, —b)f(—e, —4) = 2f(ac, bd) аа, bc) 


and 


(ii) Ла, b)f(c, d) — f(—a, —b)f(—c, —4) 
= 2af (2. гава) f (5 аа) 


Мапу of the identities of Entry 25 above and Entry 30 below аге instances 
of Entry 29. Formula (ii) was discussed by Hardy [3, p. 223] who also briefly 
sketched a proof. Since the proofs of (i) and (ii) are similar, we give only the 
proof of (i). Less elementary proofs of Entries 29(1), (ii) may be found in the 
treatise of Tannery and Molk [1]. 


Pnoor оғ (i). Letting p = ab = cd, we see that 
f(a, b)f(c, d) ET Ў: pet tata? omer 


Thus, setting m — n = 2j and m + n = 2k, we find that 
f(a, Б) (с, 4) + f(—a, —byf(— с, —d) 


= y por тоа тые 


т,п= — 0 
m+neven 


2 y р+к) 


jk=-% 


= 2 » р“ P (acf pi (bc) ? 


jk--—o 


= 2f (ac, bd)f (ad, be). 


Several of the identities of Entry 25 are special cases of the formulas in 
Entry 30. 
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Entry 30. We have 


(i) f(a, ab’) f(b, a?b) = f(a, b)y (ab), 
(ii) f(a, b) + f(—a, —b) = 2f(a?b, ab?), 
(iii) fla, b) — f(-a, —b) = (е, 2) 
(iv) f(a, b)f(—a, —b) = f(—a?, —b?)g(— ab), 
(v) f?(a, b) + f?(—a, — b) = 2f(a?, b?)o(ab), 
and 
(vi) f?^(a, b) — f?(-a, —b) = ы (2 вагы) y (a?b?). 


In the proofs below, we set p — ab. 
PROOF OF (i). Using in turn Entries 28, 24(iv), and 24(iii), we deduce that 
_ Ло, f^ (- p^) 
f(— p) 


_ f(a, b)o(— PW" (p) _ 
Es fi -Dfc-p) == f(a, b)w(p). 


PROOF OF (ii). Using the definition (18.1) of f(a, b), we find that 


f(a, b) + f(—a, —b) = 2 Y р ЭП дЕ 
k-—oo 


k even 


F(a, ab’) f(b, а?Ь) 


со 
=2 У р*-5д% 


к=—о 


=Э 3 4ykk—-1)2 (53 py 
„У Qr eo) 
= 2f(a?b, ab?). 


PROOF or (iii). Proceeding as in the proof above, we have 


f(a, b) — f(—a, —b) = 2 У рк? дк 
к 


=—00 
k odd 


00 
= 2 У рК Dat 


К=—со 


= 2а Y (p*)** 92 (a/b) 
k-—oo 


ba 
= 2afl =, - p* |. 
(sr) 
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Pnoor OF (iv). By Entries 19 and 22(i) and (22.3), 
Да, b)f(—a, —b) = (a^; р?),,(Ь°; р?) (р; p) 


(p; p 
= a’, b? юы а?, b? ). 
Alternatively, if we set c = —а and d = —bin Entry 29(i), we easily obtain 


the desired result. 


PROOF or (v). Putting c = a and d = b in Entry 29(1), we easily achieve the 
sought result. 


PROOF OF (vi). Set c = a and d = b in Entry 29(ii) and use Entries 18(ii) and 
22(ii). 
Corollary. If ab — cd, then 
F(a, Б) (с, d)f (an, b/n) f (cn, а/п) 
—f(—a, —b)f(—c, —d)f(—an, —b/n)f( —cn, —d/n) 
= 2af (c/a, ad) f (d/an, асп) f (n, ab/nyy (ab). 
ProoF. For brevity, set 
a = f(a, Б) (с, d), а = f(—a, =) (с, —d) 
В = f(an, b/n)f(cn, dn, В = f(—an, —b/n)f(—cn, —d/n), 
and 
L=aB — ap. 
By Entries 29(i) and (ii), we readily find that 
a +a’ = 2f(ac, bd)f(ad, be), 


- b c b d 
x—a = z(t, ‘abcd (2 abed), 
b 

p+ prof (am, s) flad, bo), 

and 
; b cn? bd 
B-p'- aw (7. abed) (3, sabed). 

Substituting these in the obvious identity 


208 — a'h’) = (x + «')(В— В) + (x — a^ + B^) 
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and using Entries 29(1) and (ii), we find that 


L = af(ad, bc)f (5 ааа) ү, (ac, bd)f (+ or abed) 


иам) (н) 
= аай, be)f E abed) {| s(n n, 3 foo 2) 
98) 
ode) 
— 2af (ad, bc) ДЕ а) s(n 7) fun 2) 


If we apply Entry 30(i) and use the hypothesis ab = cd, we find that the 
equality above may be written 


b d 
L = 2af(c/a, ad)y (ab)f (x 2); (5. acn), 
n an 
which is what we wanted to prove. 


Entry 31. Let U, = a" * 02pn«-02 and V, = ат" ОЬ" for each integer 
n. Then 


f(U,, И) = > ‘us (a UC i | (31.1) 


Ramanujan writes Entry 31 in the form 


Va Ups U, Va 
fUn Vi) = f(U, Va) + ush% a e). (e i a) 


U, U,-2 V, 
+ ҖЕ ps 2) 4 Zi 2) Lo, (31.2) 
2 2 2 2 


where the sum on the right side evidently contains n terms. However, by Entry 


18(iv), forr > 1, 
Vif (= U,., r ‚+ n oa V, 
Zia ee "UL, 


Ms Е = | (31.3) 


U, r nor 


This shows that the sums on the right sides of (31.1) and (31.2) are equal. 
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Proor. We have 


тушы д u (Ej enm 
U, U, k-—o r=0 U, U, 
"T eT U1i-* U*(*1)2 yk«-172 
= Pos а r ntr n-—r 
© n—l 
= Ў q UO Dk rt 1)2p (ak tr)(ak+r—1)/2 
k--—o r=0 
o0 
= È q*)02pkk-1)2 = f(U;, V,). 
k=—00 


Bhargava and Adiga [4] have given a slightly different proof of Entry 31. 


Corollary. We have 
(i) Ф(а) = Ф(9°) + 2af(q^, q?) 
= ф(4?5) + 2gf (q^, q??) + 29* f (q^, 4°°) 
and 
(ii) (а) = f(a?, a9) + av(q?) 
= f(q$, q'°) + af(q’, а'* 
= f(q°°, а!°) + af(a’, 42°) + gy (q?^) 
= f(q’’, 4?!) + apla?) + 4у(а?, 4°). 
Pnoor. The two equalities of part (i) follow from Entry 31 and (31.3) by setting 
а = b = q and n = 3, 5, respectively. 


The four equalities in part (ii) follow from Entry 31 by setting (a, b, n) — 
(1, q, 3), (а, 4°, 2), (1, а, 5), and (q, 4°, 3), respectively. 


Parts (i) and (ii) above are, in fact, special cases of the following general 
formulas: 


n-i 
Ф(д) = ф(9") d У hg: 57970 
and 


i zl Gr Ue f (gno ive а"? 
„ 
r=0 


o 


n-1 


= 2.4 r(2r— при. gite у 


where n is any positive integer. These three formulas are obtained from Entry 
31 by setting (a, b) — (q, q), (1, q), and (q, q?), respectively. 
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Example (i). We have 


q^ (q) o?(r) o?(s) plap’ (r) e?(s) 
ф(—а4) e-r) oe*(-s e'(—-qo*(—ne*(—s) 
_ а POON Le s P PAG) Gry 


ф2(— 4)ф2(—)ф?(– 5) ф2(— 4)ф2(—)ф2(— 5) 


Proor. By Entries 25(vi) and (v), the right side of (31.4) can be written 


1 o? (g) H e?(r) H p(s) | 
і (4) di ф(—т) d ф?2(— 5) 


= jn EN Hi — о fı _ Ф) | 
2 ф2(— 4) ф2(— ғ) q^(—s)). 


Upon simplification, the expression above yields the left side of (31.4). 


Example (ii). We have 
1 1 1 


= + 31.5 
el) Ф(9 + (q^) Ф(—9 + ф(4?) eh) 
and 
1 1 1 
= + | 31.6 
ф(—4?) Ф(—9) + фй Ф(—4) + Ф(—9) pag 
ProoF. It is easy to see that the equation 
1 1 1 
ATCB DB (31.7) 
is satisfied if 
2A=C+D and 24?— В? = CD. (31.8) 


Take А = q(q*), В = ф(4?), C = ọ(q), and D = ф(— д4). By Entries 25(1), (iii), 
and (vi), equalities (31.8) are seen to be satisfied for these choices of A, B, C, 
and D. Hence, (31.5) follows at once from (31.7). 

Second, the equality 


NET ERES 
E E+C E+D 


(31.9) 


is seen to be satisfied if CD = E?. Now by Entry 25(iii), this equality is satisfied 
when C = 9(q), D = ф(— 4), and E = ф(— q?). Hence, (31.6) follows from (31.9). 


Example (iii). For each natural number n, the coefficient of q" in the expansion 
of [q/(1 — q)]V (q?) is the integer nearest to Jn. 
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Proor. By Entry 22(ii), 
q JAM к 
п) р ш 
—dq ј=1 kei 


Thus, the coefficient of 4" is equal to the number of powers 4%!) such that 
k(k — 1) < n. In other words, the coefficient of q” is the unique integer k such 
that 


(k— 4}? < К 1) c1 nx k(k 4 1) < (k +4). 


Clearly, from the inequalities above, k is the nearest integer to Jn. 


Example (iv). We have 


f^ (a^, а?) 
= 2) o MI 
9(— 4) + o(q*) va) 
and 
f(a, а?) 
E n 2) = _ 
9(— q) — Ф(4°) 2q Io 


Pnoor. Putting a = q, b = 4°, and c = d = д? in Entries 29(i) and (ii), we find 
that 


Yao) + V(—q)o(—4?) = 2f? (q?, 4°) 
and 

V(q)e(q^) — v(—a)o(—4?) = 2af ?(q, 47). 
These equalities reduce to the desired identities on using the fact 


V(—a)o(—4?) = o(—q)v/(q). (31.10) 


which is deducible from Entries 25(iii) and (iv). 


Example (v). We have f(q, 4°) = v(— q?)x(q). 
Pnoor. By Entries 19, 22(ii), and 22(iv), 
f(a, 4?) = (~q; a*), C a5; 4°)(4°; 4°) 
=(—; 4°). CE. = %(4)0(— 4°). 
Entry 32. We have 
Ф 009 1l-—9o*(—a) 


© e w a ^" 
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V '(q) sa оЫ 1 — e*(—4) 


ч) (o "q) 8 ' 

(ii) Ф) e(-g. e*g—ot(-a 
ọla)  e(—2) 4q 

and 

v) ДО WI ge cq ECT 
Ф 9-49) q(—4?) 


PROOF OF (i), (ii). Using first Entry 25(iv) and then Entry 23(ii), we find that 
о Wo V, Ve) 
Ф Wa) ya ya’) 


_d q* © q% 

dq b К1+4*) 2:2 PE 2k(1 + q”) 
Е d = (—1)*!q k 
~ dq à k(1 + q*) 
zs (114!  1- e(a) 

1 (1+)? 8g’ 


by (33.5). 


PROOF OF (iii). Proceeding in the same manner as above, with the help of Entry 
23(i) and (33.5), we find that 


Ф _9(-)_,4 г | а! а | 
UM =2 
ФФ e(-q dq à Ок Hate) Qk - Dü — gs) 


_ © ( 1)—14 15k q* | 
gon ce +4*) kt (-95 


" © Ша. oo а 1 
Uum +20 a ae 
| .1-—9*(-4) , 9*(g — 1 

5 44 t 44 7” 


which concludes the proof of (iii). 


PROOF or (iv). The desired equality is an obvious consequence of Entry 25(111). 


Entry 33(i). If |q| < 1 and Ө is real, then 


d 18—14 
Loe| | +22, gk o у= q 


f(-45 kü 229) cos(k0). 


Pnoor. In (21.2), set a = qe? and b = дег, and then employ Entry 22 (iii). 
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Entry 33(ii). If |q| < 1 and n is real, then 


—1) 19**797 sin(2k — 1)n 
i yog E sin n - ў 
Y (—1)y- 102k — 1)q k(k-1)2 k=1 


k=1 


Pnoor. Letting z = e?" and using 7 19, we find that 


4; de (4 a) (q; d = түр 7-24, — 1/2) 


E 
1 
1- 12 к=—со 


-y(- peigie-on? 


k-1/2 


2 = 


sin n 


* sin?(kn) 
ка—49` 


У (— 1)*q kkt1)2, k 


Lg nna 


5-10 


10—141 sin(2k — Dn 


53 


(33.1) 


(33.2) 


By letting n tend to 0 in (33.2), or by employing Entry 24(ii) along with Entry 


22(iii), we see that 


(4; 4% = 2; (—1)*!Qk — 1g 702. 


Thus, if Q is the quotient in large parentheses on the left side of (33.1), we have 


shown that 


(е2*"а; 9), (e ?"; д) 


Q- (4; 4), 


Taking the logarithm of Q above and using (21.1), we find that 


which completes the proof. 


Entry 33(iii). If |q] < 1 and n is real, then 


i (-e?* = e 2ink + 2) 


1+2 У q” cos(kn) 
i 


144) TA = 020—4) 


142 Ў (— 1)4* cos(kn) 
k=1 


(33.3) 
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PnRoor. Observe that the right side of (33.3) can be written 
ТО ces 2. 4242 
fGa,qiz) __ (243 4" ol — 4/25 a^ ola; 47)» (33.4) 


70—29 —a[z) (24; 4)..(9/2; 40—42; 4) ° 
where we have employed Entry 19 and (22.4). If we now replace n by — 1 and 
z by e™ in the corollary to Entry 17, we find that the right side of (33.4) is equal 


to 


ф2(— 9) 


142 Y (— 1; 42),4 cos(kn) _ Py d q* cos(kn) 


к=1 (—45; 42), ка 1+ EET ' 
and this completes the proof. 


Corollary. If |а|, |b] < 1, then 


f(a, b) _ о gk + pF 
oa а ,—b) d. 1 + a*b* 


PROOF. Put qe" = a and qe " = b in Entry 33(iii). 


Entry 33(iii) essentially gives the Fourier series of the elliptic function dn u, 
where u — Kn/n, and where K denotes the complete elliptic integral of the 
first kind. 

We now derive a useful consequence of Entry 33(iii). Replacing n by x — n 
in (33.3) and multiplying the two results together, we find that 


оо o {mk 
ф(— 4?) = ( +4 2. 1 ESSE +47 Сазды) 
k=1 к=1 +q 


Form the product of the two series on the right side and then integrate both 
sides with respect to n over the interval [— n, x]. Since the set of functions 
(cos(kn)], 0 < k < œ, is orthogonal on [ — л, л], we deduce that 


o*(— а) =1+8 5 (CT. 


a result due to Jacobi [1], [2]. 
Formulas for o?"(q), 1 < п < 12, similar to that found above, have been 
derived by Ramamani [1]. 


(33.5) 


Entry 34(i). If |g| < 1 and n is real, then 


o’) 
(—1)*1g?* cos(2k — 1)n 


1-41 


Log 


1 + 4соѕп Y 
k=1 


E УЭ (— 1) !q* ѕіп2 (ки) 


m Ko q*) ux 


55 
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Pnoor. Letting а = f = q in Entry 17, we see that 
(— 24; q^). (— 4/2; 4? ), (a^; 47), (a^; а?) 
(— 24°; a^), (— а?/2; q?),,(a?; q^), 


5 (1/4;4° ш u ө ik 
(45 (z* ) 
"à (e 
1—1 o» (1—1 ERES — 1Yq 2k 
NEAN yer i ЫСТ га 
| = ya = qum 
T Derr y 
» (1—1 jx —1yq?* 1 5 | 
b 2 a = a | t = 1 саа +z™*) 
(1—4) —1 — |}: gi 1 _ 
с pet "seh gei (^ + z~) 
1—4 & (-1) 1 й (2671 + zo) 


1—4 о (—1)!g2k 1 5 
-14 {УС Че" Tur) 


со —1) 14 1 „26-1 
un ert z*- 1 erm 


=1+ 1—4 ES 3 УЭ (— 1f gh (ou + 27®?!?Ү(;1\? + 27) 
1+4 1—4 к= 1—41 
_1-4 " 2 (—1)-1g2- 1 (712 4 z ж +279). 
1+9 ci 1 4% 


With 2 = e?" and the use of Entry 22(i), we may rewrite the foregoing 
conclusion in the form 


— 1)! q?*! cos(2k — 1)n (342) 


F о 
о 1+4 Y CU ek De 


where 
(— 24; 4^), (— 4/2; 9), 
F(n) = ; 
(—24°; 4*)„(— 47/23 4°)» 
Comparing (34.1) and (34.2), we see that it suffices to show that 
F(n © (—1)*g* sin?(kn 

гов а ў CC D'e* sink) 

FO & kalta” 
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To show the equality above, it suffices to show that 


— 1)*~1g* cos(2kn) 


crei CES 


The proof of this is quite straightforward and much like the proofs of Entries 
21 and 23, and so we omit it. 


Entry 34(ii). If |q| < 1 and n is real, then 


Ф(@ c q?*-! sin?(2k — 1)n 
iL = . (343 
ылы TEE Ecostk | ~ x Qk-pa-g@y 049 
ma 1+ ПЕТТИ 
Proor. Putting « = В = —1 and z = e?" in Entry 17, we find that 
1445 q* cos(2kn) (—24; q^). (— 4/25 q^). (a^; 4°) 
1 1 +9” (za; q7).0(4/23 a^). (— a^; 9?)2, 
(34.4) 
- са) 
G(0)' 


where we have used Entry 22(i) and where 


(— 24; 4?)„(— 9/2; 9?)., 


a= (24; 47 )oo(4/23 а?) 


Comparing (34.3) and (34.4), we see that it suffices to show that 


e 424—1 cos{2(2k — 1 
Loe Gera i а 


Like the calculation of Log F(n) іп the previous proof, the proof of the equality 
above is quite straightforward. 


Ramanujan now states two "corollaries." We have not been able to discern 
why the appellation “corollary” has been given to these two results. Moreover, 
the "corollaries" are incorrect. We give two corrected versions of each cor- 
ollary. First, we prove versions where the "right sides" are corrected; second, 
we establish reformulations when the “left sides" are corrected. Most likely, 
the first versions are what Ramanujan had in mind. Our first proof below uses 
Watson's quintuple product identity, which has been rediscovered several 
times and which appears in the literature in several guises. We provide a 
thorough discussion of this identity at the end of Section 38, after giving a 
proof based on one of Schróter's formulas which we develop in Section 36. 
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Corollary (i) (First Version). If |q] < 1 and z = e?", where n is real, then 


Y 43872 sin {2(3k — 1)n} 


k=—%0 


4 Log 
sin(2n) y (3k — 1)4*9*-2 
k-—-—oo 
c g*sin?(km) & q^*sin?(2kn) 
By AM i с: 34.5 
à -25* à ka о 


Proor. Ву Watson's quintuple product identity (38.9), 
(q^; 47 )ao(245 a^). (a/z; a?) (z^; a*)..(a*/z?; 4), 


со 
: x q^ (r3 3% NL Ы З 
=—со 


oo со 
= 3k2— 2k, 3k—1 3k2—2k,,-3k*1 
| у etes pee | 


к= — а k=- 


=2iz Y 4-2 sin{2(3k — 1)n}, 


k——oo 


where we obtained the penultimate equality by replacing k by k — 1 in the 
previous latter summands. Thus, upon dividing both sides above by 1 — z?, 
we find that 


Y, q^ sin {2(3k — 1)n} 


F e 
ЕЙ, = 2 ____________., (34.6) 
) sin(2n) Y Gk — Dg? ?* 
k=—00 
where 
F(n) = (92; 4°). (4/2; q^). (a^ z^; a*).(a*/z^; a*)... 
Now a straightforward calculation yields 
0 Се о Д“ cos(4kn) 
L EL ee 
og F(n) = 20 4 kü1-4*) | >, k(1— 4%) , 
so that 
F( 12 As — аз © a — cos(4kn)) 
1 Log А . 
РРО) 2 »E — q^) E — 4) (34 7) 


Combining (34.6) and (34.7), we readily arrive at (34.5). 
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Corollary (i) (Second Version). If |4| < 1 and z = e?", where n is real, then 


(—4)* 02 cos(2k — 1)n 


iMs 


W(—q) соз п 
^* sin?(2kn) 


2 MB UM CM 
Ob p О E (34.8) 


PnRoor. Let 
(24; a?)«(a/z; a4?) (z24*; a*).(a*/z^; a*).(a^; a?) 
(24°; a^). (q^/; SUUS, Y» (a5; 4)2, 


Then a straightforward, but rather lengthy, calculation shows that 


2 4k oi 2 
q* sin?(kn) 20 sin*(2kn) 
+4 EE IU мл 

k( +q") à k(1 — 4%) 


P(z) = 


Log P(z) = D» (34.9) 


Using the factorization 
(z^q*; 4). = (a^; a? ). C7 29°; а), 
a similar factorization for (q*/z?; q*),,, and Entry 19, we find that 
(24; q^). (a/2; a^). (— 24°; a?),(— 7/2; a^). (4^; 4?)% 
(4; 4?) (4°; 4°)» 
/(—4, —4/2)f(2, 42/2) 
E 34.10) 
@ + 2a; LG a | 
= V(—q)/(— 4/2, 2) 
(1 + 2)(9; 4?)(4*; 4°). 
where we have used Entry 30(i) with a = —q/z and b = 2. 
Set 


Р(2) = 


f(—4/2, 2) 


(34.11) 
1—2 


Е(п) = 


and observe that, by Entry 22(ii) and (22.2), 
y(-4  . (4°; q^) 
(4; gola a 5 (—9; gola 4)2(—9°; a) (a^; a 
0-49) 1 
(92; 4). Wa 
Hence, (34.10) may be written 


F(n) 


P= cay 


(34.12) 
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By (34.8), (34.9), and (34.12), it suffices to show that 
F(n) = sec n У (— 4) 02 cos(2k — 1)n. (34.13) 
k=1 


But, by (34.11), 


2712 


=: тз 2 (— q)*- 1/2. k 


F(n) EU 


! 3 - - -k+1/2 
gl үй p (= q} -02(2"-12 + 77:02) 
from which (34.13) is apparent. This completes the proof. 


Corollary (ii) (First Version). If |q| < 1 and z = e?", where n is real, then 


Y, q90**9? sin(6k + 1)n 


k-—o 


sinn 5, (6k ger 


4 Log 


со ашды) | eo q* sin? (2kn) 
EX k(1 — q*) PRI k — q?^*) © Vy 


Proor. Applying Watson's quintuple product identity (38.9), we find that 
(9; 4) (az; 4). (1/z; 4)е(42°; a?) (a/z^; 4?) 


со 
2 —Ak— 
= у qo* +k)/2 (73k —Z 3k 1) 


к= —00 


iz? y gS! +? sin(6k + 1)n. 


k-—oo 


Dividing both sides by (1 — 1/z), we deduce that 


сае EROR D 
k=- 


00) sinn Ў (вк geo 


k—-—oo 


(34.15) 


where 
G(n) = (42; d). (a/z; 4)..(92°; 4).,(9/2°; q^)... 
Proceeding in the same fashion as in the first proof of Corollary (i), we find that 


po otn “зіп? (Ки) | q* sin?(2kn) 


iy со © 
Е E GO x ka-q") uos ka-q”) S 


Taking (34.15) and (34.16) together, we deduce (34.14). 
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Corollary (ii) (Second Version). If |q| < 1 and z = e?™, where n is real, then 


Гү; (5 cosn & (~—1)'g* cos(2k + 1)n 
ОВ o1(—q) xs 1 + 2q” cos(2n) + q” 


а“ sin? (kn) уч * sin?(2kn) 


= aay Р ne 


Proor. Let 


(224°; 4^). (q^/2*; q?),,(a; D2(G а? );, 


Then an elementary calculation yields 


toos Dx D д. >й q* sin?(2kn) 


Ыза (34.18) 


IMs 


Put 
G(n) = (9; 4®(я; a^) Q(2)- 
Using the factorization 
(224$; q?), = (24; Deol — 2975 9? ),(— 24; 4) 
and a similar factorization for (42/22; q?),,, we find that 
(224; a?).(a/^; a?),(a^; 4?) 
(—24°; q^). (— 20; 4^). (7 47/25 q^). (— 4/25 4?) 
Employing Entry 17 with 2, а, and f replaced by —z?, —1/z, and —z, 
respectively, we deduce that 
(—1Yg*(1 + 27* ә (— 1) 0 + 1/z)27* 
G(n) = 1+ ees ee 
(n) рр 1 + zq” TE 1 + q?*/z 
= 1 + (242 + 2-12) 


G(n) = 


© EE". k+1/2 —k-1/2 2k(,k—1/2 —k41/2 
= (1 + 242%)(1 + q?*/z) 
= (г!? + z 12) Y (—1yq*(z**12 + z412) 
kio (1+ 2q7*)(1 + g?*/z) 
e (— 104“ cos(2k + 1)n 
=4 
ae PE 1 + 242“ cos(2n) + g** 
Next, by (22.4), 
G G 
Q(z) = _ 8m — = =. (34.20) 


(9; а)2,(9; 42), A ET) 
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Putting (34.19) into (34.20) and combining the result with (34.18), we complete 
the proof. 


For other results in the spirit of those in Section 34, see two papers by 
Rogers [1], [2]. 

Recall that the Bernoulli numbers B,, 0 < n < оо, are defined by (Grad- 
shteyn and Ryzhik [1, p. 1076]) 
= }, 


e* n-Q 


A x, |x| < 2n. 
n! 


Recall also that the Euler numbers E,,,,0 < n < oo, are given by (Gradshteyn 
and Ryzhik [1, p. 1078]) 


seox = Y CD Emm Ix} < n2 (35.1) 


These conventions for the Bernoulli and Euler numbers are different from 
those used by Ramanujan. 


Entry 35(i). For each positive integer n, let 


B, 


where B, denotes the nth Bernoulli number. If n is any nonnegative integer, let 


i у (— 1! Qk — [jt »9 


Q, = 
n+1 » (— 1)! Qk — 1g? 


Then for each positive integer n, 


n [28 — 1 
20, oo in 2; 2" P, Qa (35.2) 
к= \2k – 1 


Proor. We shall write Entry 33(ii) in the form 


Ў (— 11g (sinQk — 1)0)/0 
L:=4Log | = 


У (— 10-1026 — 1) 1002 
к=1 
sin 0 = g*(1 — cos(2k0)) У 
N (s )+ UE ү A 


and equate coefficients of like powers of 0. Expanding sin(2k — 1)0 in its 
Maclaurin series and then inverting the order of summation, we readily find 


(35.3) 


tol 
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that 
= 1 Loe( È у S Ey Ont), (35.4) 


On the other hand, using a familiar expansion for Log((sin 6)/0), which, in fact, 
Ramanujan derived in Chapter 5 (p. 52) (Part I [5, p. 122, Entry 16]), we find 
that, for |0| < m, 


k2i-1 gk 


(SYB g (DH 


R=; У l У go 
2 p (2/)(2/)! A 0} T= 
00 oa В, © a | 
= — 9? 35. 
А o ет: is, 


A © (—1)/112?! 7 
= CON Р,,0°. 


Using (35.4) and (35.5) in (35.3), we deduce that, for [0| < x, 
(— 1)" »( © (— 1у*122+! | 
Ө?" = LÁ P, 974 |. 
À Gay On = o a Ps 
Differentiating both sides with respect to 0, we find that 


р (== 1) (- 10; 02" -1 _ 23 (—1y*22/9 P,,077- 1 > Gor (— D o, 


Qn — 1)! YN ji 0) 0)! 0010 


o0 n 22)+1р О er 
prt! 2j322n— 2j 2n-1 
"EC à Qj — Din — 2j)! 


Equating coefficients of 0?"71, n > 1, on both sides, we readily deduce (35.2). 


In particular, if п = 1 in (35.2), we deduce that 
30; = —4P. 2° 


If, as usual, o(k) denotes the sum of the positive divisors of k, we find, by 
equating coefficients of q”, that the foregoing equality is equivalent to the 
arithmetical identities 


24 02 (— 1y-**1 (2k = no (“= 1) ш at - 2) Qn » ly, 


if m = n(n — 12, n > 1, and 


CARRS Delma lee 
2 


k>1 
k(k—1)/2 xm 


otherwise. Here, o(0) = —3;. These last two identities were first established 
by Halphen [1] in 1877. Otherwise, Entry 35(i) and its general associated 
arithmetical identity appear to be new. 
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Entry 35(ii). For each positive integer п, let 


(1 un 2")В (— 197—148 


P =n м) A 
^ 2п FÈ 1+q* 


, 


where B, denotes the nth Bernoulli number. For each nonnegative integer n, 
define 


© (= id 2k-1 
Qan = zu 172k-i > 


© 
"IS pra 


where E, denotes the 2nth Euler number. If n is any positive integer, then 


n {2n—1 
205, = 2, bs I Рао (35.6) 


Proor. Write Entry 34(i) in the form 


e (— 1)—142872 cos(2k — 1)0 
sco +45 | m 
L:= —Log rid 5 4 
q^ (a) 


MA (35.7) 
(—1)* !q*(1 — cos(2k0)) 


k(1 + q*) 
As in the previous proof, we expand both sides in powers of 0 and equate 


coefficients. 
Using (35.1), we find that, for |0| < 2/2, 


— 1)—1428-1 cos(2k — 1)0 


= К. 


= —Log(sec 0)+2 Y 
k-1 


sec 0 + 4 aŠ 


_ е CIE, g2n (—1f 747^ & (—1yQk — 1)" 
Б > (2n)! La: b 1—q*1 p (2n)! 


o0 —]y © (—1)*- 172k 2n42k-1 
- y СУ (inse m 2. ) ae Jor (35.8) 


Ө?" 


(2n)! = 
Putting n = 0 in Entry 34(i), we find that 
© 26 Ты 142k-1 
9^(q) 144 p iE (35.9) 
Combining (35.7) (35.9), we conclude that 
© 1 Ш 
L= -Loe( 25 79 ye e) (35.10) 


On the other hand, using a well-known expansion for Log(sec 0), which, 
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in fact, Ramanujan found in Chapter 5 (p. 52) (Part I [5, p. 64, Entry 17]), we 
find that 


(—1y*122(1 — 27) By, ,, 


Жї Qj) (27)! 
n 7S 1y22/*1 УЭ (— ГЕК? tqt 7 
л 0)! а 1+4 


+ 


а » (— 1у*122% (° S 22B, 
Жї Qj)! 4j 
(— у! 22+р, p! 
Qj)! 
Hence, putting (35.10) and (35.11) in (35.7), we deduce that 


$ СӨ» _, „(у © 22" Paps) 


18 


руку, 27-1 7k 
ев (35.11) 


n=0 (2n)! A 00! 
Sa ei both sides with respect to 0, we find that 


= (- (= 0"0›, 82 1 = (—1y2??! p, 2j— е — 1) Qax 2k 
"= YY 00 0 
» (2n = Qn- D & (2j к 1)! P» (2k)! 
= yu y OU PO 2n-1 
= £A Qj — 1)!(2п — 2j)! | 


Equating coefficients of 0?" !, n > 1, on both sides, we easily deduce (35.6). 


Ramanujan (p. 202) has an erroneous factor of (— 1)" * in the sum on the 
right side of (35.6). 

In order to state some arithmetical deductions from (35.6), we need to define 
the divisor sums 


ск) = » (~D (2k – 1)" 


(2k-1)|r 


and 
бё) = у (= "je. 
kir 


The case n = 1 of (35.6) gives the equality О, = 8P, from which we may deduce 
the curious formula 


в?(п) = 8 »E o (k)6,(n — k), (35.12) 


where n is any nonnegative integer, oč (0) = 1 = —o*(0), and б,(0) = —}. Not 
only is (35.6) new, but even the arithmetically equivalent special case (35. 12) 
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does not appear to have been given in the literature before we mentioned it 


in [6]. 
Define 
© kq* 
L=1—24 А 
à 1—4* 
do 3, k 
м=1+20 Y 4, 
| к=11—4 
апа 
oo kóg* 
N21-504 Y —4 
к=1 1—4 


Ramanujan remarks that 
S, = > (— 1)**1(2k Е 1) ЧР, п> 1, 
к=1 


can always Бе expressed іп terms of L, M, апа N. Now by Entry 35(i), S, can 
be written as a polynomial in P}, P4, ..., P,,,n > 1. In an epic paper, Ramanu- 
jan [6], [10, pp. 136-162] proved that Р,,, k > 1, can be expressed as a 
polynomial in L, M, and N. (In [6], L, M, and N are denoted by P, Q, and R, 
respectively.) Hence, S, can be represented as a polynomial in L, M, and N. 


Examples. Let Q,, n > 2, be defined as in Entry 35(i). Let L, M, and N be defined 
as above. Then 


(i) 3Q,=L, 
y 5L? — 2M 
(ii) 5Q, = _ 3 
and 
3513 — 42ML + 16N 
(ii) у соны из, шй 


9 


Pnoor. The three desired equalities follow by putting n = 1, 2, and 3, respec- 
tively, in Entry 35(i). The calculations are straightforward. 


Note that Entries 36(1), (ii) below reduce to Entries 29(1), (ii), respectively, 
if p = 1. 


Entry 36. If p — ab/cd, then 
(i) 5:= 3{f(a, b)f(c, d) + f(—a, —b)f(—c, —d)} 


со 


=} (ad**U2(poj*-? f(acp*, bd/p*) 


k=-a 
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and 

(ii) D := 3{ f(a, b)f(c, d) — f(—a, —b)f(—c, —d)} 
NS eres dy UP poker E ap* bcd 
= xd (ad) (bc) Dp е f 


PRoor. We prove just (i), since the proof of (ii) is similar. Putting n — m = 2k 
and n 4- m — 2j, — oo « j, k « oo, we find that 


S — Y (cd) +8 m-maqmonpmoe-1)2 
m,n—-—oo 
m+n even 


© 
2 УКАЗЫ, ELA: a 
Y (cdy +k2 igi keitkp +k2—j+k)/2—jk 


j,k=-% 


V k(k—-1)/2 (p,yek+1yj2 х [86 me ky i(j-1)/2 
Ў, (apye-negoyeron Y (bdp* ui. 


nk 
k=~o0 j=-o AP 


which, upon the replacement of k by —k, is seen to equal the desired result. 


We now state and prove some very general and useful formulas originally 
due to H. Schróter in his dissertation [1]. These formulas will be employed 
in Sections 37 and 38. But even more importantly, Schróter's formulas will be 
utilized in proving many of Ramanujan's modular equations, especially in 
Chapter 20. Ramanujan evidently never stated these general formulas in his 
writings. However, from the many special cases that he clearly had proved, 
he at least possessed the ideas needed to prove the general formulas. 

Put 

a= Ад", b—q"*"A, c= Bq"", and d=q"~’/B, 


where и and v are integers such that и > v > 0. Then 
_ 44v — „4u ad — A2/R2 
р= 4°, abcd = q^", and n 4H 


Entry 36(1) now takes the form 


e (AY 2uk2 nens dicum 
S= 2; (4) er ane VV) 


k=—0 


Now let k = un + m, —œ < n < oo, 0 < mx y — 1. Thus, 


s u—1 oo A unm panel ap sese ria es 
= aos iu ут уп FO ; 
x 2: B 4 f a 1 АВ 


Next, apply Entry 18(iv) with 
a= ABq?^**vm. b = 42" %"/АВ, 


and n replaced by vn. Hence, 
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<, А MT 2 242 2 
S= b» B q remm (AB) "q-?» n?—4v?mn 


gom 
x лавр, m ) 


o Bros» 


q^?" A —4vm 
(аврет, Am аш 


-1 m n(u—v) 
E by A 2um? e A 2u(u? —v?)n- Amn(u? — v2) 
QUEUE 
m= B n 


In summary, we have shown that 
= 3{ f(Aq"*”, 4" А) Ва", q"^"/B) 
+ 7(— 49", —q***/A)f(— Ва", —q"-"[B)) 


EM m ~y tv 
= » A gf A" gU ome B" qU 199-9 
m-o \B pr*" А? 


x f( Аве,“ (36.1) 
' AB 


We now examine Entry 36(ii) under the same substitutions as above. Thus, 
letting k = un + m, —со < n < о, 0 xm < u — 1, we find that 


i By B. A 
E p> ETE (2) quf s ЕК: gre) 
rm 


A 


1-1 со 
= А (AB)“"*™q (u* x) (2unt 2m+1)+2u(unt+m)2 
P 


B 
x 4v(un--m)* 2v -4u —4v(untm)—-2v f 
( 1 'A d ) 


Apply Entry 18(iv) with 


A 
a= У Вне b = 


B 
and with n replaced vn. Therefore, 


s os + *v)2unt2m*1)t2 smf Аү "" 
D=AY Y (АВ) "+ т\н + У)(2ил+2т+1)+2щип+т) 5 


m=0 n—-—oo 


x ОЛО ai a i A 4u+2v+4ym B -2v—4vm 


= А p (AB)"q (2m-*1)(u-*v)* 2um? У A% vn gürtvn 


n-- —00 


2u(u? — v?)n? + 2(2m1)(u2 —v2)n A 4u t 2v 4vm B —2v—4vm 
xq f p? > 44 . 
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In summary, we have shown that 
D = 3{ f(Aq"^", q"*"AJf(Ba'^"*, д4" °/В) 
— f(—- Aq"'*, —q"*/A)f(— Ba", —q"*]By 


= А b» (ABynqUn* G+ v4 2um? 
m=0 


Qe ee) 
E 232 
T" s(a vpu*tvgQutámt2)0 y А 


Ан Baty 
А 46+ 2У+4ут В —2v—4vm 
x f(5« ‚44 . (36.2) 
We now record a couple of special cases of (36.1). Letting A = B = 1 in 
(36.1), we find that 
ziola" el") + e(-a^)o(—-a'7")] 


Ee Y Gen аР mee. gU P moy ratem gibt (36.3) 


m=0 


Next, putting A = q^*" and B = q"^" in (36.1) and using Entries 18(ii), (iii), we 
find that 


2y (q+ y (q?) 
= > qium rim f q Oetama? e g^ tev) f(g tnt dom. ат). (36.4) 


Adding Entries 30(i1) and (iii) yields 


f(a, b) = f(a3b, ab?) + a(i, 22] 


Putting а = q?""*^? and b = 4 2°"+*2, we see that 


Jig mium g hee) 


= fq" g tak) 4 gi mee f(g” vm. qu (36.5) 


Multiplying (36.4) by 4“, adding the resulting equality to (36.3), and using 
(36.5), we deduce that 


ziola" ola" ") + o(—a"*)e(—q"7)] + 2g"? y (q?"*?")y (q?»?") 


u-1 
2um? r(,(2u-4mu?—v2) | (2u-4myg?- v? 
= уа ит? f(g(24*4m)u*-v), g(2u-4myu? -»?)) 
mz 


x {fr e", 428%") + qe quu term ge") 
u—1 
= 2. qim (4294709), ант dmn! WD) quad mE RIT g "tum (36.6) 


Looking back at the proofs of (36.1) and (36.2), we observe that we can 
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replace m by m + ju for any integer j and not alter the summands on the right 
sides of (36.1) and (36.2). Note that (36.3) and (36.6) also remain unchanged if 
m is replaced my — m. Finally, observe that, with the use of Entry 18(iv), we 
may replace m by —m on the right side of (36.4) as well. These observations 
are useful in simplifying these formulas somewhat. 

To illustrate the remarks above, consider (36.4). Replacing 4? by q, we 
deduce that 


y (q^ *")i(q ^") = o(g^ ^ ?)y (q?") 


(a2 
+ у "2" (д 2002—92) а О й qi?" (36.7) 


m=1 


if и is odd, and 
Yla yla) = olayla) 
u[2—-1 
+ У Ду 2000-9), qee) д2", gem) 


qr e (qat? feg, qiue" in 


if u is even. 

As a second illustration, set A = q"*" and B = q ^ in the “difference” 
formula (36.2). Replacing q? by q, employing Entries 18(ii)-(iv), and using the 
remarks above, we deduce that 


V (qt) ("7") = qm (qon v9) fegt, ди-ни») 


(u-3)/2 
+1 +2m+1)(u2—-v2 —2т-1)(и2—у2 
+ у, "т Раб т+1)(и уэ, q" т—1)(и v?) 
m=0 


x flt, qe my (36.9) 
if и is odd, while 
V (q^ hyla") 
A um(m+1) (u+2m+1)(u2—v2) „(u—2m—1){u?—v2) *tvt2vi -y-2 
- 2. q уа“ а FX Ug me ш 


(36.10) 
if и is even. 
The next formula will be particularly useful in Chapter 20. Let и be an even 
positive integer and suppose that œw is an odd positive integer such that 
(и, о) = 1 and 2u — o? > 0. Then 


Q := (Ла А, g*-"/A) f(GB, q/B) 


+ f(- q7*' A, —q?"7]A)f(- B, —4/B)} 
c 2 2-02 
Б У. ев (irs qon a graria) 
m=0 В?2һ-®? > 


X АВ?" ^o". АВ) (36.1 1) 
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The restriction (д, @) = 1 is not strictly necessary. However, its removal 
would cause complicated modifications in the formula (36.11). For brevity, 
the expression q?"^** will be replaced by Q when convenient. 

To prove (36.11), first let а = qB, b = q/B, and n = о in Entry 31. Then 
apply Entry 18(iv) with n = r. Accordingly, 


о—1 


f(qB, q/ B) E Y GB fq? B». д°°-2°В-) 


r=0 
= F qU rng E-D f(g! sale Ur Bo, qU dec p-o), 

r=0 
Now substitute this sum and the corresponding sum for /(— 4В, —q/B) into 
the left side of (36.11). Recall that о is odd so that (w — 1)r is even. We then 
apply the “sum” formula (36.1). In this application, A and и remain unchanged, 
but B is replaced by В° 7°!” and v is replaced by и — w?. Now (36.1) was 
derived under the assumption that 0 < v « и. However, by a similar argu- 
ment, we can conclude that (36.1) 15 valid for all integers v such that |v| < д. 
Thus, our application is valid provided that 2u — w? > 0. Hence, 


1 2-1 - T _ , : | 
О = 5 ge r Bf f(QA, Q/A)f(q* 2o(o Urgo q? +20(0-17 В e) 
r=0 
+ f(- QA, —Q/A)f( q^ 2°" Вә, —4°°+?®®-1›» Boy} 


B? 
B% 2u—o?) 
A 


-1 4-1 20(0—1)ғ\ т 
- ^ У got? Bote g 2am? (4 ) 
m= 


Av’ 
x (5 О®#+4т)®2+2®(®-—1у, 


ОФ. tee 2o0(o0-—1)r 
o(2u—o2) 


"nod 


x f (agere, AB 


2u—4mput4co?m ud 


= потерти ио 


до? pele- 
x f O ven n Eco Dea О2о) 
peleo?) , A? 


x f (atento m, im geriet, 


where in this last step we applied Entry 18(iv) with n = m. 

In each expression on the right side above, m and r occur only in the 
expression wm + ¿(œw — 1)r. For each pair (m, ғ), apply the division algorithm 
to deduce that 

om--i(o—1r-qu-n  Oznzu-i, 


for a certain nonnegative integer q. Suppose r is fixed and m varies from 0 to 
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u — 1. We claim that n then assumes all values from 0 to u — 1 in some order. 
To that end, let п and n' correspond to the distinct values m and m'. Then 


n — n' = w(m — m')(mod p). 


But |m — m'| < и and (o, p) = 1. Thus, р (n — п’); that is, n z и’, and our 
claim is established. 

On the other hand, suppose we consider two different values of r, say r and 
r', and select values of m which yield the same n. This is possible by the 
conclusion of the preceding paragraph. Let q and q' be the corresponding 
quotients. Then 


(œ — 1)(r — т) = дя — q')(mod o). 


Now 3(@ — 1) and o cannot have a factor in common, and 0 < |r — r'| < о. 
Thus, о](4 — q’). In other words, q and q’ cannot differ by a multiple of о. 
Hence, as r assumes the values from 0 to œ — 1, the œw values of q differ from 
multiples of о by the numbers 0, 1, 2, ..., о — 1 in some order. 

Now each term of the last double sum above remains unaltered if a 
multiple of uc, say luow, is added to the argument wm + ¿(œ — 1)r. To see this, 
apply Entry 18(iv) with n = | and n = 021, respectively, to the pair of theta- 
functions in each summand. Consequently, when we effect the substitution 
от + 0 — 1)r = п + qu, n runs from 0 to u — 1, and it can be assumed that 
q runs from 0 to w — 1. Thus, replacing the index q by s, to avoid a conflict 
in notation, we have proved that 


b pl A(nt su)? p-X 
Q жы 4 ntsu B^ nsu) 
5-0 n=0 


A?? p? (26—02) 
х / О2н9°+4о(п+зи) Que toram 
Вә(28-%2) VLA 


x авч, гечен) 


AB? 


0—1 1 
- 4n? В- 2п AB? татсан, 2ut4con 
2 q f ( q 18° ) 


0-1 4°% 
x У qc o apertos 
= Be- "nuces Ч 


Av? pele- w?) 
x f Qe t*t4o(n Tun. Q^- 4c(n- sp) 
poQs-o? A” 


where we have applied Entry 18(iv) with n = œs. Lastly, apply Entry 31 with 
п = о), 


а= Q^ 


p^--e 
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and 
p 


b = 2u-4m 
A? g 


We find that the inner sum above reduces to 


A? p?»-o? _ 
0 E Q^ =) 


This then completes the proof of (36.11). 

We now record some special instances of (36.11) that will be useful in 
establishing certain modular equations in Chapter 20. In each case, of course, 
р is even, о is odd, and (и, œ) = 1. 

First, if A = B = 1, then 


5{ф(42*—°)ф(4) + e(—4?")o(—4)) 
= b qu ае енна) 42" °0и-4т)) f(g2u-4om. gon. (36.12) 
Second, let A = q?"^*" and B = q^. By Entry 18(iv) with n = (o — 1)/2, 
faH, q 91) = qM fg, 1) = 247 077g?) 


Hence, 
2g? er DIA (qti 297) (g?) 
-1 
t Y qu 2am f( ql2n— oN 2p +4), ДОНИ) rro euim g^"). 
т=0 


(36.13) 
Adding (36.12) and (36.13), we find that 


tolol) + o(—q7?"79")o(—q)) + 29427 * Vis (qn 20*) у (д2) 


E B3 gir f(q An Cutam, qu-e?Qu- em) ( f(q2u-4om. у2и+4от) 


m=0 


+ q^ ome tn- tom. q*" 


и 2 Е, Ti = = 
= Y 4°" flg” e нят); qo" o?)Y2u 4m)) (qh! 20m. g^ eom) 


т=0 


н 


(36.14) 


where we have utilized Entry 31 with а = q"? 2e", p = qu2*2oem and n = 2, 

An indicated above, (36.1) and (36.2) are due to Schróter [1] who did not 
publish his proofs outside his thesis. However, he did write three short papers 
[2], [3], [4] in which he took special cases of his general formulas to establish 
certain modular equations. Proofs of Schróter's formulas may be found in the 
books of Tannery and Molk [1, рр. 163—167] and Enneper [1, рр. 470ff]. A 
more recent proof has been given by T. Kondo and T. Tasaka [1]. 
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An elegant generalization of Schróter's work has been discovered by 
R. Blecksmith, J. Brillhart, and I. Gerst [2, Theorem 2]. We translate their 
formula into Ramanujan's notation. It will be convenient, however, to put 


fola, b) = f(a, b) and f,(a, b) = f(—a, —b). 
Theorem. Let a, b, c, and d denote complex numbers such that |ab|, |cd| < 1. 
Suppose that there exist positive integers a, B, and m such that 
(abf = (cdf, 
Let &,, £; € (0, 1). Then 
Sa (a, b)f, (c, d) 


a cd a(a*1—2r)2 b cd «(@+1+2г)/2 
= È АІ ( ) ( ) 


reR с" : d* 
b B/2 d (m—aB)(m+1 + 2r)/2 b B/2 (m—aB)(m+1—2r)/2 
, (e iis ius 4 d a ) (36.15) 


where R is a complete residue system (mod т), 


d | if £, + «e, is even, 
C |1, ife, + ae, is odd, 
and 
-— " if e В + є›(т — af) is even, 
^ |1, ifeB + em — of) is odd. 


Letting х = В = 1 and m = 2 in (36.15), we obtain an equality that is also 
achieved by adding Entries 29(i) and (ii). 

Blecksmith, Brillhart, and Gerst [1], [2] have employed theta-functions in 
proving theorems on the parity of partition functions while also obtaining 
some elegant new identities for theta-functions. Using Ramanujan's theory of 
theta-functions, Bhargava, Adiga, and Somashekara [3] and Blecksmith, 
Brillhart, and Gerst [3] have given alternate proofs of these theta-function 
identities. 


Entry 37. We have 
© : 2k р2* 
O Кобдо) + oao) = plab) +2 У (ab! (а, as. 


со cac 2k-1 pi 
G) Hodoh) — 0(—0)0(—0) =2 У ato" ry (ate еч. m 


and 


99 k 
@ WAYE) = ylab) + Ў ast apio (жь). 
к=1 
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PROOF oF (i). In Entry 36(i), put b = a and d = c, and then replace c by b. 


PROOF оғ (ii). In Entry 36(ii), put b = a and d = с, and then replace c by b. 
Replacing k by k — 1, we find that 


i(e(a)o(b) — e(—a)o(—b) 
-( È + $ aree- 1)? ла J a? b? m! (37.1) 


In the first sum on the right side, replace k by 1 — k and apply Entry 18(iv) 
with n — 1. Hence, 


0 " 5 р2к-1 qi 
k?p k-1) 242 
У а S\ оға 40 Ык 


k=—o a 


ae qk} 2k-1 
a? b* (бе а?Ь? 2x (37.2) 


о As a qc! p* 
= P юр pie (eia ar) 
Simplifying the right side of (37.2) and then substituting it into (37.1), we 
complete the proof. 


ii 
Ims 


PROOF or (iii). In Entry 36(i), let a = c = 1 and then replace d by a. Using 
Entries 18(ii), 18(iii), and 22(ii), we deduce that 


2y (a (b) = 2 ахат pkk- ic ab 5) 


= — y 4 »E kik+1)2} kik- vro. а). 
pe 


Replacing k by —k in the former sum on the right side above and employing 
Entry 18(iv) with n = 1, we readily complete the proof in the same fashion as 
in the proof of Entry 37(ii). 
Corollary. We have 

@ HEN) — 0(—3)0(— = a (QU (a??) + #(— ду (—4°°)), 
(i) pal – ф(—4®)ф(—4!1) = a (i (a5?) + (9С 4°°)) 
апа 
(ii) ба) (49) — v(-a)v(- 4) = 9% (4) (993) — v(— (a9). 
PROOF оғ (i). In (36.8), set и = 8 and v = 5 to obtain the equality 

V (a ?)W(q*) = ф(4?!?)у (a! 9) + 49% v (q5?*) Fa, 47°) 


3 
4 2. 4°" гава gre my f(g’, Д); 
т= 
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Replace д by — and subtract the two formulas to get 
yayla?) - v(- (74^) 
= 2q f(q??*, g*a., 4%) + 24°1/(45*%, 479) f(499, a). (373) 
Now apply Entry 18(iv) with a = q!^, b = q?, and n = 1 to find that 
f(q'^, q?) = a f(a, 4 `%). 
Employing this in (37.3) yields 
у(а?)у(а`?) — у(—4%)ф(— 4?) 
= 24° f(q??^*, q??9) (а, a") + 24? (47%, a°*°) f(a", q!^).. (37.4) 
Now from Corollary (ii) in Section 31, we see that 
V(X:9) = /(4°, q'?) + af(a’, q'*) 
and 
yig?) == ft, qe) + q?? 47°, q^ 35). 
Using these equalities in (37.4), we conclude that 
(4°) (43) — у(—4%)у(—4'%) 
=24°({(4) + Y-a) (Wa?) + y-a) 
+ {W(q) — y-a) {w(a??) — у(—4°°))), 
from which the desired result readily follows. 


Proor or (ii). Letting u = 8 and v = 3 in (36.8), we find that 
V(q wig?) = o(g**9)y (q!5) + q119y (9999) f (974, 47%) 


3 
+ у, qi Эт f(q440+110m До (обн), 


a 
i 
- 


Changing the sign of q and subtracting the two equations, we find that 
Wg? ia!) — y-a la) 
= 29° f(q^75, q**9)f(q*, °°) + 249? (417°, q!19)f(q!8, q7?) 
= 2g? (3°, 495°)/(4%, 9%) + 24%: Fla" 9,479) (q? 4), (37.5) 


where we have applied Entry 18(iv) with a = 42, b = g!*, and n = 1. By 
Corollary (ii) in Section 31, 


Yta) = f(a*, q!?) + af(q?, q^) 
and 


V(Xx 4?) 25 fig, g^) + q fig t^. q'9). 


Using these equalities in (37.5), we arrive at the desired result. 
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PROOF OF (iii). In (36.8), let и = 8and v = 1. Replacing q by — q and subtracting 
the two equalities, we find that 


V(a^ (a?) — 4(—47)0(—9°) 
= 2q' f (q?"*, q6?9) f(q?, q!*) + 249? flas, 4992) (а, 49?) (37.6) 
By Corollary (ii) in Section 31, 
V(xa) = f(a*, q'?) + а/а”, a") 
and 
V (x49?) = f(q?7*, 4999) + q9? f(q'?6, 4552), 
Using these equalities in (37.6), we readily complete the proof. 


Example. We have 
yayla?) — v(-aw(- 4°) 
Ф(—4%)Ф(—4!°°) 


=2 Ааї5ф(а% 120) 
а деа (4°) (4 ^) 


ProoF. In (36.7), let u = 3 and v = 2 to find that 
V(a*)v (4) = e(a 5) (a9) + а/(а°°, q?)f(a*, q?). 


Replacing q by —q and subtracting the two formulas, we deduce that 
yayla?) — v(-aw(—- q^) 
= yla) (ф(9'°) — Ф(—9')) + af(a^, a) (4°, 97°) + f(- a^, 47). 
Applying Entries 25(ii), 19, and 30(ii), we obtain 
у(а)у(а?) — v(-aw(-«^) 
= 4q ^ (4%) (412°) + 24(— 4^; 4°)(— 4°; a9). (a5; 9%). f (a*^, q*?) 
(4°; 4°) 


=44!%у(4%уу (412°) + 29(—4?; a?) (—d5 48), 


(— 4^9; q*°).. 
4°; q*)., 


(q!?9; qeu. 
x (129; gi20)_ (37.7) 
By (22.4), 
(4; д 


(—4; Var’ 


Ф(—4) = 

and by Entry 22(iv) and (22.3), 
A See ore) E | 
X(— 4) = (9; a^). (ane 


Using each of these equalities twice in (37.7), we achieve the desired result. 
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Entries 38(i), (ii). For |q| < 1, 


and 


f(-@°) © gee 
/(—4?, —0°) EX. (д ` 


Entries 38(1) and (ii) constitute the famous Rogers- Ramanujan identities. 
For the early history of these fascinating identities, consult Ramanujan's 
Collected Papers [10, pp. 344—346], Hardy's book [3, pp. 90—99], or Andrews’ 
book [9, Chap. 7]. Briefly, for several years after Ramanujan initially dis- 
covered these identities, he was unable to supply proofs. In fact, he [3] 
submitted the identities to the problem section of the Journal of the Indian 
Mathematical Society. In 1916, while browsing through past issues of the 
Proceedings of the London Mathematical Society, Ramanujan discovered a 
proof of the identities in a paper by Rogers [1]. Stimulated by the renewed 
interest in his work, Rogers [4] published another proof. Ramanujan soon 
found his own proof, and Rogers devised still another proof. Hardy thereupon 
arranged for these two proofs to be published together (Ramanujan [8], [10, 
pp. 214—215]; Rogers [5]). At about the same time that Ramanujan unearthed 
Rogers' work, I. J. Schur also independently discovered Entries 38(i), (ii) and 
published two proofs [1], [3, Vol. 2, pp. 117—136] as well as proofs of similar 
results [2], [3, Vol. 3, pp. 43—50]. Watson’s paper [2] gave still another proof 
of the Rogers- Ramanujan identities. 

We would now like to point out that although Ramanujan discovered the 
Rogers- Ramanujan identities in India and it took several years before he 
found a proof, these identities are limiting cases of Entry 7. In fact, the proof 
is not much different from Watson's proof. We are grateful to R. A. Askey 
for informing us that the Rogers- Ramanujan identities are deducible from 
Entry 7. 

If we let c, e, and f tend to oo in (7.3), we find that 


© (—1Y(a,(1 — ag?*)a?*g5? 2-2 о gkg? 
y4 y"( X q ) = (aq), у q . 
k=0 (4),(1 — a) к=0 (9), 
Letting а = 1 yields 
© a © 
(4) 2 POL + Y (-0 44g 
k=0 к=1 
= /(—4?, —4?) 


If we now apply the Jacobi triple product identity (Entry 19) to f(—q?, —q?), 
we obtain the first Rogers- Ramanujan identity, Entry 38(i). Similarly, letting 
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à — q above, we deduce that 


(4) у 1 


=) (=н е 


eA f(-4@ —4°). 


To obtain this last equality, apply the distributive law in the penultimate line 
and replace К by k — 1 in the second sum. Applying Entry 19 to f(—q, — 4), 
we obtain the second Rogers- Ramanujan identity, Entry 38(ii). 

Today, there exist many proofs of the Rogers- Ramanujan identities as well 
as considerable generalizations. It would be impossible here to list all of these 
proofs and generalizations, and so we describe only a selected sampling of 
papers and conclude with a description of sources where more complete 
bibliographies may be found. 

After the work of Rogers and Ramanujan, some of the most important 
earlier papers were written by Slater [1], Alder [1], and Gordon [1]. Other 
generalizations have been found by Andrews [5], [15], Bressoud [1], Denis 
[4], Milne [5], Paule [1], Verma [1], and Verma and Jain [1], [2]. Using 
primarily the g-binomial theorem, Bressoud [2] has developed an especially 
elegant and simple proof of the Rogers- Ramanujan identities, which has been 
reproduced by J. and P. Borwein in their book [2]. Emphasizing operators 
and explicit solutions of functional equations, Ehrenpreis [1] has developed 
a new approach to Rogers- Ramanujan identities. His paper also contains a 
discussion of several other proofs. For an enlightening exposition of Rogers' 
first proof of the Rogers- Ramanujan identities and their connections with 
certain q-orthogonal polynomials, see Askey's paper [7]. Andrews [14] has 
also discussed the importance of Rogers’ work and has reproduced two 
fascinating letters of Rogers. To see how computer algebra can be an aid in 
proving the Rogers- Ramanujan identities, see Andrews' paper [20]. Proofs 
ofthe Rogers- Ramanujan identities employ the Jacobi triple product identity 
at some stage, except for one proof found by Andrews [19]. In the 1980s, 
R. J. Baxter discovered the Rogers- Ramanujan identities and several beauti- 
ful analogues in his work on the hard hexagon model. For descriptions of this 
work, see Baxter's book [1] as well as papers by Baxter [2], Andrews [11], 
and Andrews, Baxter, and Forrester [1]. An interesting proof of the Rogers— 
Ramanujan identities motivated by their discovery and occurrence in the 
solution of the hard hexagon model has been given by Andrews and Baxter 
[1]. A. K. Agarwal and Andrews [1] have proved some Rogers- Ramanujan 
identities for certain partitions with "n copies of n," which also have applica- 
tions to the hard hexagon model. For many years a purely combinatorial 
proof of the Rogers- Ramanujan identities was sought. Finally, in 1981, a 
bijective proof of the identities was devised by Garsia and Milne [1]. Relying 
heavily on the work of Garsia and Milne, Bressoud and Zeilberger [1] found 
a simpler bijective proof. Lepowsky and Wilson [1] have proved the Rogers- 
Ramanujan identities within the setting of Euclidean Lie algebras. 
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We have listed only a minority of the proofs and generalizations of the 
Rogers-Ramanujan identities found by Andrews. His survery papers [4]- [6], 
[8], [21], book [9], and monograph [18] provide references for many original 
papers on this subject, including his own important contributions. Particu- 
larly recommended is Andrews' paper [21], which provides a classification 
and discussion of almost all of the known proofs of the Rogers- Ramanujan 
identities. Askey’s paper [7] also offers many references. Another survey paper 
has been written by Verma [2]. 


Entry 38(iii). For |q| < 1, 


f-«-4) 14 4 
f(-d4,—-4) 141441441 4° 


Pnoor. Set a = 1 in the corollary to Entry 15. Using Entries 38(i), (ii), we 
complete the proof. 


Entry 38(iii) is another famous theorem of Ramanujan and is generally 
known as “Ramanujan’s continued fraction" or as the *Rogers- Ramanujan 
continued fraction." As pointed out in Section 15, the first proof of Entry 38(iii) 
was given by Rogers [1]. Ramanujan's proof is found in his paper [8], [10, 
pp. 214-215]. Shortly thereafter, Rogers [6] gave another proof. Although 
the continued fraction was mentioned in Ramanujan’s [10, p. xxviii] first letter 
to Hardy, the equality of Entry 38(iii) was not. Ramanujan eventually found 
several generalizations and ramifications of his continued fraction which he 
recorded in his "lost notebook" [11], in the unorganized pages of his second 
notebook, and in his third notebook. For an account of some of these develop- 
ments, see two papers by Andrews [10], [13], several papers by Ramanathan 
[1], [2], [4]- [6], [9], and a paper by Andrews, Berndt, Jacobsen, and Lam- 
phere [1]. After the work of Rogers and Ramanujan, no significant generaliza- 
tions were found until Selberg [1], (2, pp. 1-23] published his first paper in 
1936. In addition to papers cited in Sections 15 and 16 and in our discussion 
of the Rogers- Ramanujan identities above, further generalizations and re- 
lated work may be found in papers by Carlitz [1], Carlitz and Scoville (1], 
Gordon [2], Hirschhorn [3], [6], Al-Salam and Ismail (1], Bhargava and 
Adiga [1], [2], Bhargava, Adiga, and Somashekara [1], [2], Bhargava [1], 
Churchhouse [1], Denis [1]-[3], Verma, Denis, and Rao [1], Singh [1], and 
Hovstad [1]. 

The Rogers- Ramanujan continued fraction has combinatorial interpreta- 
tions, a fact first recognized by G. Szekeres [1]. We mention one such combi- 
natorial interpretation, discussed by A. M. Odlyzko and H. S. Wilf [1]. 

An (n, k) fountain is an arrangement of n coins in rows such that there are 
exactly k coins in the bottom row, and such that each coin in a higher 
row touches exactly two coins in the next lower row. Let f(n, k) denote 
the number of (п, k) fountains, and put f(n) = У", f(n, k). Thus, f(1) = 1, 
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f(2) = 1, f(3) = 2, ДА) = 3, f(5) = 5, f(6) = 9, f(7) = 15, and so on. Then 
{ f(n)} has the generating function 
1 x x 


1+ Ў Ле т с 


Similar interpretations have been examined by Glasser, Ргіутап, and Svrakié 
[1] and Privman and Svrakié [1]. 

For further combinatorial interpretations of the Rogers- Ramanujan con- 
tinued fraction, see papers by Flajolet [1] and Andrews [13]. 


Entry 38(iv). For |q| « 1, 
f?(-@, —q?) — q'5f?(—q, – 4) = f(—a)(f(—-45) + dizit Л 


We establish the following formulation of the quintuple product identity 
from which we deduce Entry 38(iv). 


Theorem (Quintuple Product Identity). For |q| < 1, 


f(— B^, —4?/В?) 
f(Bq, qJ B) 


f(B?q, q°/B°) — B? f(qJ B, В°а5) = f(—q?) (38.2) 


Pnoor. In (36.1), set  — 3 and v = 1 and replace q? by q. Recalling also the 
remarks made after (36.6), we find that 


3(f(Aq?, q?/A)f (Ba, q/B) + f(— Aq?, —q?/A)f(— Ва, —4/B)} 


1 AW. A? B* qum 
m 3m?p[ ^ ,24416m ^ ,24—-16m 32m 
2; (5) 9 (жа qid )r(4 ETA | 
(38.3) 
Make the same substitutions in (36.2) but also replace A by 1/A. Accordingly, 


$(f(a?/A, Aq?)/(Bq, q/B) — f(—4?/A, — Aq?)f( — Ва, — q/B)) 


= А7! y (ay gem gom. emen) 


pres 
Ad ( AB ' Anq o . (38.4) 
Note that 
AZ g ion gem) = (s qo tton pem), 


when А = В242. Giving A this value and subtracting (38.4) from (38.3), we 
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deduce that 
f(-B t —1/B?)f(— Ва, —q/B) 
= f(a?*, q??) ( f(B?q?, q/B?) — (1/B?) f (a? /B*, B*q)) 
+ f(q**, q*)q° (BF(B?q', 1/B?q) — (1/B?) f(q*/B?, В? /а)). (38.5) 
We now apply Entry 18(iv) twice. First, letting a = 1/qB°, b = B°q’, and 
n = 1, we deduce that 
1 
fG?47, 1/B°q) = s^ (q*/ B?, B?q). 
Second, putting a = B?/q, b = 4'/В?, and n = 1 yields 
B? 
f(q"/B?, В?/а) = goer q/ B?). 
Using the two foregoing equalities in (38.5), we find that 
f(-Bp s — 1/В?)/(— Ba, —4/В) 
= (f(a?*, 429) — a*f(q^*, а4®)} (f(B?a?, q/B?) — (1/B?) f (q5/B?, В?а)} 
= f(-4 *, —4°){ f(B°q’, 4/В?) — (1/B?)f(q*/B?, B?4)), (38.6) 


where we have applied Entry 31 with a = —q*, b = —q?, and n = 2. 
Next, replace B by 1/B in (38.6) and successively employ Entries 30(iv), 
30(i), and 24(iii) to conclude that 


f(q*/B?, B?q) — В? f(q/B°, B?q?) 
А B^, —q*|B?)f( — Ва, —4/B) 
/(— 4°) 
_ /(—8В°, —4*/В?)/(—В°4?, — 4?/В?)е(—4?) 
/(—4°)/(Ва, q/ B) 
_ JC- B^, — 4/В°)у(°)ф(— 9?) 
f(—4*)f(Ba, q/ B) 
_ f- MC B2, —4?/B?) 
f(Bq, q/ B) j 
which completes the proof. 


PROOF or ENTRY 38(iv). In Entry 31, let a = —q, b = —q?, and n = 5. Using 
also Entry 18(iv) three times, we find that 


f(—4) = —af(—49) + (f(—45, —4*9) — 4!°Й(—4 1°, 485] 
—q'(f(—4^*, 455) — 47(—9°, —479?)). (38.7) 
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We now apply (38.2) twice. In each case, replace q by 42°?, and then let 
В = —q'*" and — 4°?, respectively. Hence, (38.7) becomes 
(-45,—4 9)  ,f(-a5, —4°) 
—@ + „у= foem E -e 


Replace д by q!^ and multiply both sides by f(— 4). Using the corollary to 
Entry 28, we deduce that 


S al fC-4!P) + a’? fia) 
ШОШ ДЕК Лы Wee ЕИ (nd. e 
UEM Ves =a) E 74, 4) 
= f*(- q^, -q?) — q'Pf*(—a, -q*) 
which is precisely (38.1). 


As Ramanathan [8] has pointed out, the quintuple product identity can 
be found in Ramanujan's “lost notebook" [11] in the form 


f(-x^, - Axf(- Ax?) 
f(—x, — Ax?) 
To see that (38.2) and (38.8) are equivalent, set Ax? = q? and x = — q/B. Then 
(38.8) takes the form 
f(-4^]B^, -B')f(-q^) 
f(q/B, qB) 


= f(—A?x3, — Ax9) + xf(—4, —A?x?).. (38.8) 


= /(В°, 4°/B°) — 5 fI? Iq, а”/В?) 


= f(B*q, 4°/В?) — B'f(B'q*, q/B?), 
by an application of Entry 18(iv). 

Next, we put (38.8) in a form that is perhaps more common and that 
legitimizes the designation “quintuple product identity." Let Ax? = q. By 
Entry 22(iii) and the Jacobi triple product identity, Entry 19, the left side of 
(38.8) equals 


(а; 4).2(х°; 4).(а/х°; дь. _ (4; 0°; Plax; Daal =%5 Bool ~4/%5 д» 
(х; qe (q/x; Deo (х2; a?) (q?/x^; а?) 
= (4; s (x?q; 4). 0а/х2; a?) (— x; Deol — a/x; 9). 


On the other hand, from the definition of f(a, b), the right side of (38.8) is 
readily seen to equal 


у (— 1)"д"®"-Э y3n(1 4 xq"). 


Lastly, replacing x by — 1/z, we summarize our calculations above with a more 
familiar form of the quintuple product identity, 
Y gre — 27971) = (4; 4), (24; (2; Dol? Vl: Po 
(38.9) 


16. q-Series and Theta-Functions 83 


The quintuple product identity has a long history, and it is difficult to assign 
priority to it. In one form, it was probably known to Weierstrass, for in H. A. 
Schwarz's book [1, p. 47], published in 1893, the quintuple product identity 
is written in terms of Weierstrass sigma functions. In R. Fricke's book [2, 
pp. 432-433], the quintuple product identity is presented in terms of theta- 
functions. Watson's name is associated with the quintuple product identity 
because in 1929 he [3] proved it en route to establishing (39.1) below. W. N. 
Bailey [1], who was familiar with Watson's work, found a proof in 1951. 
Shortly thereafter in 1952, D. B. Sears [1] showed that the quintuple product 
identity followed easily from some work he had done a year earlier. In the 
course of proving a conjecture of Dyson, À. O. L. Atkin and P. Swinnerton- 
Dyer [1] established the quintuple product identity in 1954 without realizing 
its prior occurrence in the literature. The identity was rediscovered in 1961 by 
B. Gordon [1]. L. J. Могде [2], attributing the result to Gordon, gave 
another proof shortly thereafter. In 1970, M. V. Subbarao and M. Vidyasagar 
[1] found a proof. In 1972, L. Carlitz [3] discovered two proofs and, in the 
same year, in collaboration with Subbarao, published still another proof [1]. 
Andrews [7] showed that the quintuple product identity is a consequence of 
Bailey's summation of a well poised с. In 1988, employing the Jacobi triple 
product identity, M. Hirschhorn [5] established a significant generalization 
ofthe quintuple product identity. A year later, Blecksmith, Brillhart, and Gerst 
[2, p. 307] pointed out that the quintuple product identity is a special case of 
their theorem, which we related in Section 36. Lastly, in 1990, R. J. Evens [1] 
used complex function theory to give a short, elegant proof of the quintuple 
product identity that is completely unlike previous proofs. 


Entry 39. If х, В > 0 and aß = n?, then 


à pe g 245 о-2а gy 4a | 


У ДА TR 
ме e» есм | 
2 I sor ee 
E. 
2 


and 


Gi pi d. 2 


2 ү up d 
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Jacobsen [1, p. 435] has shown that, in fact, Entries 39(i), (ii) are valid for 
all complex numbers х and В with «f = л>, Re « > 0, and Re f > 0. 

Formula (i) was communicated by Ramanujan [10, p. xxviii] in his first 
letter to Hardy and was first proved in print by Watson [4]. Ramanathan [1], 
[4] has proved both (i) and (ii) and has established additional theorems of this 
type. We shall give below a proof of (ii) which is different from the proofs of 
both Watson and Ramanathan but which possesses features of both proofs. 
It seems likely that our proof is close to that found by Ramanujan. Our proof 
of (i) is very similar, and we give only a brief sketch of it. 


PROOF or (ii). Let 
—a[5 


F(e7*) = © 


1—-1+1— 1 + 
Then employing Entries 38(iii), (iv) and the corollary to Entry 28, we find that 
1 -а 
е f(—e PH e 38) е af е x —e +) 
fle E —e 42) fí—e 2a e 32) 

_ pi^ (pm e ?) - e "5f 2(g7*. —e ^) + fle, =e) f(—e>**: e?) 
fle, —e **f(—e ?*, g^" 

ере") (е *P) — e fle 7*)) + fie “Fe 7") 

Де *)f(e °°) 


е5 f(e 795) 
(fe) 
Thus, 


(39.1) 


ire — F(e?) + Hes — F(e f) + i} 
F(e *) F(e *) 
_ е®'®% queue 0n) 
|. f(e *)f(e ^P) 
In Entry 27(iv), replace « by «/5 and f by 5f to deduce that 
e 2120 (4/5) 14 f (o 4/5) = e 9824/5 B)1/4 (е 58), 


where af = x?. Using this equality and a similar equality with the roles of х 
and f reversed, we find from (39.2) that 


1 5 1 : В 
mes — F(e *) + ] RT — F(e*) + ] = 5. (39.3) 


For brevity, set A = F(e~*) and B = F(e ^). Then (39.3) takes the form 
(A? — A — 1)(B? —B— 1) = 5AB, 


(39.2) 
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or, after a brief calculation, 
(AB — ҚА + B) — 1}? = (A + В). (39.4) 
Suppose that 
AB — ҚА + B) — 1» 0. (39.5) 
Then, from (39.4), 


AB А+ B. 12 Sa +B 


since A, B 0. After some elementary manipulation, we find that 


QA — 4/5 — 1)(2B — 4/5 — 1) = 10 + 2/5. 


By (39.1), A, B « (/5 + 1)/2, and so, since A, B > 0, the left side above is no 


greater than 
(/5 + 1? = 6 + 24/5 < 10+ 2/5. 


Since this is an obvious contradiction, our assumption (39.5) is incorrect, and 
we must conclude that 


AB — ҚА + B). – 1 = Pu s B, 


After some elementary algebraic manipulation, the foregoing equality may be 
written in the form 


104 + S5- )0в+ 5-1) =2 SF 


which is equality (ii). 


PROOF OF (i). Define 


—a/5 


Е е e? e e 
F(e ©) = 1 


+14 1 4 1 +7 


Then, proceeding as above, we can show that 
1 e*5f( un e "5) 
F(e *) fC-679 
Putting A = F(e 2°) and В = F(e 2), we find, with the use of Entry 27(iii), 
that 


— F(e*)—1= 


(4? + A — 1)(B? + B— 1) = SAB, 
which is equivalent to 
{AB + 3(A + B) — 1}? = $(A + В). 


The remainder of the proof is parallel to that of (ii). 
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Corollary. We have 

" QNS. eTo e7 EE J/5 J5 —1 
1-1 + Lae 2 2 

and 


" g 5g 2* g“ Е 5+ 4/5 {5 +1 
1+ 1+ 21 4+ V 2 22 


Proor. Let x denote the continued fraction оп the left side of (i). Putting 
a = В = піп Entry 39(ii), we observe, after simplification, that x satisfies the 
equation 


х? -(/5- 0)х- 1-0. 


Solving this equation and observing that х > 0, we easily obtain the desired 
result. 
In a similar fashion, Corollary (ii) follows from Entry 39(i). 


Corollaries (i) and (ii) are both found in Ramanujan's [10, p. xxvii] first 
letter to Hardy. Ramanathan [1], [2], [4], [5], [9] has not only proved 
Corollaries (i) and (ii) but has established several additional beautiful results 
of this sort. 

Some of the proofs in this chapter appear in the doctoral dissertation of 
C. Adiga [1] at the University of Mysore. 


CHAPTER 17 


Fundamental Properties of Elliptic Functions 


Chapter 17 is almost entirely devoted to the theory of elliptic functions. The 
groundwork was prepared in the sections on theta-functions in Chapter 16. 
In the present chapter, Ramanujan introduces Jacobian elliptic functions and 
elliptic integrals. It is interesting that Ramanujan does not use the classical 
notation and terminology from the theory of elliptic functions and integrals. 
In Section 6, we identify the functions and parameters employed by Ramanu- 
jan with the more familiar notations in the theory of elliptic functions. 

Much of Chapter 17 concentrates on various types of infinite series that 
can be evaluated in terms of parameters that arise frequently and naturally in 
the theory of elliptic functions and integrals. Many of Ramanujan's identities 
involving infinite series may be derived from theorems found in Jacobi's 
Fundamenta Nova [1], [2]. In particular, the Fourier series of the Jacobian 
elliptic functions can be utilized to establish many of Ramanujan's findings. 
Generally, however, we prefer to employ theta-functions, as did Ramanujan. 

It is difficult to assess how many results in this chapter are original with 
Ramanujan. Perhaps a majority of the formulas in Chapter 17 cannot be found 
in print. However, if they are not in the literature, most can be derived without 
too much difficulty from published results. In particular, as indicated above, 
many of the results in Chapter 17 can be deduced from Jacobi's Fundamenta 
Nova [1], [2]. 

We conclude this introduction with a few remarks about notation. As usual, 
put 


Г(а + К) 
(а), = Io" 


where ais any complex number and k is a nonnegative integer. The generalized 
hypergeometric series ,F, is defined by 


(0.1) 
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01, 45, ..., hy V (01), (02), (Ap) x 
arde] oo BeBe Bde kr 


where p and q are nonnegative integers and a,,a2,...,4,, Pis p»,..., B, are 
complex numbers. If the number of parameters is “small,” we use the notation 
Fj (%1, 85, ...,9,; By, Bo, ..., Pa x) instead of that on the left side of (0.2). If 
x = 1, we omit the argument. In this chapter, p = q + 1, and so „F, converges 
for |x| < 1 always, and if Re(x, + a + + 04,44) < Re(f, + B; + + B,), 
q+1F; converges for x = 1 as well. 
As is customary in the theory of q-series, we also utilize the notations 


(0.2) 


n-i 
(а), := (a; 4), := LI (1 — ag*) (0.3) 


and 


(ад : (а; дф„:= Ц (1 — aq"), 
k=0 


where |q| < 1 here and throughout the sequel. The notations (0.1) and (0.3) 
evidently conflict. However, the context will immediately make it clear whe- 
ther (0.1) or (0.3) is being used. 

Finally, if w(z) = Г'(2)/ (z), recall that (e.g., see Whittaker and Watson's 
text [1, p. 247]) 


= / 1 1 
He dat (4 1 2:2! Um 


where y denotes Euler's constant. Formula (0.4) will frequently be used in the 
sequel, often without comment. 


Entry 1. Let n and x be real numbers with 0 < x « 1. Then 


ibe cos((1 — 2n) іп”! (./x sin 9) ар л ra 
o J1 — xsin? ф Bou 


PRoor. By Entry 35(iii) in Chapter 11 of Ramanujan’s second notebook (Part 
II [9, p. 99]), 


(1 — x?) t? cos(2n sin™! x) = Fi ($ + n, 4 — п; 4; x?) 


— n,n; 1; x). 


where n is arbitrary and 0 < x < 1. Replace 2n by 1 — 2n and x by ix sin ф 
and then integrate both sides over 0 < ф < 2/2. Accordingly, upon inverting 
the order of integration and summation, we find that 


| cos((1 — 2n) зїп! (\/x sin 25 05 


J1- x sin? ф 

e (1 — п), (п), ы 
sin” o d 
Se Og ede 
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| & (1— п) (п), ГО)Г(К +3) 
75 à (ТУК! T (k + 1) x. 


from which the desired conclusion readily follows. 


We now transcribe Entry 1 into perhaps more familiar forms. Put 
sin Ө = X sin ф. Then a brief calculation gives 


sin"! /* cos(2n — 1)8 i 
о J/ x — sin? 0 
By a result of Murphy, which can be found in Whittaker and Watson's 


treatise [1, р. 312], ,F,(1 — n, n; 1; x) = P_,(1 — 2x), where P, denotes the nth 
Legendre function. Thus, (1.1) may be written in the form 


sin! /x cos(2n — 1)8 

о х/х — sin? 0 

In particular, setting n = 4, we deduce that 
sin“! „х 40 

0 JJ x — sin? Ө 

Thus, we have a representation of the Legendre function P_,, in terms of an 


elliptic integral of the first kind. This result is due to Kleiber [1, p. 10]. Lastly, 
if we replace 1 — 2x by cos a, n by —n, and 0 by ф/2 іп (1.2), we further find that 


ap cos(n + 3)o 
п Jo ./Cos ф — cos a 


which is known as the Mehler-Dirichlet integral (Whittaker and Watson 
[1, p. 315]). 


= 5 Fi (1 —n,n; 1; x). (1.1) 


dð = 5 P-a(l — 2x). (12) 


7T 
5 Р-12(1 == 2х). 


do = P,(cos a), 


Corollary (i). For any real number n, 


fe cos fa — 2n)sin ! Cz) E 


do = : 
í T= Tanto P= I — inr + in) 


Pnoor. Letting x = $ in Entry 1, we find that the left side of (1.3) is equal to 
(1/2) ;F,(1 — n, n; 1; 3). Recall now the following theorem of Gauss, which 
may be found in Bailey's tract [4, p. 11] and which was rediscovered by 
Ramanujan in Chapter 10, Entry 34 (Part II [9, p. 42]). If a and b are arbitrary, 
then 


(1.3) 


P(g) (a + b + 1) 


F,(a, b; 3(a + b + 1); 3) = | 
2F,(a, b; x(a + b + 1); 3) T + iaJrü + ib) 


(14) 
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In particular, 


Г(5) 
Г(1 —п)Г(@ + in) 


2F,(1 — n, n; 1; 4) = 
and so the result follows. 


Corollary (ii). For 0 x x « 1, let 


Then, for 0 < x < 1 and nonintegral n, 


exp(- ee n) = x exp(v(n) + v(1 — п) + 2y) 


sin(nn) u 
x {1 + Qn? — 2n + Dx + (1 — 2(n — n?) + 3(n — п?)?)х? +}, 


where, as usual, y(x) = Y'(x)/T (x) and y denotes Euler's constant. 


Proor. We turn to Corollary 1 of Entry 25 in Chapter 11 (Part II [9, p. 77]). 
In that corollary, let n = © and then replace a and b by n — 1 and —n, 
respectively. Using Entry 1 as well, we find that, for 0 « x « 1, 


2 


== Inh. 
ѕіп(лп) ^" 


Y (n,(1 — 


pL (X — 9h c + k) + y(1 — n + k) — (к + 1) + Log x} x* 


= ^u ов x + (n) + 01 — n) - 2000) 


+ X TT п), {y(n + к) – (п) + v(1 п +) - v(1 — n) 


— 2k + 1) + 2(1)] x*. 


Since (1) = —y, this may be written in the form 
— LL. "= = Log x + (n) + V(1 — n) + 2y 
ѕіп(лп) и, 


п & (n),(1 — n) 
2и, à (уи we n + К) — (п) + (1 -n+ K) 


— V(1 — n) — 2U(k + 1) — 2y}x*. (1.5) 


Exponentiating the equality above, we find that 
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exp( i us) = x exp(V(n) + (1 — n) + 2y)e, (1.6) 


or sin(zn) и, 


where, with the use of (0.4), 


n(n + 1)(1 — n)Q — n) (1 1 1 1 ae 
ajy eco seed ton сн МЫ 


1+n(l — и)х + 


TENE 
n 1-п 
w= 


_ Qn? — 2n + 1)х — 43n* — бп? + п? + 2n - 2)х? + 
- 1 + (п – и2)х + 


= Qn? — 2n + 1)х + Gnt — Зн? + Yn? — Зи + D$ +. 
Expanding exp w and putting the result in (1.6), we complete the proof. 


For 0 « x « 1, let 


Е,($,5;1,1—х 
ш | X i G, 3; 1; x) ) Ven 
We can extend this definition to x = 0 and x = 1, because it is easily seen that 
lim F(x) 20 (2.2) 
x70+ 
and 
m F(x) = 1. (2.3) 


The function F(x) was briefly examined in Section 27 of Chapter 11. 


Entry 2(i). If 0 < x < 1, then 


o (12 к 1 : 


Entry 2(i) was stated as а corollary and proved in Section 26 of Chapter 
11 (Part II (9, pp. 78—79]). 

The next result is very characteristic of Ramanujan, and we quote him 
exactly. (We need to assume that x > 0 below.) 


Entry 2(ii). 
x 
Fit~e*y= very nearly. 2.4 
ТРЕ з om en 


Pnoor. By (2.2) and (2.3) it is readily seen that the left- and right-hand sides 
of (2.4) agree at x = 0 and x = оо. 
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Calculating the Maclaurin series of the right side of (2.4), we find that, for 
|x| « 8, 
x x x 280x? 


104 364 xi 16 3072 253555 7 


On the other hand, replacing x by x/8 in Entry 2(vii) below, we deduce that, 
for x > 0, 


(2.5) 


EN e x? 279х5 
16 3072 219.33.5 


Comparing (2.5) and (2.6), we complete the proof of Ramanujan's excellent 
approximation for x > 0 and x small. 


F(1—e7) n (2.6) 


Observe, from (2.5) and (2.6), that the coefficients of x? differ by only 
1/(21? - 33 - 5). Thus, Ramanujan's approximation is uncannily accurate. 

H. Waadeland has communicated to us a very plausible explanation for 
Ramaunjan's approximation. Replacing x? by t in (2.6), we arrive at 


ii. d adl 937 
ХРО — eV = 76 — 3023 39355 ^ 
t t 53t 
16 192 293-5 
14-14 1 4 
Now, 
53 1 


29.3-5 144905660... 


Ramanujan liked highly composite numbers. Thus, replacing 144.905660 by 
144 and replacing all subsequent numerators in the continued fraction above 
by t/144, we find that 
t t t t t 
xF(l е) 16 192 144 144 144 
ї+1 + 1+ 1 + 1 t: 


t/16 
1/192 


tia + ./1 + t/36) 


t 
104.3648 
Entry 2(iii). For 0 < x < 1, 
Log F(x) Log F(1 — x) = z?. 


Pnoor. This result follows at once from the definition of F in (2.1). 
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Entry 2 (iv). We have 
F(1 — x) + F(1— 1/x) = 0. 


Pnoor. Using Entries 30 and 32(ii) in Chapter 11 (Part II [9, pp. 87, 92]), we 
find that 


d 
ji, 198 F(1 — x) — Log F(1 — 1/x)) 


= d С 2F (3, 5 1; x) jy 2F (3, 5; 1; 1/3) 
dx 2F, (3, 33 1; 1 — x) 2F, (3, 35 1; 1 — 1/x) 
E 1 i 1 
(aS b5i-xxx-) Hn b5i-lx(-) 
_ 1 1 1 
(GF EbI-xxx-0 FG b6!-xxx-1) 
= 0. 
Thus, for some constant c, 
F(1—-x) | n 
К(1—1/х) 7 
By using Entry 2(i), we easily see that 
lim СЕ шр s 1 
»auFü-l/x) 
Hence, c — — 1, and the proof is complete. 


Entry 2(v). We have 
4х V 
F(x?) = Fl ———45]. 
Е. (с) 
Proor. In our proof of Entry 32(iii) in Chapter 11 [9, р. 93], we showed that 
Е [557 203,503) (2.7) 
2414 22 2> "(14 xy 24 1125.25 77 - Р 


Replacing x by (1 — x)/(1 + x), we find that 


2 4x 
FG 35 1;1— х®) =, 24 e 51;1— d) (2.8) 
Dividing (2.8) by (2.7), we arrive at 


4x 
F,{ 4,4; а-у) 
rakica A (xy 


oF, (3, 33 0 х?) 7 Elit A | 
22142» 2» '(1 +x) 
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Multiplying the equality above by —– л and exponentiating, we deduce the 
desired result. 


In a note following Entry 2(v), Ramanujan describes a very ingenious 
algorithm for calculating the power series expansion of F(2x/(1 + x)), which 
we now relate in detail. 

First, by Entry 2(iv), 


£s 1 Ич 
Е 2х -Fli tX)». pl. Xl. op 2x | 
1—х 1—x 1+x 1+x 
Thus, since F(2x/(1 + x)) is an odd function of x, we can write 


2x EE. 2k-1 2п+1 
Е Ea = 2, a,x + O(x*"**) (2.9) 


in a neighborhood of the origin (in fact, for |x| < 4). Setting y? = 2x/(1 + x), 
we find that, in a neighborhood of y = 0, 


4k-2 


Е(у?) = Y doi + 0(y"*?) 
кл (2 — у?) 


2n 
= yop), 


where b,,,-, and bym are expressible in terms of a,, 42, ..., Am for each m, 
1 € m <n. Hence, by Entry 2(v), in some neighborhood of y = 0, 


4y S 2k 4п+2 uo 
FA e) - as n t 0077 
2n 


= У oy? + Oc"), (2.10) 


k-1 


where Cm is expressible in terms of b,, ..., bm, 1 < m < 2n. Hence, c,,,-, and 
Cam are expressible in terms of a,, ..., а, for each m, 1 < m < n. Next, set 
x = 2y/(1 + y?). Then 

2x 4y 


x 
y = — = and = ; 
1+,/1—x* ї+х (Y 
Hence, for |x| sufficiently small, (2.10) becomes 
2x 2n x ROS 
Fl-——Ixm Esc ht eR 4п+1 
Gs) E 7) е 


= Y dx! + O(x4"*), (2.11) 


where each d,,, 1 < m < 2n, is expressible in terms of c,, ..., с„. Thus, since 
4-1 18 expressible in terms of c,,..., Czm-1 and dym is expressible in terms of 
Cy, ..., Com, We deduce that d,,,_, and d,,, are expressible in terms of a,, ..., 
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а„. But, comparing (2.9) and (2.11), we see that a, = d,, k > 1. In conclusion, 
we have therefore shown that а›„_, and az, can be determined from a,,..., dm. 
Entry 2(vi) illustrates the algorithm described above. 


Entry 2(vi). If |x| < 4, then 
(= 2x js 1 5 369 4097 , 1594895 


х? + 


Tax) BX +375 ty + tn 


Pnoor. From Entry 2(i), it is clear that a, = §, in the notation (2.9). Thus, we 


write, for |x| « 4, 
2x 1 
F| — | = – O(x?). 
Ea get (x^) 


Setting y? = 2x/(1 + x), we find that 


1 
2m + 0(у®). 


1 
Е(у?) = Td ы 


Hence, by Entry 2(v), 


4 1, 1 12 
d ( о 2) b^ ta +009} 


1 
16" + 0(y). 


Setting x = 2y/(1 + y?), we find from the equality above that 


н 2-4 x +i x ) «oe (2.12) 
1+х/ 4144, /i—x? 16\14+ /1-—x? | 


for |x| « 1. Now, by Corollary 1, Section 14 of Chapter 3 (Part I [5, p. 71]), 


2 л © (n + 2k)a* 
— ————| =]1 =Z 2.13 
(s) tata трет О 
where n is any real number and |а| < 1. Hence, for |x| « 1, 
2 2 4 5 6 7 8 
xdg e ду Eu (2.14) 


14+ ./1— x? 4 8 64 128 


and 
8 -1+ ,9€ me 
Q-Ji-x 4 16 16 
Putting (2.14) and (2.15) in (2.12), we arrive at 


2x 1 Or Р 
F(a bet х + O(x?). 


(2.15) 
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Repeating the procedure above, but with n — 2 in the algorithm, we have 


1 1 21 31 
2 = 2 4 : 6 8 О 10 
FO") = 167 + 39 + тод? +z * 007) 
апа 
4y E ess sui 
= О 9 
(т>) a) + 19 + si” + 30487 + 00°) 
By (2.13), 
32 5x? 5x* 
ке eRe ke оа (2.16) 
(1+ /1— xy 4 4 
and 
128 7x? 


=14+——— +. 2.17 
(1 + ./1 — х2)" Tp 22; 


Thus, from (2.14)-(2.17), 


2x )-i 5 , 369, 4097 


lux x + ig" + тх + >is * x! + O(x 9). 


8 128 
We repeat this procedure once more, but with n = 3. Accordingly, we find 
that 


1 21 31 6257 


1 
F(y еу ау" + 319 tony? + 719 у! + 0(y!?), 


from which we deduce that 


4y \ 1 1, 17, 45 , 4239 
(те) + +167 t3 tatur +O”). 


Finally, using (2.14)- (2.17), we find that the coefficient of x? in the power series 
expansion of F(2x/(1 + x)) is 1594895/2?’. This completes the proof. 


Entry 2(vii). For x > 0, 
1 
Fü —e9)- Lx- lo + 31 , 661 , 219677 


252204 sg дз а 9 
6 "240" ^ 5040 " 1451520" 


PRooF. We shall apply Entry 2(vi) with x replaced by tanh(4x). Since 


2 tanh(4x) _ 
1 + tanh(4x) | 


eo: 


we find that 


5 9 
F(1 — e78*) = – ; tanh(4x) + 178 tanh? (4х) + "e tanh? (4x) 


4097 1594895 


+ rs tanh’ (4x) + 227 


tanh? (Ax) +. (2.18) 


17. Fundamental Properties of Elliptic Functions 97 


Now, for |x| « 2/2 (Gradshteyn and Ryzhik [1, p. 35]), 


© 247" ne 1)B,, 
tanh(4x) = ———_____** (axy*^! 
p NE йш 
26 , 28 , 2107 , 21931, 
= 4х — x Tq. 31:52" + 52.527 + > (2.19) 


where B,, 0 x n < oo, denotes the nth Bernoulli number. Substituting 
(2.19) into (2.18), we achieve the desired expansion after a rather tedious 
computation. 
Example 1. We have 
Е(0) = 0,  FQ-e"* КЕ(1) = 1, 
F((/2 – 1)2) = e, and F((/2— 1)*) = ет?" 
Pnoor. The values for F(0) and F(1) were previously observed in (2.2) and 


(2.3), respectively. The value for F(4) follows immediately from (2.1). 
In (2.7), put x = 4/2 — 1 to find that 


2F (4, 3; 15 1 — (/2— 19) = FG, 5 5202 — 1) 
= J24F., 4 1; 4/2 — 1)?). 
The proposed value for F((,/2 — 1)?) follows immediately from (2.1) and the 


extremal equality above. 
Lastly, set x = (4/2 — 1)? in Entry 2(v) to get 


-л _ ү 4(,/2 — 1)? )- 2 — 112 
е7" = F(1) (So F((/2 — 1%). 


Squaring the extremal equality above finishes the proof. 


Example 2. If 0 < x < 1, then 


(1-е -&х\\_1 1, Mus, 37 ут 58 i 
Pep 2*3 240 2520 1451520 


Proor. In Entry 2(vii), replace x by x/(1 — x?) to find that, for 0 < x « 1, 


"n —8х\\_1 x 1 x? z 31 x* 
РАТ 523) 21—3x! 60—-x) 240 -— xij 
BONN LUE AN 
5040 (1 — x2)’ 14515200 — x2 


Expanding (1 — x?) ?"1, 0 < n < 4, in Maclaurin series and collecting coeffi- 
cients of like powers, we complete the proof. 
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For |4| < 1, let 
o@= È а, в) 
one of the classical theta-functions studied by Ramanujan in Chapter 16. 


Lemma. For |4| < 1, 


4¢_ 2 
ix) = S D e Bb5l- 


9*(—4q?) 
Q^ (q^) | 


Е,|3,3;1;1— 
2 (à 2 q^ (q?) 


Proor. By Entry 32(iii) in Chapter 11 (Part II [9, p. 93]), 


1—-xV 
Fi (+ 1:11— (3 т =) ) = (1 + х)›Е,(%, 4; 1; х2). (3.2) 


Now if 
1—x ф2(—4) 
ex” s _ 
then 
4( 2 
TE tT ) (3.4) 


by the corollary in Section 25 of Chapter 16. An elementary calculation now 
shows that 

2572 

picos е 4 Joa) 

o*a pol-a) 


By Entry 25(ii1) in Chapter 16, 


9(q)9(—4) = ф2(— 4). (3.5) 
Hence, 
Ф) 
1+х= . 3.6 
ш 9? (q^) e) 


Substituting (3.3), (3.4), and (3.6) into (3.2), we complete the proof. 


Entry 3. If |q| < 1, then 


де 


4) = ARSTE 
Q"(q) 2414292 9^ (q) 


PRooF. Iterate the identity of the foregoing lemma a total of m times. Ки = 2", 
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we then find that 
4 2 4 n 
ғ (1111-2 0). ФФ р (3.4 аа )) (37) 
d ( ў Ф“) / eq")? ' V^? 9*(q") 
Now let n tend to oo. Since q(— 4") and q(q") tend to 1, the desired result 
follows. 


The proof of the lemma and Entry 3 are very briefly sketched by Ramanu- 
jan (p. 206). Proofs in the latter half of the second notebook are very rare 
indeed. 

In his sketch, Ramanujan seems to claim that 


1—xY 
2a (+ id (53) ) = 3(1 + x) 2F,(3, 5; 1; х2). 
Since the right side is analytic at x = 0 while the left side is not, the proposed 


identity is false. Fortunately, there is no evidence that Ramanujan actually 
used this claim. 


Lemma. For |q| < 1, 
4 2 4 2 
F l1 pe се). p (q) F (3, 1. 12 (—4 | 
E (3 P eq] 294)? NP"? ° фі?) 


Proor. We shall employ (2.7) with x = o?(—4)/o?(q). By Entry 25(vi) in 
Chapter 16, 


Ф209) + 9?(—4) = 2o? (q?). (4.1) 
Using (3.5) and (4.1), we readily find that 


4x ф*(— 4?) 


(+x? s» e2 
and 
29? (q?) 
- , 4.3 
РЕ Өз) 


Substituting (4.2) and (4.3) into (2.7), we complete the proof. 
Entry 4(1). If m is a nonnegative integer and п = 2", then 
4(. Af „пүүуп 
»(? ( 2)- r(? ( 2. 
o*a) q^(q") 


Pnoor. Iterate the identity in the previous lemma m times to obtain the 


equality 
^(— q) ф?(9) ф*(— 4") 
F,(4,4:1;2 2). F&Ó5t = |. 
: (3 25 Фа) ) gra")? !' NP? ' Фа") 
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Combine this equality with (3.7) to deduce that 
4 "NS 
(bis 2 (вв 2) 


de MEN IC Pa e, (аа) 
F (i 1.1. де) Е E 1: imn 
2711252: 7 Ф*(9) 221422 b o*(q") 


Multiplying both sides by —л and exponentiating, we complete the proof. 


Entry 4(ii). If n — 2", as above, then 


-"39j- ( fi 
it ф*(9) s o*a") / 


ProoF. This follows immediately from (4.4). 


The proofs of the results in Section 4 were also sketched by Ramanujan. It 
was doubtless the importance of the inversion formula in Section 5 below 
which led Ramanujan to include sketches of the results in Sections 3 and 4 in 
his notebooks. 


Entry 5 (Inversion Formula). For |q| « 1, 


Pnoor. We shall let n tend to oo in Entry 4(ii). 
As x tends to 0, by Entry 2(i), F(x) ~ x/16. Thus, if £, = g*(—q")/o*(q"), 


lim J/F(1 — £) = lim 4/1 — €, 


n> noo 


Let 


у) = У 49, gait (5.1) 


another classical theta-function studied by Ramanujan in Chapter 16. By 
Entry 25(vii) in Chapter 16, 


lim 1 Log(1 — ,) = lim 1 Log (7 = са?) 
na Й Q^ (q") 


n-oo n 
21 ег") 
= lim — Lo ———————— 
«( ф“(9") 


noo n 
1 4(,,2n 
= Log q + lim - Log (“> 
пэс M o" (q") 
= Log д. 
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Thus, 
lim J/F(1 — &,)=4, 


noo 


and applying Entry 4(ii), we complete the proof. 


Entry 6. In the notations (2.1) and (3.1), 


P’ (F(x) = 2Fi(2, 5 1; х). (6.1) 
If furthermore 

2 = 2F,(3, 33 1; x) (6.2) 

and 

Е,(%$,5;1;1—х 

BER re bb» : Sa 

then 
gle) = 4/2. (64) 


We remark that the notations (6.2)-(6.4) will be used extensively in the 
sequel. 


PROOF. By Entries 3 and 5, respectively, 
P (F) = ,F (5, 3; 1; 1— u) (6.5) 
and 
F(1 — u) = F(x), 

where и = u(x) = o*(— F(x))/o*(F(x)). Thus, 

Fi (3, $; 1; u) e 2Е,(5, 5 Ibex) 

oF (4, 3; 1; 1 — u) FA, 3; 1; x) 

From (6.6) we would like to deduce that 

2F, (2, 33 1;1— и) = 2F, (2, tx (6.7) 


and thus deduce (6.1) from (6.5) and (6.7). 
Suppose that (6.7) is not true. Then there are values xo and uy = u(x.) such 
that 


(6.6) 


2Е,(1 — uo) = FG, 5; 1; 1 — uo) # 2Е,(5, $ 1; xo) =: Е, (хо). (6.8) 


Assume, without loss of generality, that ,F,(1 — uo) < ;Fi(xo). Then, by (6.6), 
oF (up) < ;F,(1 — хо). Now ,F,(x) is increasing on (0, 1). Thus, 1 — ug < xg 
and uy < 1 — хо. These two inequalities are incompatible. Hence, (6.8) is 
invalid, and so (6.7) is established to complete the proof of (6.1). 

From the definitions (2.1) and (6.3), F(x) = e”. Using this fact, we easily 
see that (6.1) and (6.4) are equivalent. 


102 17. Fundamental Properties of Elliptic Functions 


At this juncture, we should identify the quantities x, y, and z with the 
customary parameters in the theory of elliptic functions. The complete elliptic 
integral of the first kind is defined by (Whittaker and Watson [1, pp. 499, 500]) 


nj2 


d 
K := K(k) := | x - —-$hü,5L5k)-ine(q. (69) 
o J/1-K sin? ф 


Here k, 0 < k < 1, is the modulus of K. To obtain the second representation 
for K, expand the integrand in a binomial series and integrate termwise. (See 
Part II [9, p. 79].) The last equality is one of the most fundamental results in 
the theory of elliptic functions and follows from (6.2) and (6.4). Ramanujan 
does not use the universal notation k and sets х = К. Later, when deriving 
modular equations, Ramanujan puts « = k?. The complementary modulus k' 
is defined by k' = ./1 — К. From Entry 3, (6.9), and the monotonicity of ?(q) 
for 0 < q < 1, we see that 


diccre (6.10) 


q^(q) ` 


From (6.2) and (6.9), 
18 (6.11) 
n 


Also from (6.3) (Whittaker and Watson [1, p. 486]), 
q-—e?-g7KK (6.12) 


Ramanujan uses the notation x instead of q, which is universally employed 
today, and so we use q as well. 

The following corollary is the famous inversion formula for the theta- 
function ф. This formula is also found in Section 7 of Chapter 14, p. 169, and 
in Entry 27(i) of Chapter 16, p. 199. The following, perhaps new and novel, 
proof is obviously the one which Ramanujan found at this point and is 
different from either of his two previous proofs. 


Corollary. Let о, В > 0 with af = v. Then 
Jape) = S Bole”). 
Proor. Let y = a”. Since F(x) = e7’, 
Е(1 — х) = е7 agri = eh (6.13) 
From (6.1) and (6.3), 


e Fü-») y a 
FO) a fF ix 


Using (6.13) in (6.14), we complete the proof. 
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1/4 
Example (i). ole") = ry 
Proor. By Example 1 in Section 2, F(3) = е". Therefore by Entry 6, 
9*(e7) = ,Е,(5, EL 
But, by (1.4), 
2F (3, 33 15 2) = = (6.15) 


and the desired result follows. 


oí . E. [TH 


Example (ii). TON 2/55 


Pnoor. Recall from Example 1 in Section 2 that F ((/2 — 1)*) =e" v2, Thus, 
by Entry 6, 


gle?) = FG b 5002 – 1). (6.16) 
In order to evaluate ;F,(2, 4; 1; (/2 — 1)?), we invoke Entry 33(iv) of Chapter 
11 (Part II [9, p. 95]), 


4x 
2H (+ 3; 1; a+ ы)" VA + x4 FíG 3; 1; x). 


Letting x = (/2 — 1)? and using (1.4), the duplication theorem, and the 
reflection principle, we find that 


42/2 PG, hk (/2 e) 


= oF, (4, $; 1; 3) 


P 


| Tr) 

_ ZAT) 

~ T@r@ 

_T@raw2-J/2 
л25#Г($) 

б Г2(9)294 /2— 2 
nT (3) 


Г) v4- 2 /2rd) 


PO 2r 


Substituting this into (6.16), we complete the proof. 
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Ramanujan (р. 207) inadvertently omitted the factor ,/T'(1)/2!^ in his 


formulation. 
у 2 2 n! 
Example (iii). ple ?") = Ne 2i 3 
2 rG 


Proor. By Example 1 in Section 2, F (NZ — 1)*) = e ?7, Thus, by Entry 6, 


9^(e?7) = oF, (4, 3; 1; (2 — 1). (6.17) 


To evaluate ,Е, (1, 4; 1; (/2 — 1)*), we shall employ (3.2) in which we set 
x = (4/2 — 1}. Thus, 


1 
Е, ($, 3; 1; 2 — 1)*) = ——_~,,F, (G, 1; 1;4 
2Fi(2, 2 (/2 y) 403 5 2) 
„+? ук 
4 PE 
by (1.4). Substituting this in (6.17), we complete the proof. 


oo 
Example (iv). У (Кл — e" = 1. 
k=1 


ProoF. In the corollary above, differentiate both sides with respect to х to get 


1 —a? S = 2) p7 07k? 
12 )+2,/« Y ( 2ak?)e 
= oe") + 2./B BY (- жее") 
- 3625 2 /B 


Letting x = f = Jn and simplifying, we obtain the desired result. 


Section 7 consists of a large collection of results on elliptic integrals. As we 
shall see, some are quite elementary, others are less elementary but known, 
and perhaps a couple may be new. Throughout Section 7, we tacitly assume 
that the parameter x is chosen so that the integrals exist, and that all upper 
limits on integrals do not exceed 1/2 so that all changes of variables are valid. 
Proofs of some of the results in Section 7 have also been given by Thiruven- 
katachar and Venkatachaliengar [1]. 


Entry 7(i). If sin х = Jx sin f, then 


[s lt 
o /x—sin?o Jo /1—xsin? o 


ProoF. In the former integral, make the change of variable sin ф = x sin б. 
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Since 


Ta ы? апа Jx — sin? ф = ү/х cos б, 


1 —xsin? 


the desired result follows at once. 


Entry 7(ii). If tan a = ./1 — x tan 6, then 
с сус = 
o/1-—xcos?o Јо /1— xsin? o 
Proor. In the former integral, make the change of variable tan ф = 
V 1 — x tan Ө. Then elementary calculations give 


1—х 4 do | /1—х 


1 — x sin? 0 49 1—xsin? 6° 


1 — x cos? ф = 
The result now follows. 
Entry 7(iii). If tan х = ./1 — b tan f, then 
D 
do NP rp | d 
= o J/(1 — a sin? 
I 9 


|, ; 
А | а Ф)(1 — b sin? o) 


Proor. In the former integral, put tan ф = 4/1 — b tan 0. Then 


i a—b 1 —asin? 0 d dp /1-—b 
1 


— in^ = —— —— m -——————T—-—. 
ЕО 1 — b sin? 0 n 49 1—bsin? Ө 


b in2 
p 


The sought result now follows. 


Entry 7 (iv). If tan a = ./1 + x tan B, then 


[ do -[ do 


PROOF. In the former integral, put tan ф = 4/1 + x tan 0. Then elementary 


calculations give 
and 29 p NE 
40 1+xsin? 0 


(1 + x)(1 — x sin? 0) 


Ney 1 4 x sin? 6 


The desired result immediately follows. 


The next result is a degenerate form of the addition theorem. 
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Entry 7(v). If cot х cot B = ./1 — x, then 


x do d do л 
| = ‚| == = 335. %; 1; x. 
o, /1 — xsin“ @ o. /1— xsin? o 2 


Proor. Noting (6.11), we see that the proposed formula may be written 


[ do Е M do 
oJ Л = хіп o Js /l—xsi? 
In the former integral, make the change of variable cot o = 4/1 — x tan 0. 


The equality above follows very easily from calculations similar to those in 
the foregoing entries. 


Entry 7(vi). If cot a tan(B/2) = ./1 — x sin? х, then 


5 | ў do Е | í do 
о Л = xsin? o Jo /1—xsin? o 
Proor. Although a proof may be given along the same lines as the previous 
proofs, we alternatively observe that Entry 7(vi) is a special case of the 
converse of Entry 7(viii), (a) below. (In fact, the conditions (a)-(d) in Entry 


7(viii) are both necessary and sufficient.) To see this, replace В and у by х and 
В, respectively, in this converse theorem. 


In fact, Entry 7(vi) is the classical duplication formula. The next result is 
known as Jacobi's imaginary transformation. See Cayley's text [1, p. 68]. 


Entry 7(vii). If « = Log(tan(x/4 + B/2)), then 


f do zi do 
o „хіп фр —Jo./1—(1—x)sinà o. 


Proor. On the left side, let sin ф = i tan 0, or = —i Log((1 — sin 0)/cos Ө). 
Elementary calculations give 


: d 
1—xsin?qo = 1 + xtan?0 and ap 71sec б. 
Upon substitution in the integral on the left side, we see that it remains to 
show that the given hypothesis is equivalent to х = Log(cos В/(1 — sin В)). 


This is an elementary exercise with trigonometric identities. 


Entry 7(viii) offers the addition theorem under four different sets of hy- 
potheses. Let 
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ү do | do 
OO 
о 4/1 — хѕіп? ф о /1—xsin? o 
Н d 
and v=] p 
o /1—xsin? ф 


Then the addition theorem’states that 
u+v=w. (7.1) 


In Entry 7(viii), Ramanujan assumes (7.1) and derives four implications. As 
intimated in the proof of Entry 7(vi), the steps in the proofs are reversible. 
Thus, each of the four conditions below implies (7.1). We remark that formula- 
tion (c) below is Legendre’s canonical form of the addition theorem. 

It will be convenient to use the theory of the Jacobian elliptic functions as 
set forth, for example, in the texts of Whittaker and Watson [1, Chap. 22] or 
Cayley [1, Chap. 4]. In particular, heavy use will be made of the many 
identities connecting the Jacobian functions sn, cn, and dn. 


Entry 7(viii). If (7.1) holds, then 


1. Sina /1 — x sin? f + sin f /1— x sin? а 


a tan 5 
(a) 2 cos a + cos Ё 


(D у= ап”! (tana,/1 — x sin? f) + tan ! (tan B./1 — x sin? a), 
(c) cot a cot B=—— +. ./1 — x sin? y, 


sin « sin B 
and 
T х/віп s sin(s — a) sin(s — В) sin(s y) /x 
sin a sin В sin y 2? 


where 2s =a + В +. 


PROOF or (a). From the theory of elliptic functions, it suffices to show that 
saw — snudnv + snvdnu 
l+cnw | cn u 4 cn v 


Setting w = u + v, employing the addition theorems for sn(u + v) and cn(u + v) 
(see Cayley [1, p. 63]), cross-multiplying, and simplifying, we can establish the 
required identity. 


PROOF or (b). The proposed identity may be put in the form 


tan a./1 — x sin? В + tan fA /1 — x sin? х 
1 — tan a tan В, /(1 — x sin? a)(1 — x sin? f) 


tan y — 
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Thus, in terms of elliptic functions, we must show that 


snu 
sn(u v) спи 
cou +o) , sn u sn v 


— — —— dn u dn v 
списп р 


sn v 
dn v + — dn u 
cn о 


This identity is an immediate consequence of the addition theorems for 
sn(u + v) and cn(u + v). 


PROOF or (c). The third equality is equivalent to 


enucnv  cn(u- 0) 


= + dn(u + v). 
snusnv snusnv 


Using the addition theorems for cn(u + v) and dn(u + v) (Cayley [1, p. 63]), 
we easily complete the proof. 


PROOF or (d). To the identity of part (c), 


cos « cos В = cos у + sin a sin В,/1 — x sin? y, 


add +sin « sin f to both sides to obtain, after some manipulation, 
—2 sin Қа F f + y) sin Қа F f — y) = sina sin B(+1 + ./1 — x sin? y). 


Multiply these two equalities together and use the definition of s. The pro- 
posed identity readily follows. 


Entry 7 (ix). If |x| < 1, then 


л N do _ (7? cos! (x sin? ф) dp 
x sin ф 


2 Јо J/14 o 4/1 х2 sinto 


We shall provide two proofs, neither of which is completely satisfactory, 
because they are in the nature of verifications. 
First Proor. Expanding (1 + x sin q) !? in a binomial series, we find that 
n/2 d oo c k(1 x* nj/2 
л p 1 (—1) (2) | sin* o do 


2Jo Sltxsing 2x5 k! 


л <, (—IYT(k + 3)T (ik + 4)x* 
LTE (Сге гаки Gy 
4% KIT (Ak + 1) 
Next, set 
cos і и 


ж = 


We want to find the Maclaurin series for y. An elementary calculation shows 
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that y satisfies the initial value problem 
(1—u?)y’—uy+1=0, yO) = 2/2. 
Solving this problem by customary power series methods, we find that 
cos!u п <, (Qk)h)* 22601)2и2%+*1 


Е а D QU s оОк+ 1° 


where |u| < 1. Hence, 


(7.3) 


*? cos"! (x sin? g) 
,/1 — x? sint 9 id 
EXT" 12k | e 22012201 (xo 
52 Tx I sin** p do = 2. Bean 1) | sin^* +2 Ф do 
k=0 = * 0 
_л E ГОК + гор _ а 2сцмугок + prayer 
4& RY ic {ок + Dr? 


(7.4) 


Comparing (7.2) with (7.4), we see that it suffices to show that 


T(k-3 ГӨ) 
Ой = 25 20 


and 
л 2"kIT(J) 
4F(k43) (2k +1) ^ 


Both equalities are immediate consequences of the duplication theorem, and 
the proof is. complete. 


к> 0. 


SECOND Pnoor. Expanding (1 + x sin 6 sin? o) ! in a geometric series, we 
readily find that 


n/2 f'nj2 40 do 
o Jo 14+xsin @ sin? ф =i, 


Thus, from (7.2), we have shown that 


= DT (k + rk + 1)х* 
kIT(k + 1) 


Ms 


л/2 4@ do 


4i 49 -f 
2]o /A+xsin0 Jo Jo 1+xsinð sin? ф' 


Comparing this with Entry 7(ix), we observe that it suffices to show that 


2 40 a 
| Lo аси iiic (7.5) 
o itusiné 1 — u? 


By expanding the left side of (7.5) in powers of u and comparing the result 
with (7.3), we may deduce the evaluation (7.5). 
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Glasser [1] has constructed tables of elliptic integrals from which Entry 
7(ix) can be deduced from Table 1, formula (10). 


Entry 7(x). If |x| « 1, then 


| N 40 do (f^ do | 
o Jo (1 — x sin? 0)(1 — x sin? 0 sin? ф) - o J1-xsin*o/ 


Proor. Expanding the integrand in a binomial series and integrating termwise, 
we find that 


9s do nL Gk к. э 
o L V MU Xk sin” 0. 7.6 
| Л — x sin? Өѕіп2 рф 2 à (ay 3 $m 


Proceeding in a similar manner and using the calculation above, we further 
find that 


| [ dð do 
J — x sin? 0)(1 — x sin? Ө sin? ф) 
or в а DEO je 
74 2s Ds (EPI + I д 
л? а (а OR \Gh a 
EP — b T 


n-0 \k=0 


In the same fashion, 


3G. x* 


= ( 
i eo zx k!(2k)! 


ae do ү-® Е bi GGG, 0) 2. x". (78) 
o Ла ge) 7 4 2006 KB En 29 ^ © 


Comparing (7.7) and (7.8), we see that it remains to show that 


Y (5), (5) 205), (5) а-а 
ies О) Ци — Ку(2п — 2k)! 


Gh. & GXGXA 
^n! à (kt (n — Ю!` C9) 
Using the elementary relations 
_ 1} 
= А and a= ato 0740) 


we find, after some calculation and simplification, that (7.9) is equivalent to 
the identity 
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F. | 2 3, — —h, —n IE (2)„(1)„ Е E 4, | (7 11) 
4Їз з^2 . . 
1 — п, 3 — N, 1 (2),„(2), 


Га order to prove (7.11), we shall combine some results from Chapter 11 
with a formula connecting two terminating ,F,’s, one of which is Saalschiit- 
zian. First, from our book (Berndt [9, p. 98, lines 13, 17]), we deduce that 


11 342 11 .1 = 
F, 292 n M (an F. 4»4» 772 — №, —n | 712 
j ee M G,OL* TL i-ni-n Une) 


From Bailey’s tract [4, p. 56], 


X,y,z,—n (v — z).(w — 2), u — х,и — у, 2, —n 
al’; =-——————,‚Ё» , 
и, V, W (v),(w), l—v+z—-nl—wt+z-nu 


„ 


(713) 
whereut+to+w=x+yt+z—n+1.Letx= —$-n y=z=}ł4,u=w= 
4 — n, and v = 1. Then, from (7.12) and (7.13), we find that 
1 1 
2,2, П (2)„(2), D i —h, —n 
DENM hA (5 Me ae +3 |3 i-ni-nl | a 


Using (7.10), we can easily show that (7.11) and (7.14) are equivalent, and so 
the proof is complete. 


Entry 7(xi). If |x| < 1, then 


N L x sin o 40 dọ 
J (1. — x? sin? ф)(1 — x? sin? 0 sin? ф) 


= i n 1x d0 do 
о aa sin? ф — sin? 0 cos? ф 


C star emt 
x: Jd Get "Mo. 1-4 х) sin? 9 


Pnoor. The first equality is elementary, while the second is somewhat more 
recondite. 


On the right side of the first equality, let sin 0 = x cos w/./1 — x? sin? y. 


The limits Ө = 0, sin ! x are sent into y = 7/2, 0, respectively. Elementary 


calculations show that 
40 — xJl-—x^siny 
d | 1-—x sim 


and 


(1 — x?)(1 — x? sin? ọ sin? y) 
1 — x? sin? y 


1 — x? sin? o — sin? 0 cos? ф = 
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Using these equalities in the integral on the right side of the first equality in 
Entry 7(xi), we complete the proof. 

To prove the second equality in Entry 7(xi), we first expand by using (7.6) 
and then expand again via the binomial series to find that 


p |: |" x sin ф dO do 
` Jo Jo A — x? sin? — x? sin? 0 sin? g) 


л 2 (EXP =. © G у 2. 


к=0 


у у (3 ( i к! x2i*2kn 


T 
2! f (KG 
ELEME. | ИЛ ЕЛИ, © 2п+1 
=з а) 
$, 5 —n n+ 
1, 4 = da Ё 


where we have used (7.10). Employing two results from Chapter 11 of our 
book (Berndt [9, p. 98, line 17; p. 97, Entry 34(111)]), we deduce that 


no n 1,1, —n 
I-- Е. 92? 2n+1 
2 =o (3),? al 1,1 ^ 


= ge @ EI ; 3(1 + x) — F G, E 1; $1 — x))}. 


Using (6.11), we finish the proof. 


Our proofs of Entries 7(x) and 7(xi) are undoubtedly not those found by 
Ramanujan. However, our proofs do depend on results from Chapter 11, and 
so possibly Ramanujan might have started with these theorems on hypergeo- 
metric series and then was led to elliptic integrals. 


Entry 7 (xii). If (1 + x sin? о) sin fl = (1 + x) sin a, then 


a d B 
+ | — -Í 
o ,/1— х? sin? o Jo 


Proor. In the integrand on the right side, make the substitution sin Фф = 
(1 + x) sin 0/(1 + x sin? 0). Then elementary calculations yield 


dp _ (1 + x)(1 — x sin? 0) 
./1 — x? sin? 0 (1 + x sin? Ө) 


and 
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i 4x а — x sin? 0 
(1+ xy МРТ ТИ 


The desired result now follows. 


Entry 7(xii) is known as Gauss’ transformation, while Entry 7(xiii), which 
is very similar in appearance, is called Landen's transformation [1], [2]. 


Entry 7 (xiii). If x sin о = sin(2f — a), then 


(1 + x) 


[ do za do 
o J1 — x sin? 9 0 DOM 
Gea p 


Proof. In the latter integral, let xsin@ = sin29—0) or o = 
i(sin ! (x sin 0) + Ө). Then 


do хсоѕ0 + 4/1 — х? sin’ 0 
40 1 — x? sin? 0 


and 


4x, x cos 9+ ./1 — x? sin? 0 
1 — — ——; sin? g = ; 
(1 + xy 1+x 


and the proof is complete. 


In his “lost notebook” [11], Ramanujan recorded many deep results on 
elliptic integrals. See a paper by S. Raghavan and S. S. Rangachari [1] for 
proofs of several of the these beautiful theorems. 

Much, of course, has been written about elliptic integrals. The most com- 
plete tables have been compiled by Byrd and Friedman [1]. Other sources are 
tables of Gradshteyn and Ryzhik [1] and Glasser [1]. 

In the sequel, we shall be rearranging the terms of absolutely convergent 
double series. To describe the different rearrangements, we employ the termi- 
nology of MacMahon [1, pp. 26—32]. Let us set forth the terms of a double 
series È% ,=1 Amn in an array 


ау, ау; ау; 24 
05, 422 @›; ай 
азі 032. азу аза 


Ga, 042 4з 44 


The two most common methods of summation are by rows and by columns. 
It sometimes will be convenient firstly to sum the first row, secondly to sum 
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the remainder of the first column, thirdly to sum the remainder of the second 
row, then to sum the remainder of the second column, and so on. This is called 
the row-column method of summation. Similarly, we may want first to sum 
the first column, then the remainder of the first row, then the remainder of the 
second column, and so on. This is called the column—row method of summa- 
tion. It is occasionally convenient, especially when a,,, = anm 1 X m,n < oo, 
to sum first all elements in the first row and first column, next to sum the 
remaining elements in the second row and second column, and so on. We 
designate this procedure the Clausen transformation. 
In Chapter 16, Ramanujan studied the general theta-function 


f(a, b) = Y aq &*1)2pkk-1)2 [ab| « 1. 
к=—со 
Recall from Entry 22 of Chapter 16 that ф(4) = f(q, 4), V(q) = f(q, q?), and 


f(—-4) = f(-a, —4?). (8.1) 
We shall quote extensively from Chapter 16 in the sequel. 


Entry 8. We have 


1)*q k p2k+1 
(i) в 1+4 P CT. 
(ii) otla) - 1+8 > PLN, 
11+ (—9)* 
" © (—1)*0292k71 
(iii) e(q)o(q?) -1—2 Y Dr» 
k=1 q 
| á q* 
(iv) 9(q)o(q?) = 1+ 2 > (s e 


where (k/3) denotes the Legendre symbol, 


2 © (— yq et 
эже у c4. 
(у) Ф(—4) 2 Tru t 
| © 1+ qe 
(vi) V(q)o(q") = У (- 1g**»2 — — 
k=0 1—4 
. © 1+ g^ 
(vii) V? (q) = у (7 fq ae 
k=0 q 
kq" 


(viii) Ў = ў (рени t7 
к 1 — q* k=1 (1— 4%)? 


(ix) e^(—-9f(-q - Y (6k + gae, 
k=—00 
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(9 рау = Y Gk Ng, 
(xi) /(—4/(—4°) = ф(— 400), 
and 
(xii) f(-4 _ elg) 
10-9) Wa 


PROOF OF (i). In Entry 33(iii) of Chapter 16, let n = л/2 and replace q? by —q. 
We immediately find that 


од =1+4 У = (8.2) 


Expand 1/(1 + q?*), 1 < k < oo, in a geometric series so that we obtain a 
double series above. Summing this double series by columns, we find that 


— 19142-1 


2k-1 


miltq* ка 1-q ` 

This completes the proof of (i), which is due to Jacobi [1], [2]. 

Bhargava and Adiga [5] have used Entry 17 in Chapter 16 to give simple 
proofs of Entries 8(i), (ii). 
PROOF or (ii). In (33.5) of Chapter 16, replace 42 by —q to find that 

q* 

i(l- = qv)? 
Writing the series on the right side as a double series and summing by columns, 
we complete the proof of Entry 8(ii), which again is due to Jacobi [1], [2]. 


o@=1+8 5 


PROOF OF (iii). Applying the corollary in Section 33, Chapter 16 with a = q 
and b = 4°, we find that 


fa а И ji -rd e q" +q” 
ра = 1+ —. 8.3 
ТЕ та ф?(—9*) = 20.12 37 (8.3) 
Using Entries 25(iii) and A in Chapter 16, we deduce that 
f(a, а?) yla) 


2f 74) = 2) nf 42 
agen Ф°(—4°) Gea )o(—4^) 
= olg’) | 20, \/Ф(4)Ф(—4) = elol). (8.4) 


Writing the series on the right side of (8.3) as a double series, we find that it 
is represented by the array 
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а а —-Q -q Ф д 
4? 45 — gi ~gqit q8 q? 
3 9 15 21 27 33 


Summing by columns and using (8.4) also in (8.3), we complete the proof. 


PROOF OF (iv). Putting a = q and b = — 4? in the corollary of Section 33 of 
Chapter 16, we find that 
2,5, f —4?) e q* + (—q’) 
9^ (4 )———_ 5, = >, EN NUNG X: 
f(—4, 4°) mi lt (-4) 


Using (8.1) and Entries 30(iv) and 24(iii) in Chapter 16, we have 
f(a,—a*)  f'(Qe"(q?) 
fa) fi- Pola) 
Summing by columns, we deduce that 
TEL (5 7А 
таа AU ircar 


The desired result now follows. 


e? (q?) = e(g)o(q?). 


PROOF or (v). From (8.2), 


e'ca-iea È Co 


414 q* 


Summing by the column-row method, we complete the proof of this result, 
originally discovered by Jacobi [1], [2, p. 187]. 


PROOFs OF (vi), (vii). From the same corollary in Section 33 of Chapter 16, 
f(-a b) _ xy (— ay 4- b* 
f(a, —b) — Ai 1 (а 
Reversing the roles of a and b and subtracting the two equalities yields 
Ја, —b) (а,Ь) She gu epe 
(—a, b) f(a, =) k=i f= (aby*- A 
Applying Entries 30(iv) and (vi) in Chapter 16, we deduce that 
Сй ?b) 


(ab) 


9? (ab) 


2k-1 __ p2k-i 


e(abyy(a?b?) = Ў\ © 


"fees cp és T (ab 
со a*b* 1 a* !b* 
e (omes np) a 


where we have summed by columns. 
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Letting b = а? in (8.5) and employing Entry 25(iv) of Chapter 16, we arrive 
at 


© а“ d q^? 
V^ (a*) = o(a*) (a9) = DER cd 0, {рее (8.6) 
Replacing a by ia, we get 
Р © а* o0 а%**? 
294) — 4 = RC ot et ы 
Ve) = oa Wa) = ient 275 gare 
Adding the latter two equalities and ee а“ by q, we arrive at 
оо © qe 
V? (a) = 9(a)v (a?) wm m SO E gor (8.7) 


Applying Clausen's transformation to each series on the right side, we con- 
clude that 


E rq е 1+ qe 
уа) Y quae Ят jum 25 ачан» аз 
к=0 q 
E У (— 1) ken + rrr 
e 4 1487 


which is Entry 8(vii). 
Next, replace g by + V/ in (8.7) and add the two equalities to get, by Entry 
25(i), 


{(4)Ф(4?) = 39 (a (eG a) + e(—./)) 
k/2 к k/2 © 3k/2+1 k ,3k/2--1 
2 q (—1)4 q a 1)4 
= У tiia + 14 Gon} Do. = qu 1+ 42%+32 
qt p É q* Є y qu? qn | 
5 — 4% 1+ 1445912 +2 m |1 — 42 1+ ПЕ 


3k+1 q*u o qn 3k+ 5/2 
d 4 Hx q 
2 = hi ]- qin + 14 Га дачи ФА C 1 + “Т? 


5к+3 


© k © o qn © тк+6 
= Y D Seri + x ee 8k+5 24 g7? z : ВЕЕТ 
1—4 к=о1—4 к=0 к=01— q 


Ski о 8k+5 
" y quel иса Y m +q 
K=0 


<> 1 P as t gues 
8k+3 8k+7 
= у Gk +4 па Y Qe 2)4k3) L +4 
q Т 8+3 q 1 — g8#*7 
k=0 q k=0 q 


m X (—1* щк+у 1 + ge 
= q Г 428% 
k=0 q 
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where, in the penultimate equality, we transformed the series by Clausen's 
method. Thus, (vi) is established. 


PROOF or (viii). Consider the series 


y 242871 » (2k és 1)q?*-! 


© 1+ q* 
ES — 1)Fti gtk+ 1/2 , 
дум ау 
where we have transformed the series on the left side by the row—column 
method. On the other hand, summing by columns, we get 
oo g^ со К q* 
àü (1— 49319 1 7 = У 1 _ 42k 
К=1 y к11—4 
Hence, combining these equalities, we deduce that 


__ 4)\kt1 kk +1)/2 
Se ey 
k oo (2k el D2^ 


2k-1 


oo k 2k © 0 1)\,2k-1 
=2 УК m. x) picas ai 


which completes the proof. 


PROOF or (ix). From the proof of the first version of Corollary (ii), Section 34 
of Chapter 16, 


(4; 4)..(42; a). (a/z; a). (az^; q?)..(a/z^; 42), 
S ronz SITE + Ln} 


= ad 


kc o sinn 


where z = exp(2in). Letting n tend to 0, we find that 
È бе Ig"? = (4; д) а: 498 = e^ -ayfC- 9) 
by Entry 22(iii) and (22.4) in Chapter 16. 


PROOF or (x). From the proof of the first version of Corollary (i), Section 34 
of Chapter 16, 
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(q?; à?) (az; 4?),,(а/2; a4?) (a^ 2^; 4®)(4°/#®; a^). 
E sin (23k + 1)n) 


= Y gpk? +2k 
k3-o sin (2n) 


, 


where z = exp(2in). Letting n tend to 0 yields 


У Gk + Da? = (42: 47). (95 PIT a 
(4°; a*)s, 
Eta (9; 92, 
= 4(42)72(— 9), 
by Entries 22(ii), (iii) in Chapter 16. 


PROOF or (xi). This result is contained in Entry 24(iii) of Chapter 16. 


PROOF or (xii). Using first Entry 8(xi) above and then Entries 25(iii), (iv) in 
Chapter 16, we find that 
fiad _ (Фу  e'(-4) 
f(-a*) Ф(—42)у(9) olaya) 
_ P-P) _ Ф(—4°) 
vaa wa 


Example. 
V(q?)f*(—q) + 24048) f? — à*) = plaf a’). 


We give two proofs. The first and shorter proof is probably the one that 
Ramanujan had. The second proof shows that the result is not as deep as the 
first proof indicates. 


First Proor. By Entry 8(x), 
PS a) + 2qU(4*)f ^ (— 4°) 


Y (3k + 1)42 +2 + 24 У (3k + 14? +k 
k= —o k 


--—o 


Ii 


У (6k + 1)4!22+ + y (—6k — 2)д 238и 
к= —oo 


к= —oo 


© 
+ 24 у, (3k + [jg tek 
k 


=— 


Y (6k + 1)? 78 


к= —o 
= ф2(—4%)7(— 9%), 
by Entry 8(ix). 
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SECOND Pnoor. Ву (3.1) and (5.1), we first observe that 


9(—4) + 290(9%) =1 +2 У (- 1*4" +2 У geet” 
k=1 k=0 


=142 у q^* = (4). 
=1 
Multiplying both sides by f ?(— 4°) then gives us 
e(—4)f^(—a*) + 2qV(a*)f?(—4*) = o(a*)f?(—q*). (8.8) 


By using the product formulas from Entry 22 of Chapter 16, we can easily 
show that 


ф(— a^ (—4*) = v(q?)f?(— a) 
and 
e(a*)f *(—q*) = ф°(—4%)/(— 4°). 
Substituting these equalities into (8.8), we finish the second proof. 


Entry 9. Recall that x, y, and z are related by (2.1) and (6.2)-(6.4). Then 


f dy 1 
0 dx — x(1 — х)22° 
i LL 
dx | 4x(1— x) 


ii "e du x [nt+inthi 
iii (а а. 2, 2,1, 
PS a tf " PE. MEME а} 


where п > 0, and 


: ad k 5 dz 
(iv) 1 — 24 2 Po ре (1 — 2x)z? + 6x(1 — x)z dx 


PROOF OF (i). This formula is the special case n = + of the corollary in Section 
30 of Chapter 11 (Part II [9, p. 88]). 
PROOF OF (ii). By L’Hospital’s rule, 
. fezdx 1 
lim 9 =L, 
xodx(ü0 —x) 4 


Also, z'(0) = 4. Thus, in order to prove that (ii) holds, it suffices to show that 
the derivatives of both sides of (ii) are equal. Multiplying both sides of (ii) by 
4х(1 — x) and then differentiating the resulting equality, we find that 

4(1 — x)z' — 4xz' + Ax(1 — x)z" = 2. (9.1) 


But (see Bailey's tract [4, p. 1]), this is precisely the hypergeometric differential 
equation satisfied by z = ;F, (5, 3; 1; х), and so the proof is complete. (In Entry 
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31(i) of Chapter 11, Ramanujan states an equivalent form of the hypergeo- 
metric differential equation.) 


Pnoor OF (iii). This result is a special case of Entry 31(ii) in Chapter 11 (Part 
II [9, p. 88]). In particular, set « = В = апау = 6 = 1 and replace n by n + 1 
to obtain the present result. 


Proor OF (iv). In the derivation below, we employ the following results from 
Chapter 16: Entry 22(iii), namely, f(— 4) = (4; q),,, Entry 24(iv), Entry 25(iv), 
and Entry 25(vii). We also use (6.10) and (6.4). Accordingly, we find that 


o0 k d со 
1-24 F 50755 212 У 1ор(1—е?® 
à "nm Ke 1 dy à og( e ) 
=1—12“ Log [| (1 - e?9) 
dy k=1 


d 
—— —-yfAfg3(  572Y» 
43 Log(e "Coe ) 


-4 Log(e"*o( -e Wie) 


-4$; Log(e Mo(—e ole We) 


E Log(ie(—e")e(e")(o*(e?) — e*(—e7))^) 


d 
em Log($e(—e€")9*(e ?)x'^] 


= E Log {4(1 — x)!/Az32x14) 


d 
E Log((1— x)xz°} 


x(1 — wet Log{(1 — x)xz°} 


d 
—xz? + (1 — x)z? + 6x(1 — x)z A: 


which completes the proof. Note that in the penultimate line we employed 
Entry 9(i). 


In the notation of Section 9 of Chapter 15, 


Le?) -1-24 Y. NL 92) 


e^» — 1° 
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Thus, we have shown that 
23 " dz 
Це?) = (1 — 2x)z*  6x(1 — x)z dx (9.3) 


Example. For y > 0, 


- 1111 
1611e ily — yll(I + ух + 1111y? рп x +9). 


This example is more properly placed in Section 2. It is not clear why 
Ramanujan was led to examine exp(— 11y). 


Proor. Replacing x by x/(2 — x) in Entry 2(vi), we find that, for |x| < 1, 


3 
F(x) = i + (5) + O(x5) 
ог 

16F(x) = х + $x? + 21х? + SAx* + О(х?). 
Using (2.1) and raising each side to the 11th power, we arrive at the desired 
formula after a moderate amount of calculation. 


Although the results in Entries 10—12 are easy to prove, their importance 
cannot be overestimated, for we shall utilize them many times in proving 
Ramanujan's modular equations in Chapters 19—21. 


Entry 10. If x, y, and z are related by (6.2)-(6.4), then 


(i) (е) = 4/2, 
(i) (е7) = /zü — x)", 
(iii) e(—e ?") = J/z(1 — х)!®, 
(iv) ple”) = J/z&( + /1 — x)", 
(v) gle”) = 4,/2(1 + (1 — x), 
(vi) ple”) = S201 + Ax), 
(vii) фФ(—е??) = J201 — ./x)"”, 
(viii) gle) = /2(1 + x"), 
and 
(ix) e(—e^) = 4/2(1 — x^). 


PRoor. Part (i) repeats (6.4). 
Part (ii) follows from (6.10) and part (i). 
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For (iii)-(v), we employ the identities 


Ф(4)Ф(—4) = ф?(—4?) (10.1) 
апа 
Ф?(а) + Ф?(—4) = 29? (q?), (10.2) 


found in Chapter 16, Entries 25(iii) and (vi), respectively. (These identities were 
also established by Jacobi [1, 2, Section 37].) 

Part (iii) follows at once from (10.1) and parts (i) and (ii). 

Part (iv) is an immediate consequence of (10.2) and parts (i) and (ii). 

Part (v) arises from (10.2) and parts (iii) and (iv). 

Using (10.1) and (10.2), we readily can show that 


ola) € e(—4) = J/2(o*(q^) + ф2(—42))". 
Hence, 


ene Jn + PPY + (92(q2) — o(-4))2), (01033) 


which will be used to establish parts (vi)- (ix). 
To prove both (vi) and (vii), we use (10.3) along with parts (i) and (ii). 
Lastly, parts (viii) and (ix) follow from (10.3) with the help of parts (vi) and 
(vii). 


Entry 11. Recall that w(q) is defined by (5.1). Then 


(i we) = /Fa(xe?)"®, 

(i) We?) = ха — je], 

(iii) ye?) = 4 /z(xe")'^, 

(iv) у (е) = 121 = MA - х)е?}!?, 

(v) w(e®) = àz(1— (1 — "^e, 

(vi We?) = SHAU + Ves, 

(ii) ye) = SzG — 9)!" Gens, 
(viii) (e^) = J/z(1 + x4)! 2 (31 + /x)) B (xe?) 192, 
and 


(ix) yle) = J/z( — x!) (3(1 + x)! (xe?) 192, 


Proor. Our proofs depend on employing the following formulas from Entry 
25 of Chapter 16: 


(4?) = 54 "^ (o*(q) — o*(—4)'^, (11.1) 


1 
у(9%) = РД, — Ф(— 4)), (1.2) 
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and 


yla) = 4/ o(a)v (q^), (11.3) 


in conjunction with Entry 10. 

Part (i) follows from (11.1) and Entries 10(vi), (vii). 

To prove (iii), employ (11.1) along with Entries 10(1), (ii). 

Part (ii) follows on using (11.3), Entry 10(ii), and Entry 11(iii). 

Using (11.2) along with Entries 10(vi), (vii), we may deduce (iv). 

Use (11.2) and Entries 10(1), (11) to easily deduce (v). 

To establish (vi), use (11.3), Entry 10(vi), and Entry 11(i). 

The proof of (vii) is identical with that of (vi), except that Entry 10(vii) is 
used instead of Entry 10(vi). 

To prove (viii), employ (11.3) along with Entry 10(viii) and Entry 11(vi). 

The proof of (ix) is identical with that of (viii), except that Entry 10(ix) is 
used instead of Entry 10(viii). 


Entry 12. Let f be defined by (8.1) and recall from Entry 22 in Chapter 16 the 
definition 


x(a) = (—4; 4). (12.1) 

Then 

(i) fle”) = J22715(x(1 — х)еу}124, 

(ii) f(-e?)- Jae — x) (xe? 24. 

(ш) f(-e?)- 22718 (x(1 — x)ex 2, 

(iv) f(-e*)- NEU — x)! (xe), 

(v) (€?) = 215 (x(1 — xje"] 124, 

(vi) x(— e?) = 21601 — x) 2(xgy)-M24. 
and 
(vii x(—e7?9) = 218(1 — x) (xe 12, 


PnRoor. We employ the relations 


f?(—4) = e?(—aW(q), (12.2) 
7°(—9) = ф(— a? (q), (12.3) 
and 
o(a) 
=, 124 
x(q) TO (12.4) 


which are contained in Entries 24(ii), (iv), and (iii), respectively, in Chapter 16. 
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The proof of (i) uses (12.2) and Entries 10(1) and 11(ii). 

To prove (ii), use (12.2) and Entries 10(ii) nad 11 (i). 
Employ (12.3) and Entries 10(ii) and 11(i) to prove (iii). 
To prove (iv), use (12.3) and Entries 10(iii) and 11 (iii). 

Use (12.4) and Entries 10(1) and 12(i) to establish (v). 

Part (vi) follows from (12.4) and Entries 10(ii) and 12(ii). 
To prove (vii), employ (12.4) and Entries 10(iii) and 12(iii). 


Before proceeding further, we describe three procedures in the theory of 
elliptic functions by which “new” formulas can be produced from “old” 
formulas. 

Consider a formula of the form 


Q(x, e ?, z) = 0, (13.1) 
and suppose that x’, y’, and z’ is another set of parameters such that 

Q(x’, e”, 2) = 0 
and 


A /x' 


KENZA 
Solving for x', we find that 


»-(-2- N (IE. (13.2) 
x 1+/1-—x 


From Entry 2(v), 


a? 2 Vx А) = 70, 
е? = Е(х) = Е I s J F(x) = е 


that is, y' = 2y. From (2.7), 


4 /x' ve) 
= 1 , Lt ad ‚3;1; ; 
2= Е (5 2 х) (3 2 a + xy 


= (1 + x) Fu, 4; 1; x) = (1 Xx). 


Solving for z', with the aid of (13.2), we find that 


= $2z(1+./1 — х). 


Hence, given the formula (13.1), we can deduce the formula 
1—{/1— =) Е ) 

Q| |=], e”, 52(1 + 4/1 х) | = 
(( ae ug á ) 


This process is called obtaining a formula by duplication. 
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By reversing the transformation, we obtain the formula 


OMA e ?? )= 
(st brane 


We designate this process as obtaining a formula by dimidiation. These two 
processes are equivalent to Landen's transformation. 
Next, let 


or x= ; 
x—1 x'—1 


Replacing x by 1 — x in Entry 2(iv), we may deduce that 
F(x) + F(x’) = 0. 
Hence, 
e? = F(x) = —F(x’)= —e"? 
By Entry 32(ii) in Chapter 11 (Part II [9, p. 92]), 


x 
‘= F (4, 4; 1; x) = F ( 4, 4; 1; —— 
2' = F (32; 1; x’) Fes t 
= /1 — х,Е,(5, 5; 15 x) = /1—xz. 
In conclusion, given (13.1), we can deduce the formula 
x = "aed n 
о(; qe к 24/11 x) 


This process is called obtaining a formula by change of sign and is due to Jacobi. 
We have previously defined the function L in (9.2). Now define M and N by 
4* 
—4* 


M(q) = 


апа 
5, k 


N(q) = 1 — 504 у, К 
ki 1 


where |4| < 1. These two Eisenstein series along with L were extensively 
studied by Ramanujan in Chapter 15 and in his paper [6], [10, pp. 136—162]. 

Results akin to those in the next few sections have been used by Rama- 
nathan [3] in proving some results of Ramanujan in his first notebook, "lost 
notebook" [11], and letters to Hardy. 


Entry 13. Let L, M, and N be defined as above. Then 
(i) M(e ^?!) = z*(1 — x + х2), 
(ii) N(e~?”) = zé(1 + x)(1 — 13)(1— 2x), 
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(iii) M(e?) = z*(1 + 14x + х2), 
(iv) N(e?) = 21 + x)(1 — 34x + x?), 
(v) M(e *") = z*(1 — х + 5х2), 
(vi) N(e ^") = 29(1 — 3х)(1 — x — x°), 
(vii) “if x is changed to ((1 — J/1 — x)(1 + /1 = х))? then y is changed to 
2y,” 
(viii) 2L(e~?”) — Lie = mg ?(1 + x), 


Qo k 
(X) 2L679)- Le?) = 1+ 24 Y up = 201 39. 


k? 


(х) 2M(e7?)— M(e) = 1 — 240 ocu = z*(1 — 16x + x°), 
k5 
(i) 2N(e7?)— N(e) = 1 + 504 X PE z$(1 + x)(1 + 29x + x?) 
o0 k? 
(xii) 2M(e7®) — M(e7?) = 1 — 240 Y tL = zt — x — 1x2) 
k=1 € y + 1 
and 
M Ux = ks 
(xiii) 2N(e *) — N(e ?») = 1 + 504 z йөрү 


= 2°(1 — 4x)(1 — x + 34x?), 


PROOF or (i). From Section 13 in Chapter 15 (Part II [9, p. 330]), 


, L0  L*(t) — M(t) 
dt 12 | 


Thus, by the chain rule, 
аце) M(e ?)— L?(e~?”) 
dy 6 | 
Moreover, by Entry 9(i), 
dL(e >) _ 1 йе) 


Hence, 


—x(1 — x)z? (13.3) 


dL(e ?)- M(e 22) — L?(e?") 
dx 6 | 


Thus we see that we can determine M (e^?") from (9.3) and (13.3). 
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Using (9.3) and the hypergeometric differential equation (9.1), we find, upon 
a direct calculation, that 


аце ?") _ dz 
<= Ax -: 2] | (13.4) 


Thus, from (9.3), (13.3), and (13.4), 


d?z dz V 
-2» _ 201 __ 222 "m 
M(e ?) = 12x*(1 — xyz p: (©) } 


7 4: |? 
+ 4(1 — 2x)z* + 6x(1— x)z—> . 
dx 
Upon simplifying with the use of the hypergeometric equation (9.1), we reach 
the desired conclusion. 


PROOF OF (ii). The proof is similar to that of (i). From Section 13 of Chapter 
15 (Part II [9, p. 330]), 


,ZM _ LM(t) — N(t) 
dt 3 | 


By the chain rule and Entry 9(1), this equality may be written in the form 


-2y 
—3x(1 — yn Me”) = 2N(e^?) — 2LM(e7?). 


Solving for N (e^ 2?) and using (9.3) and Entry 13(1), we readily deduce part (ii). 
PROOF OF (iii). Apply the process of dimidiation to Entry 13(i). 

PROOF or (iv). Apply the process of dimidiation to Entry 13(ii). 

PROOF or (v). Apply the process of duplication to Entry 13(i). 

PROOF OF (vi). Apply the process of duplication to Entry 13(11). 


PROOF or (vii). This is just Ramanujan’s statement of the principle of duplica- 
tion. 


PRoor or (viii). An elementary calculation shows that 


2L(?) - Le) 214-24 Ў К 
k=1 € 


ст (13.5) 


Since we know the value of L(e~?”) from (9.3), it remains to determine L(e~”). 
Our proof is similar to that of Entry 9(iv). 

Using Entries 24(ii), 25(iv), and 25(vii) from Chapter 16 and (6.4) and (6.10), 
or Entries 10(1), (ii), we find that 
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bie I Log (e"*f3(—e7)) 


-85 Log(e*g^(-e?)(e7) 


-&1; Log(e "e^t - e?) e»t?) 


- -85 Log 55 9?(—e)o'^ (eote) — ecce] 


= d 20077 -уУүү.1/8 
$4, Bl e?)o(e ")x'*j 


d 
-87 108101 — xag) 


= х(1— neat Log {(1 — x)*z!?x} 


= (1 — 5x)z? + 12x(1 — Pil 
dx 


Using this last equality along with (9.3) in (13.5), we complete the proof. 
PRoor or (ix). Apply the principle of duplication to Entry 13(viii). 
PROOF or (x). An elementary calculation shows that 

k? 


1 — 240 У ———_ = 2M(e 2) — М(е >). 13.6 
Using parts (1) and (iii), we finish the proof. 


PROOF OF (xi). An elementary calculation gives 


1 + 504 p don = 2N(e^?) — Ne), (13.7) 
Now use parts (ii) and (iv). 
PROOF or (xii). Use (13.6) with y replaced by 2y and then use parts (i) and (v). 
PROOF or (xiii). Employ (13.7) with y replaced by 2y and then use parts (ii) and 
(vi). 
Entry 14. We have 
2 (—1)7ik 


б. dem 


К“ е”+1 


= zi ГЕ х), 
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(i) 1+16 X a = z*(1— х2), 

(iii) —8 > ( c E +. = 2°(1 — x)(1 — x + x2), 

(iv) 17432 $ C - = 281 — х2)(17 — 32x + 17x?), 

(v) 1-16 lop = Ua a = z*(1— x), 

(vi) 148 X E = 2%(1 — х)(1 — х2), 

(vii) 17—32 LOL =й = z*(1 — х)2(17 — 2x + 17x?), 
(vii) 3148 p cape = 21901 x)(1 — x2)(31 — 46x + 3152), 

(ix) 1— у aos z*(1 — х), 

(x) 1+8 p ce = z5(1 — x)(1 — $x), 

(xi 17—32 ` «же z*(1 — х)(17 — 17x + 2x2), 
and 


(xii) “if x is changed to — x/(1 — x), then e~” is changed to егу” 


PROoF оғ (i). An elementary calculation gives 
а (1-1 
a(1- : erp 


k 


Apply Entries 13(viii), (ix) to d the proof. 


PROOF OF (ii). By an elementary calculation, 


is(i + 16 b D 1) 


= e414 


oo k? k? 


Now use Entries 13(x), (xii) to complete the proof. 
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PROOF OF (iii). An elementary calculation yields 
(— 1y- 1 К? 
e т À 4l 
© k5 k5 
= ө! + 504 у RO өү” (1 + 504 > Su su) 


Using Entries 13(xi), (xiii), we finish the proof. 
PROOF or (iv). From Entry 12(ii) in Chapter 15 (Part II (9, p. 326]), 


7 


(14.1) 


$ e К 
M*(7?) = 1 + 480 У 5, —. 


An easy calculation gives 
ГАД 
2М?(е727) — M? (e?) = 1 — 480 р SIT 
Thus, 
(— 1%} 1,7 
эрү 
= 256{2М(е-%) — M?(e~?”)} — (2M?(e ?") — M?(e)]. 


255 4- 480 X 
-1 


Employing Entries 13(i), (iii), and (v), we complete the proof. 


Ramanujan (p. 212) inadvertently wrote 17 — 32x + x? instead of 
17 — 32x + 17x? on the right side of (iv). 


PROOF or (v). A routine calculation yields 
© 202 1 k? 
16M(e ?) — M(e?)- (1-1 e$ C or), 


Using Entries 13(1), (iii), we reach the desired conclusion. 


PROOF OF (vi). A simple calculation gives 


k~17,5 
64N (e ?") — N(e?) = 63 ( +8 > oes). 
Now use Entries 13(ii), (iv). 
Pnoor or (vii). By (14.1), 
" _ (— Dc A 
256M? (e7?) — M? (e) = 15| 17 — 32 Lo 


Applying Entries 13(i), (iii), we finish the proof. 
PROOF OF (viii). By Entry 12(iii) of Chapter 15 (Part II (9, p. 326]), 
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© К? 
M(e?)N(e7?) = 1 — 264 Y = —, 
k=1 е Е 1 


and so 
1024M (e?)N(e ?") — M(e ?)N(e?) 


= 33(31+8 icu 


Using Entries 13(i)- (iv), we complete the proof. 


PROOFS OF (ix), (x), (xi). Apply the principle of duplication to Entries (v), (vi), 
and (vii) to deduce (ix), (x), and (xi), respectively. 


PROOF OF (xii). This is an enunciation of the principle of change of sign. 


Entry 15. We have 


] © k? EY 
0) à sinh(ky) - ад 
" ES 
(ii) у, 126х(1 + x) 


(ii) У = be8x(1 + Mx + х2), 


= iz!?x(1 + х)(1 + 29x + x°), 


(iv) Э 


< e 1 ,4.2 
(у) 2 sinh(2ky) = 1282 x, 
(vi YE teed 19 
k=1 sinh(2ky) 287 vid 
(vii) Ro eens ee ey eee on 
i sinh(2ky) 17" ad 
2x o kK 
(viii) p sinhQky) = 115210ҳ2(1 — 1x)(1 — x + 1х2), 
| g k+l 4, 
ш) 2, sinhQk + Dy $4» 
(2k + 1)? 


= iz*x(1 — 4x), 


Ms 


(0 » sinh(2k + ly - 


| ә  Qk 1» 
(к) às sinh(2k + 1)y 


k 


= b2°x(1 — x + х2), 


17. Fundamental Properties of Elliptic Functions 133 


o — Qk- 1) 
(xii) X БОКТУ С Iz*x(1 — 1x9(1 х + 17х2), 
Я 2 X41 „лз 
(xiii) P» БОК + Dy} 7 iz X 
| 2^ (Жы? 4, 
Gy) шаһ Түш А ды ES 
2 (2k +1) 
(xv) 2, AREA = 126(1 + 14x + x!) /x, 
and 
» ^ (2k +1)7 
e) Y AGO rg" 3z*(1 + x)(1 + 134x + x?) /x. 


PROOF or (i). Observe that 
со КЗ 


k=1 e? 


zi = zo M (e ") — M(e >). 


Now use Entries 13(i), (iii). 


Pnoor or (ii). The sum to be evaluated is equal to —21;(N(e ?) — N(e 2>)). 
Employ Entries 13(ii), (iv) to complete the proof. 


PROOF OF (iii). The sum to be determined is equal to ;z15 (M?(e ?) — M?(e ^ ?")]. 
Now use Entries 13(1), (iii). 


PROOF OF (iv). The sum to be evaluated is equal to —i32(M(e ?)N(e ?) — 
M(e ?")N(e ?")). Apply Entries 13(i)-(iv) to complete the proof. 

PRoors or (v)-(viii. Apply the process of duplication to (i)- (iv) to obtain 
(v)- (viii), respectively. 

PROOF OF (ix). By a straightforward calculation, 


2 2k + 1 


2 е(2к+1)у — e 2к+1)у 


= Ж {Це ?)— L(e7)) — ds(L(e7*") — L(e7?)) 
= 4UL(e' ?) — L(e?)) — з4{2Це *) — Це 2). 
Use Entries 13(viii), (ix) to complete the proof. 
PRoors or (x)-(xii). Trivially, 
о (2k + 1? o k xS де. (2k)? 
xo sinh {3(2k + 1) yy £ sinh(ky) £ sinh(2ky) 


Use Entries 15(11), (vi) to complete the proof of (x). 
The proofs of (xi) and (xii) are similar. 
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PRoors OF (xii)-(xvi). Apply the principle of dimidiation to (ix)- (xii) in order 
to obtain (xiii)- (xvi), respectively. 


Entry 16. We have 
, & (ок), 
i ааах» 07 9, 
T ve (-D'Qk- 1p 
n às БОКОЙ” iz*(4 — 2x) Jx( — х), 


a e (—UD'Qk- 1) = 
(iii) Lo cosh {Hk + Dp) 32°{1 — 16x(1 — x)} J/x(1 — x), 


(iv) 


18 


— IF Qk + 1)’ 
к=0 IE ы л = iz*(1 — 2x) (1 — 136x(1 — x)) \/x(1 — x), 


в C++ _ 
(у) DE coshiiQka D3) ^ 1z!9f1— 1232x(1 — x) 
+ 7936х2(1 — x! J/x(1 — x), 
(vi) pE (рр = 121201 — 2x)(1 — 11072x(1 — x) 


cosh {4(2k + 1)y} 
+ 176896x?(1 — x)?} ./x(1 — х), 
(vii) У, (— 1) tan"! ФЕ»? = 1 sip-t | /y. 
k=0 


oo 
(viii) 2 (— 1)“ tan! e~@k+D4 — 1,149571 хц, 


| с 1 А 
MET Corr 


kso С 


5 k+) — i, 
9 Ko cosh(3Qk + 1)y} Е 


| 9 (2k + 1)4 E 
(xi) » » cosh (106+ Dy] ^ 22°(1 + 4х),/х, 


co 2 1)° 
wi) у A STS) = 427{1 + 11(4x) + (4x)?} x, 
and 
(xiii) y Geri = $z? (1 + 102(4x) + 57(4x)? + (4x)?} af 


io cosh {3(2k + 1)у} 


The appearance here of formulas 16(v) and (vi) is rather mysterious, because 
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the intermediate results needed to prove (v) and (vi) are not given by Ramanu- 
jan. In particular, series with summands involving eleventh powers in them 
have not heretofore been considered by Ramanujan in this chapter. Of course, 
we could establish (v) and (vi) by first deriving the aforementioned ancillary 
formulas. However, we proceed in an entirely different fashion and use the 
Fourier series of the Jacobian elliptic function sn. In fact, most of the results 
in Sections 13-17 could similarly be established by employing the Fourier 
series of the appropriate elliptic function. 

Entry 16(vii)is originally due to Jacobi [1], [2, р. 164] who remarked “quae 
inter formulas elegantissimas censeri debet." Likewise, Entry l6(viii) is an 
elegant, beautiful formula. 


PROOFS or (i)-(iv). We obtain the sought formulas by the process of change of 
sign in Entries 15(xiii)- (xvi), respectively. Observe that, under this procedure, 


© (2k + 1)" о (16+ 1)" 


Sy еб? — p Gri =i уз ООУ Y V GERD? (16.1) 


where, here, n — 1, 3, 5, 7. The four desired formulas follow without difficulty 
from (16.1). 


PROOFS or (v), (vi). We use the notations (6.9) and (6.10). 
By a theorem of Hermite, which may be found in Cayley’s book [1, p. 56], 
for |u| < K', 


u? цэ 
ѕпи = и — (1 +) + (1 + 14k? + кус 
и? 
— (1 + 135K? + 135k* + к®) 2. 
9 
+ @ + 1228k? + 5478k* + 1228k5 + К®ус- 


11 
— (1 + 11069k? + 165826k* + 165826k$ + 11069k® + p Елу. 


(16.2) 
On the other hand, by a result of Jacobi [1], [2, р. 165], which may be found 
in Whittaker and Watson's treatise [1, p. 510], for u = 2Kt/nx and |u| < К’, 
2n =, qU"*U? sin(2n + 1)t 
Kk = 1— g^" 
2л © (— 1222: Qn + 1)24*1 gitet by 
Kk Qjen m 1—4“ 
(OR Ў (—1y(ru/2K)/" = (2п + 1)?7*! 
Ккк (J+) Aosinh{4Qn + Dy] 


sn и = 


"18 


(16.3) 
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Equating coefficients of и? and u!! in (162) and (16.3, we deduce that, 
respectively, 


o  (2n+1)° 
2 sinh {3(2n + 1)y] 


= 4210 /x(1 + 1228x + 5478x? + 1228x3 + x*) (16.4) 


and 
20 x + 1)! 
er 2 1 
nzo sinh {3(2n + 1)y} 
= id + 11069x + 165826x? + 165826x? + 11069x* + x^). 


(16.5) 


Formulas (v) and (vi) are now obtained from (16.4) and (16.5), respectively, by 
the process of change of sign. 


PROOF OF (vii). Integrate Entry 16(i) over [0, y]. On the left side, we find that 
y o (— 1)*(2k + 1) e (2kt1)y/2 
= k 
| do cosh Ok F Dy) ^" уз (ОК 1) р rar d 


= 4 Y (— jy tan! e Qt» (16.6) 
k=0 


Using Entry 9(i) and making two changes of variables, we find that on the 
right side we get 


y y dx 
1 2 / em — 6 
16 чке + ao dy? 


A [ —— ETE — x) 
_ ii E. ME EHE, 
o /1—u? 


Combining (16.6) and (16.7), we complete the proof. 


| 
ds 


PRoor or (viii). Apply the principle of dimidiation to Entry 16(vii). Examining 
the right side of (viii), we see that we are required to show that 


Е 2х4 
1 віп! (22 айс, 
tX 


We leave the verification of this equality as a straightforward exercise for the 
reader. 


PROOF OF (ix). Apply the process of duplication to Entry 17(i) to find that 
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oo 1 = 
192 GE" 3(1 + J/1-— x)z. 


k=1 


Subtract this formula from Е 17(1) to get 


à "— xj» ad wen 


Applying the principle of dimidiation, we obtain the desired formula. 


PROOF or (x). Apply the ion of duplication to Entry 17(ii) to deduce that 


— 1. ies: 
Satan See x A), 


Subtract this formula from Entry 17(ii) and find that 


2k + 1)? 
pe ?x(1 + 4/1 — x). 


Employing the principle of dimidiation, we complete the proof of (x). 


i 


ia 


Ркооғ oF (xi). Applying the process of duplication to Entry 17 (iii), we find that 
4 1,5 

Е S 1 ЛД — = — ./1 = х (1 — x? 

6 2, созо) igz (0 + 4/1 — x)(x? – 2х + 2 x — (1 — х)*) 


k=1 


Subtract the formula above from Entry 17(iii) and obtain 
(2k + 1)* ax: Y v 
quc eK cosas po dues ИЕ 7 У ГЕК 
повно y ^ Mola] |o cede » 
x (2х2 — 2x +2-—./1—x — (1 — x)*). 


Using the principle of dimidiation, we achieve the proposed formula. 


iae 


PROOF OF (xii). The proof is similar to the foregoing proofs. We first apply the 
principle of duplication to Entry 17(iv). The formula so obtained and Entry 
17(iv) then give 


о 6 2 3 
Eas Ge) 
— ztelt + /1 — x)z (16x?(1 + /1 — x)? 
+ 44x2(1 — /1 — xy + (1 — JA — 6). 
The proposed formula now follows by dimidiation. 


PROOF OF (xiii). The proof is like previous proofs. Applying the principle of 
duplication to Entry 17(v) and combining the result with Entry 17(v), we 
deduce that 
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o  Qk4 1 КЕТЕ: х\? xy Сы 
ока y^ 7 “(&+э1(®) +102(%) +(3)) 


— xoxa(1 + /1 — x)z?(64x?(1 + ./1 — х) + 912x* 


+ 408x?(1 ~ 4/1 — x)* + (1 4/1 — x)8). 


Using dimidiation, we obtain the desired formula. 


Entry 17. We have 


NEUE 
© k? i 
(i) 2, cosh(ky) — 82 2° 
co k* i sfx xV 
oe 2s coh) ^^ G * B ) 


(vi) 1 + 4 D gw] = 2, 
: (COED _ , 
(vii) —4 > s eA» ү —4 (1 im x), 


_ ок + 1)* 
(viii) 544 bi а 25(5 — x)(1 — х), 


k 
(ix) 61— Y кл pou z'(1 — х)(61 — 46x + x?). 


PROOFs OF (i)-(v). From A book » p. 57], for |u| « K', 


6 
dnu=1— k5 - EP + кут = 05016 + 44k? + ку. 


8 
+ k2(64 + 912k? + 408k* + ке). re (17.1) 


(We have corrected a slight misprint; Cayley has written u instead of 1 for the 
first term on the right side.) Also, from Whittaker and Watson's text [1, 
p. 511], for u = 2Kt/n and |u| < К’, 
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Ed nut q* cos(2kt) 
IK KA 1+ 

213278 1 (dy ay 
^itid sd y (5 ) 
1 

2 


7 (~ 1y XJ © ks 
+ à [73 y ——, (17.2) 


where the notations (6.9)-(6.12) have been utilized. (In fact, this Fourier series 
was essentially derived by Ramanujan in Entry 33(iii) of Chapter 16.) Equat- 
ing coefficients of u?", 0 <n x 4, in (17.1) and (17.2), we arrive at (i)-(v), 
respectively. 


dn u = 


xci cosh(ky) 


PROOF OF (vi). This result is identical with Entry 8(i), since z = o?(e ?). 


PROOFS OF (vii)- (ix). These results are obtained from Entry 35(ii) in Chapter 
16 by setting n — 1, 2, and 3 there in turn. In the notation of that theorem, we 
need to determine P,, P,, and P,. But these are constant multiples of the series 
in Entries 14(i)- (iii), respectively. 


Examples. Recall that q(g) and (д) are defined by (3.1) and (5.1), respectively. 
Then 


_ о [Зак 
(i) Ф“) = 1+ 16 2, Пре em 
k? k 
Gi) w= У i 
k=1 
" oo (2k 1 2k+1 
ii) а) = Ў ETE 
(iv) (4°) = х ELT 
& (2k + 1)24* 
w) equ = $ ЗА, 
and 
© © k5q* 
(vi) ir =q} x re 2) 


Pnoor or (i). From Entry 10(ii), 

e*(—4) = A(t — xy. 
The desired result now follows from Entry 14(v) after replacing q by — q. 
PROOF OF (ii). From Entry 11(1), 


140 17. Fundamental Properties of Elliptic Functions 
e "y*(e ?) = fez*x. (17.3) 
Using Entry 15(i), we complete the proof. 
PROOF OF (iii). By Entry 11 (iii), 
e y*(e 2) = 1622. 
The desired result now follows from Entry 15(ix). 


РКООЕ or (iv). The proposed formula follows from the equality immediately 
above and Entry 16(ix). 


Pnoor or (v). By Entry 16(x), (6.4), (6.10), (11.1), and (11.3), 


о Qk41 
à ати md = 44 "9 (a)Lo*(q) — o*(—4)}"? 
= o*(q (q^) 
= q? (q)W*(q). 


PROOF OF (vi). The desired formula follows at once from Entries 13(xi) and 
15(iv) along with (17.3). 


Entry 18. If n is a positive integer, then 


ee 
050 (2k + 1) cosh {(2k + 1)л,/3} 24 
NE: (-1* _ 5л 
e) à (2k + 1) cosh (Qk + 1)л/,/3) mE 
and 
"m 5 (—1KQk + 1977 


cosh {42k + 1)n,/3} 


-$ (— 1 Qk + 167 


cosh (1k + 1)1/,/3) 


Formula (i) and the first part of (iii) were, in fact, first established by Cauchy 
[3, p. 317]. Rao and Ayyar [1] and Riesel [1] each rediscovered the first part 
of (iii). Proofs of (i) and the first part of (iii) can also be found in Berndt's paper 
[4, Corollaries 7.2, 7.6]. Zucker [2] has derived both (i) and (ii), while Ling 
[3] has proved both parts of (iii). Zucker [1] has also established the first part 
of (iii) for n = 1. 

Ramanujan probably established Entry 18 via partial fractions. For exam- 
ple, if @ is a primitive cube root of unity, then, for each nonnegative integer n, 
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uo" 


cos и cos(ou) соѕ(со?и) 


-n$ (= D + л} 

к=% {(k + 3925 — иб} cosh {(k + Hr /3] 
after a somewhat lengthy, but routine, calculation. Letting u tend to 0, we 
deduce (i) for n = 0 and the first part of (iii) for n > 0. 

Entry 18 may seem a bit out of place in relation to the remainder of this 
chapter. However, Ramanujan probably chose to place these formulas at this 
juncture because of their obvious connection with Entry 16(iii). Ramanujan 
returns to these sums in Chapter 18; in particular, see Section 10. 

In Chapter 14, Ramanujan established several additional results in the 
same spirit as Entry 18. For many other results of this type and for numerous 
references to the literature, see Berndt’s papers [3], [4] and book [9]. 


(18.1) 


Examples. Recall that x(q) is defined by (12.1). 


(i) If 
2 (ок + 1)74* 
А —rrcomeu =O, 
k=0 1+9 
then 
x(q) = 244.24 ог 21^(349)124. 
(ii) If 
& (— 1)%2ҝ + 1)°4* 
У 0774. 2k = 0, 
k-0 1+ q 
then 
x(q) = 24 ((154 + 6,/645)g} 2^. 
(ш) If 
с (—1)*(2k + 1)!!g* S 
2, 1g 0, 
then 


x(q) = 21^912^ or 21^ (4gyi24 or 2!^(27649).2^. 


PROOF or (i). Consider Entry 16(iv). If the left-hand side is equal to 0, then, 
since 0 < x < 1, either x = ог x(1 — x) = ті. The offered conclusion now 
follows from Entry 12(v). 


PROOF OF (ii). Turn to Entry 16(v). We see that the left side vanishes when 
{x(1 — x))! = 616 + 24,/645. By Entry 12(v), we may complete the proof. 
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Pnoor or (iii). The left side of Entry 16(vi) vanishes if and only if x = 4 or 
(x(1 — х)} * = 16 or 11056. The desired results now follow from Entry 12(v). 


We do not know Ramanujan's motivation in deriving the previous 
examples. 

In conclusion, we remark that Ling [1]-[3], Zucker [1], [2], and Schois- 
sengeier [1] have evaluated several series like those found in the latter sections 
of Chapter 17 in terms of parameters in the theory of elliptic functions. 

Many ofthe results in Chapter 17 were independently proved by S. Bharga- 
va and C. Adiga and can be found in Adiga's thesis [1]. 


CHAPTER 18 


The Jacobian Elliptic Functions 


In Chapter 18, Ramanujan continues his development of the theory of elliptic 
functions begun in Chapter 16 with the theory of theta-functions and con- 
tinued in Chapter 17 with an introduction to elliptic integrals and the compila- 
tion of a large catalog of series that can be evaluated in terms of elliptic 
function parameters. This chapter contains further series identities depending 
on the theory of elliptic functions. Such results are considerably fewer in 
number here than in Chapter 17 and generally are more difficult to prove. In 
particular, see Sections 4—7. 

Chapter 18 also contains Ramanujan's introduction to the Jacobian elliptic 
functions sn, cn, and dn, although we have already used knowledge of these 
functions to prove some of Ramanujan’s results on elliptic integrals in Chapter 
17. In contrast to Jacobi [1], [2] and other writers, Ramanujan introduces 
these functions in Section 14 via their Fourier series. He derives only a handful 
of the basic facts about Jacobian elliptic functions and terminates his develop- 
ment rather early, but he also obtains some results apparently not in the 
literature. One of Ramanujan's most interesting results is the very unusual 
identity 


о cos(n8)]^ & cosh(n0)| ? 2r*(3) 
2) hm +2) К. 


<4, со5һ(пл) cosh(nz) л 


which, at first appearance, does not seem to have any connection with Jaco- 
bian elliptic functions. However, this highly intriguing formula arises from 
elementary Jacobian elliptic function identities. As in other aspects of his 
development of the theory of elliptic functions, Ramanujan does not use any 
of the historical or standard notations for Jacobian elliptic functions. 

Three sections (12, 13, and 22) are concerned with continued fractions that 
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arise in the theory of elliptic functions. Most of these results are connected 
with the work of T. J. Stieltjes and L. J. Rogers. Undoubtedly, the most 
interesting result is a corollary in Section 12. If F(a, В) is a certain continued 
fraction, then 


F(a + В), Sap) = Е(о, B) + F(B, о)), 


or, in words, F determined at the arithmetic and geometric means of « and f 
is equal to the arithmetic mean of F(a, f) and F(fi, о). 

Two sections, 23 and 24, contain beautiful new theorems on theta-functions. 

As in Chapter 17, the parameters x, y, and z designate the principal 
parameters in Ramanujan's study. See Entry 6 of Chapter 17 for the meanings 
of x, y, and z and the latter part of Section 6 for the relationships of x, y, and 
z with the more standard notations in the theory of elliptic functions. Because 
Chapter 18 also contains material not particularly related to elliptic functions, 
we list here those sections that are entirely devoted to elliptic functions: 1, 2, 
4—7, 11-18, and 22. In these sections, x, y, and z always have the meanings 
indicated above. In other sections, x, y, and z denote generic variables. There 
should be no cause for confusion. 

Evidently, Ramanujan was greatly intrigued with the problem of approx- 
imating the perimeter of an ellipse. Two long sections, 3 and 19, are primarily 
devoted to this topic. Ramanujan's approximations are very accurate, and 
those in Section 19 have a rather unusual character. Ramanujan also finds 
several approximations to z, some arising out of geometrical considerations. 
Approximations to z and some geometrical problems are considered in Sec- 
tions 3, 20, and 24. 

Sections 8-10 and 21 are devoted to partial fraction expansions that 
superficially resemble series connected with elliptic functions found in Chapter 
17 and elsewhere in Chapter 18. In these sections, we proceed in the standard 
manner via the residue calculus. We calculate the principal parts of a certain 
meromorphic function f and conclude by the Mittag-Leffler theorem that f 
is equal to the sum of its principal parts plus an entire function g. In every 
instance in this chapter, it is easily shown that g(z) = 0 by letting z tend to оо. 
This aspect of the proof is always tacitly assumed in the sequel. Lastly, R,, 
denotes the residue of f at a pole zp. 


Entry 1. Recall from Section 9 of Chapter 15 the definition 


n 


Ше») = 1 — 24 y m ж? 
п=1 @ 


Тһеп 


= 50 tx3 + а 14—29), 
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Proor. Recall from Entry 6 of Chapter 17 that 
z = 2F,(3, 55 1; х). (1.1) 


Elementary calculations then show that 


z1—x-2124 у (ny. (2 — n)x" (1.2) 
and 
д о (x, 
[ 2 dx = py w= De” (1.3) 


Adding (1.2) and (1.3), we readily deduce the first equality of Entry 1. 
By Entries 9(ii) and 9(iv) in Chapter 17, 


* d 
z(1 — x) + | z dx = z(1 — x) + 4x(1 — tz (1.4) 
0 dx 
and 
РОР К 42 
3, Ul y) = &(1 — 2x)z + 4х(1 ax (1.5) 


Substituting (1.5) in (1.4) and simplifying, we easily achieve the second equality 
in Entry 1. 


Entry 2. In the same notation as Entry 1, 
1 x 
oF, (—43, 4; 1; x) = z(1 — х) + | 2 dx 
0 


(2-х) + 1 re, 
3z 


wl N 


Pnoor. The proofs of these two equalities follow precisely along the same lines 
as the proofs of the corresponding two equalities in Entry 1. 


The formulas in Entries 1 and 2 were presumably suggested by the formulas 
for the perimeter of an ellipse in Entry 3. 


Entry 3. Consider the ellipse 
x? у 


with eccentricity е = (1/а) J/ a? — b?. If L = L(a, b) denotes the perimeter of 
this ellipse, then 
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L = 27a F, ($, —4; 1; e?) (3.1) 
= n(a + Б),Е,(—5, —4; 1; t) (3.2) 
= n(3(a + b) — J/(a + 3b)(3a + b)) nearly (3.3) 

3t 
= л(а + b fı + —€— very nearly, 3.4) 
id E гек Бшш 


where, in (3.2) and (3.4), t = ((a — b)/(a + b))?. 


The appendants “nearly” and “very nearly" are quoted from the second 
notebook (p. 217). 

Formula (3.1) is due to Maclaurin [1] in 1742. 

The second formula, (3.2), is obtainable from (3.1) by using Landen's 
transformation. We have not been able to find (3.2) explicitly in the work of 
Landen. In fact, it appears that (3.2) is originally due to J. Ivory [1] in 1796. 
Ivory's paper is rather unusual in that it begins with a letter to the editor, John 
Playfair. Ivory informs us in his letter that he was led to this theorem by the 
study of mutual disturbances of planets. Evidently then the editor considered 
it fair play to print Ivory's letter. Ivory's proof of (3.2) is quite ingenious and 
since it is unlikely to be known to many, we give it below. 

The approximation (3.3) is due to Ramanujan and was rediscovered by 
Fergestad in 1951. (See papers by Selmer [1] and Stubban [1].) Both (3.3) and 
(3.4) are stated without proof in even more precise forms near the end of 
Ramanujan's paper [2], [10, p. 39], where he indicates that the formulas were 
discovered empirically. 

However, Jacobsen and Waadeland [1], [2] have offered a very plausible 
explanation of Ramanujan's approximation (3.4). Wirte 


t 


anijs ira 3.5 
Then 
14-5. -t -ġt -ht 
„5565 ш 36 
ЭЕ EE e 


If each numerator is replaced by — 31/16, then we obtain the approximation 


w 2 35(—2 + 4/4 — 3t), 

which immediately yields the approximation (3.4). Since Ramanujan's ability 
to represent analytic functions as continued fractions is unparalleled in mathe- 
matical history, it seems likely that Ramanujan's formula (3.4) had its source 
here. Jacobsen and Waadeland [1], [2] have found a similar argument for 
(3.3). 

Many approximations to L(a, b) have appeared in the literature. The 
approximations 
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L(a, b) x x(a + b) 
and 


L(a, b) z 2x4 / ab, 


given by Kepler [1, pp. 401, 402] in 1609, are perhaps the first to appear in 
the literature. As might be expected, the relative sizes of a and b determine the 
nature of the estimates. Most approximations, including Ramanujan's, are 
best when a and b are somewhat close in size. Almkvist [1] and Almkvist and 
Berndt [1] have described several such approximations when t is “small” and 
discussed their accuracy. Two of the approximations that combine simplicity 
and accuracy are 


a2? 4 p32\2/3 
za aaa 


2 
given by Muir [1] in 1883, and 


1 а – Ь\2]? 
NN 


published by Nyvoll [1] in 1978. Other approximations of this sort have been 
found by Euler [3], [6, pp. 357-370], Peano [1], Sipos (see a paper by 
Woyciechowsky [1 ]), and Selmer [1]. 

The perimeter of an ellipse is intimately connected with the arithmetic— 
geometric mean. See the papers by Almkvist [1] and Almkvist and Berndt [1] 
for this relationship. These authors also describe some of Gauss' beautiful 
contributions and how they relate to the modern day calculation of z. 


Ркооғ or (3.1). Parameterizing the given ellipse by x = a cos д, y = b sin д, 
0 < 9 < 2n, we find from elementary calculus that 


л/2 
1, = 4 | (а? sin? ф + b? cos? ф)!? do 


= 2ла,Е,(5, —3; 1; e°). (3.7) 
First Ркооғ or (3.2). Take a special case 
2F,(—4, 3; 1; 4u(1 + и)7®) = (1+0) Fi (—3, —3; 1; и?) 


of Landen’s transformation (see Erdélyi's compendium [1, p. 111, formula (5)]) 
and set u = (a — b)/(a + b). After simplification, we deduce (3.2). 


Ivory’s PROOF or (3.2). Using (3.7), we find that 
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x a? — b? 1/2 
L= z | fı — Ls M — сово do 


° 


22 А {2(a? + b?) + 2(a? — b?) cos29)]? дф 
0 


-@+®{|` te 


man (E) 
en [ette este 
=(a + b) b с" " -€ 

P =i AE [ етпе do 


a—b\? 
мет? -hk (555) | 


Pnoor оғ (3.3). For brevity, define the coefficients a,, n > 0, by 


Next, after some rearrangement, define the coefficients б, n > 0, by 


+ 3b)(3a + Ь)\!? 
3(a + b) — (@+ Ga Ft) = «enl - (E m j | 


ка ыы 


1 1 1 25 49 
2810-6 —BLN=1+ 70+ Ge dos E td ge ee 
=) а". 
n-0 


= (а b(3- 4/4 — 0) 


1 1 1 
ID ка! 
5 
eere) 
= (a +b) у, pnt", 
n=0 


(3.8) 


(3.9) 


where |t| < 4. Comparing (3.8) and (3.9), we see that а, = f,, 0n <2, 
аз = 2p,, anda, = 5f,. Thus, the approximation (3.3) differs from L/(n(a + b)) 
by only about t?/2?. It furthermore appears that а, > f, for n > 3. We prove 
this in the next theorem. 
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Theorem 1. For n > 3, B, < «,/2" ?. 


Pnoor. From (3.8) and (3.9), for n > 1, 


ma Qn-1* | Ka l(2-1 
2 ^ axo M Vosa 


Thus, 


Bu+1/Bn m п+ 1 zd 
&,4,/8,  2(2n—1) 2' 


if n > 2. Proceeding by induction, we deduce that 


Ba 1 В, 1 
< < 
ESI E" Xn 3 27-7 Í 


for n > 2, and the proof is completed. 


PROOF or (3.4). Define the coefficients y,, n > 0, by 


1+ SEE r Lia rM m 2 Ü 
+ /4—-3% 4 4 4* "4 "2-48 


= у Yat”, (3.10) 


where |t| < $. Comparing (3.8) and (3.10), we find that a, = y, for n < 4, while 
75 = $895. Thus, Ramanujan's approximation is amazingly accurate, with the 
error being about 3t5/2!7. 


We are very grateful to G. Almkvist and R. A. Askey who each provided 
the following proof of an analogue of Theorem 1. 


Theorem 2. Let a, and y,,n > 0, be defined by (3.8) and (3.10), respectively. Then 
fornz5,y,«a, 


Pnoor. We have, for |t| < 4, 


$n , t(10—- 2,/1 — 31/4) 
zs 3341 


where, for n > 0, 
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The terms comprising d, alternate in sign for k > 1 and are increasing in 
absolute value as k increases. For n > 3, it is easily seen that 


i is = 
А Е Je c i. 2 „Jea 2 


It follows that for n > 4, 


Nhe 


> 5. 


ete 2 Je» 
Sissi 
Since 
Cet (my 
^^y Gna}? CR 
it follows that 


tm . nQn- 1)3" 


"^^ Qn — 3) e) 
n 


for n > 4. It is easily seen that u, is a decreasing function of n for n > 4. A 
short calculation shows that и, = 27. Hence, since we have already shown 
that у; < o5, the proof of Theorem 2 is complete. 


и, == 


Suppose that we let A(t) be an approximation for L(a, b)/{n(a + b)}, where 
t = ((a — b)/(a + b))*. By (3.2), 


L(a, b) 
(а + b) 


A(t) = A(t) - Е,(—5, —4; 1; t). (3.11) 
The first nonzero term in the power series of the right side of (3.11) gives an 
indication of the accuracy of the approximation A(t). Let us say that A(t) is 
of order n if the leading power in (3.11) is the nth. Thus, (3.8) and (3.9) show 
that, for (3.3), A(t) is of order 3, while for (3.4), we see, from (3.8) and (3.10), 
that A(t) is of order 5. The aforementioned approximations of Kepler, Euler, 
Sipos, Peano, and Muir are of orders 1, 1, 2, 2, and 2, respectively. Selmer [1] 
found an approximation of order 3 and two of order 4. See the paper by 
Almkvist and Berndt [1] for more details. 

M. B. Villarino [1] has examined Ramanujan’s second approximation in 
closer detail and has proved that 


4 14 
— (0.000512272...) = — ( — i) {5 


Lab _3 
л(а + b) 217 


t? = —(0.000022888...)1°, 


if a x b. 
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Example. 
(i) л = 3.14159 26535 89793 23846 26434, 
(11) Log 10 = 2.30258 50929 94045 68401 8, 
(11) e * = 0.04321 39182 63772 25, 
(iv) е"? = 4.81047 73809 65351 65547 3. 


It is not clear whether Ramanujan recorded these values on finding them 
in books or calculated the values himself. Ramanujan was acquainted with 
few books in India. We have examined those of which we know he had 
knowledge, and we are unable to find any of these decimal expansions, which, 
indeed, are correct. 

Gauss [2, p. 427] recorded x to 100 decimal places and Log 10 to 50 decimal 
places but doubtless took his values from Wolfram's tables [1]. However, 
Gauss himself calculated e~* to 50 decimal places [2, p. 428] and e"? to 34 
places [2, p. 431]. Abramowitz and Stegun [1, pp. 2,3] give these four decimal 
expansions, although they record less digits than Ramanujan for (i) and (iv). 
The calculations of Gauss, Ramanujan, and Abramowitz and Stegun are in 
agreement. 


Corollary. According to Ramanujan, 


_355(, 0000 ..— ul 
EET 3533. и MF 
and 
п = (971 1)!" nearly. 
In fact, 
355 0.0003 
“( — 73533 ) = 3.14159 26535 89794 32. 


A comparison of this expansion with that of z given above shows that this 
approximation is greater than л by about 10715, Ramanujan also gives this 
approximation in his paper [2] and says that he found it by taking the 
reciprocal of 1 — 1137/355 [10, p. 35]. 

The second approximation 


(974 — 4) = 3.14159 265262 


is less than л by about 107°. Ramanujan [2], [10, p. 35] informs us that he 

empirically discovered this approximation. However, N. D. Mermin [1] has 

suggested how Ramanujan might have discovered this approximation and why 

it is so accurate. The simple continued fraction expansion for п“ is given by 
1 1 1 1 1 1 


4 = 7 ра ad c CREER a . 
229151243414 1658 414 
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If we truncate the continued fraction after the fourth partial quotient, we 
obtain the approximation л“ ғ 973. 


Entry 4. Let x and y be as in Section 6 of Chapter 17. Then 


\/х o (4! х" _ оо 1 £e Qni 


3 (nl)? In „С УО" + D Log 1 aya: 


Proor. First observe that 
5:= У ( 
п=0 


-| Э (— 1)" (2л + 1)? » 


Е е(2"+1)у/2 ЕЭ e (2nti)y/2 
y n= 


1 —(2n+1)y/2 
—1'@л + 1) Log: ы 


= e (2n+1)y/2 


? ( & C-1'Qn + 1)? о (—1)"(2n + 1)? 
-Í (Сук ў Crees ду. 


The second series on the far right side is evaluated in Entry 17(уй) of Chapter 
17, while the determination of the first series can be gotten from the second 
by the process of dimidiation. Thus, 


s-i| a-20-90- /3«20- 3-04 


zzi z*(1 — x) /x dy. 


Employing Entry 9(i) in Chapter 17 to make a change of variable and then 
using (1.1), we deduce that 


l|*z 05 
$ = dx = 
JE *=4 (шу Jo 


and the desired result follows. 


Entry 5. Let x and y be as given in Entry 4. Then 


Los 16 Y (4); х" =y—4 Y (—1)"(2n + 1) Log(1 — e7 2") 
x п=1 (nt n n=O K 


Proor. First we observe that 


T:=4 » (—1)"(2n + 1) Log(1 — e €7*1») 
n=0 


E -4[ ў (—1)"(2n + 1 dy 


= gOn*1» NE 
y n5 
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Just as in the last proof, we employ Entries 17(vii) and 9(i) in Chapter 17 and 
(1.1) to find that 


= l (z?(1 — x) — 1) dy 


*íz dy 
- (+2) 


*d *z—1 
at Sy + Logs) dx + | 


dx 


= y + Log x — Jim (y + Log x) + X а [ x"! dx. 


Now from Entry 2(i) in Chapter 17, we may easily deduce that 
y + Log x = Log 16 + o(1) 
as x tends to 0+. Using this in (5.1), we readily deduce the desired formula. 


Entry 6. With x, y, and z as in Section 6 of Chapter 17, 


о 1 
у, 2 1 = Ух pi, 1, 1; $, à x) 
n=o (2n + 1)? cosh(1Q2n + 1)y} 22 


Proor. An elementary calculation yields 
d? ( 1 ) (2n + 1)? ert» 4 g-Qn)» _ 6 


dy? е0" ү gate | а (gat ү g ovy 
Thus, 

E" Ў 1 

©, (2n + 1)? cosh{4(2n + 1)y] 


© о (2п+1)у —(2п+1)у . 6 
zb an | сз ке dy dy. (6.1) 


om L (ейн? + (e2nt viz ү „—@п+1ї)у/33 


Ши = exp(—4y), the series іп the integrand above can be written in the form 


© ц2"+1 = биЗ(2"+1) + unti 
&% (1 + uetus 


We now expand (1 + u*"*2) ? in a binomial series. The resulting double series 
can be represented by the array 


u — биз +u? ——3)(u— би + и?) 6u*(u — би? + и?) 
u? — би? + u! — 3иб(иЗ — би + u!) би!2(и? — би? + ut’) 


u5 — 6u!5 + и25 —3u!9?(u^ — 6u! + u?5) 6u?9 (i5 — би! + и?5) 
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Arranging this array in ascending powers yields 


и —9W 25и5 —49u’ 
u? —9u2 25и!5 —49,?! 


u? —9u!5 25и25 —494?5 


Summing the new array by columns, we obtain the sum 
u 34? " 5245 T! 
1—42 1—-u$ 1-49 1—0! 


o (~1)"(2n + 1)? 


—% el?” t+ у? E eg On*U»2* 


Te 


Hence, using this in (6.1), we find that 


EU | | 2 gn» _ „—(2п+1)у/2 dy dy. 


y фу п 


The sum in the integrand appeared in our proof of Entry 4, and so using our 
calculations therefrom, we find that 


U- : | [` 23(1 — x) J/x dy dy. (6.2) 


y 


Now Entry 9(iii) in Chapter 17 can be written in the form 
со o x? 

1 | x"(1 — 3 dy dy = Fin + n 3, l; n+ i,n+ 1; x), 
y 
where n > 0. Setting n = 5 and substituting the result in (6.2), we complete the 
proof. 

Before stating Entry 7, we offer a remark about transforming a formula of 
the sort 

Q(x, y, 2) = 0 


into a "new" formula. Suppose that we replace x by 1 — x. Then by (6.3) and 
(6.2) in Chapter 17, y and z are transformed into л?/у and yz/n, respectively. 
We therefore obtain a new formula 


O(1 — x, x?/y, yz/n) = 0. 


This process is equivalent to Jacobi's imaginary transformation. 


Entry 7. Recall that Catalan's constant C is defined by 
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е (—1) 
C= 
2 (2n + 1)? 
Then 
Э (—1)" 
ET Qn + D е(2п+1)у + 1) 
лу 1— 
CC c жеш сш 4z SESS bird 


Proor. Apply Jacobi’s imaginary transformation to Entry 6 to discover that 


1— 
Уу ХЕ POA 


2yz 0 
1 


m (2n + 1)? соѕћ{ (2и + 1)z?/y] Uy) 


Next, we expand 


tan w 
fe) = w cosh(zw/y) 


into partial fractions. The function f has simple poles at 0, iy(n + 4), and 

(n + 4)n, —oo <n < oo. First, we find that 

i( — 1y*! tanh(n + 4)y 
n(n + 4) 


E 


Riyn+1/2) = 


for each integer n. An elementary calculation then shows that the sum of 
the two principal parts corresponding to the poles w = iy(n +4) and 
w= —iy(n + 3, 0 € n < oo, is equal to 


2(—1)"y tanh(n + 4)y 
nne xw) ue 


Next, 


1 
(n + 3)n cosh(z^(n + 3)/y}’ 


Re+t2)n => 


for each integer n. Another brief calculation shows that the sum of the two 
principal parts associated with the poles (n + 4)z and —(n + 4)n,0 € n < oo, 
is equal to 


2 
cosh{n7(n + 3)/y) (n + 3 r? — w°) 
Hence, from (7.2) and (7.3), we deduce that 


(7.3) 
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_ 2y & (— 1)" tanh(n + 3)y 
f = л 2 y?(n + 4)? + w? 
Э 1 
nzo cosh {a (n + 3)/у} ((n + 31? — w?y 
Letting w tend to 0, we find that 
У 1 
nao (2n + 1)? cosh (z?(n + 4)/y} 


v п $ (—1)" tanh(n + 4)y 
8 4 (n + 2)? 


+2 


2 


y n=0 
5 л? B T y (— 1)" = 2 
B 8 У п=0 (2п + 1)? gà» + 1 
д? л 2n oo (= 1)" 
(8 . 74 
8 ус ў У п=0 (2п + 1)? (e +» + 1) ( ) 


Substituting (7.4) into (7.1), we complete the proof. 


Although the following example appears in Section 7, it does not appear 
to be closely connected with Entry 7. 


Example. Let x and y be as above. Then 


c 1 1+./x 


2. (2n + 1) sinh(2Qn + 1)y} 1 – J/x 


Pnoor. By an elementary calculation, 
Э 1 
nzo Qn + 1) sinh{3(2n + Ly} 
© о е'@"+1)у/?2 + е(2п+1)у/2 
| „20 (gà 9 L e aya: dy. 


= 


(7.5) 


We wish to transform the series in the integrand. If u = exp(— +y), this series 
can be written 


oo ц2"+1 + иб"+3 со oo 
у, @ SEI - у 3: (m + Dike er + Ant mtsyy 
n=0 —u 


=0 


= 
3 
e 


= т+ 1 © т 

PX y Om) uin + 2 nama) анні 
а 2т +1 

no 2 sinh {102т + 1)y] 


Putting this representation into (7.5) and utilizing Entries 15(xiii) and 9(i) in 
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Chapter 17, we find that 


1/7 = 2п +1 
v=; p sinh (1n + 1)y} dy 


y 


ZIEL. 


y 


-i]. dx 
24) Jx(1 — x) 

Lfd 1 x 
Af tet 


Е 


This completes the proof. 


Entry 8. Let 0 be real. If |0| « m, then 
cos(2n + 1)0 + 2 cos{4(2n + 1)6} cosh{4(2n + 1),/30} x 
(2n + 1) cosh (2n + 1). /3) 


} = л 
(i) 2 (iy 9» 
and if |0| < п/2, then 
,CosQn + 1)6(cosQn + 1)0 + cosh(Qn + 1)/30}) x 

Qn + 1) cosh (1n + 1), /3) 12 

x (1 sin(2n + 1)0(соѕ(2п + 1)0 — cosh((2n + 1),/30)) __2 

n=0 (2n + 1)* cosh {4(2n + 1)x,/3} 12 


(ii) È (-1) 


(iii) 

and 

cos(2n + 1)0(соѕ(2п + 1)0 + cosh ((2n + 1),/36} 
(2n + 1)’ cosh{4(2n + 1)2,/3} 


п” n0$ 


= 11520 180 


wo Èr 


These beautiful series evaluations apparently have not been given previous- 
ly in the literature. As the proofs below make clear, even more general 
theorems undoubtedly exist. 


PROOF OF (i). Let о = exp(21i/3) and define 


_ cos(26z) + cos(2w6z) + соѕ(20202) 
2 cos(zz) соѕ(ло2) соѕ(ло22) 


Ја) 


We expand f(z) into partial fractions. 
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First, f(z) has simple poles at 2 =n +4, —oo <n < оо. After an ele- 
mentary calculation and simplification, we find that 


Rye = 2(— 1)! f(n, 0), 
where 
cos(2n + 1)0 + 2 cos{4(2n + 1)0} cosh {4(2n + 1/38}, 
л cosh {3(2n + 1)x,/3} 


The sum of the two principal parts corresponding to the poles n + 4 and 
—(n + 4),0 € n < oo, is thus equal to 

4(—1) (n + 3)f(n, 0) 

z? — (n + 3)? ` 


fín, 0) = 


(8.1) 


Second, f has simple poles at z = œ(n + 3), — oo < n < oo, with 
Rom) = 2(- 1)"*! cof (n, 0). 
The sum of the two principal parts corresponding to the poles w(n + 1) and 
—o(n + 1,0 € n < оо, is equal to 
4(— 1)" (n + 3)o?f(n, 0) 
22 — o! (n + 1)? 


(8.2) 


Lastly, f has simple poles at z = w?(n + 1) —oo <n < œ, with 
Ro!) = 2(— у о? f (n, 0). 
The sum of the two principal parts associated with the simple poles w° (n + 4) 
and —o?(n + 1), 0 <n < oo, is equal to 
4(— 1)" (n + 3)of(n, 0) 
^o P-enti) ma 
Hence, from (8.1)- (8.3), we deduce that 
ju » (— 1)" (п + 3 (cosQn + 1)0 +2 cos(32n-- 1)0) cosh {4(2n+ 1/30) 
п n=O cosh{3(2n+ 1)2,/3} (25 —(n+4)°) 
Letting z = 0 above, we deduce Entry 8(i). 


PRoor OF (ii). Since the proofs of (ii) and (iii) are similar to the proof of (1), we 
are brief in our details. 
Consider 


1 + соѕ(402) + соѕ(4002) + соѕ(40202) 
cos(zz) соѕ(ло2) cos(nw*z) 


g(z) := 
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Of course, g has the same simple poles as f in the proof of (i). Thus, by 
calculations similar to those above, we deduce the partial fraction expansion 


24 ә ( 
@=— y! 


— 1)"*!(n+4)* cos(2n + 1)6(cos(2n + 1)0 + cosh ((2n + 1),/30}) 
cosh (1(2n + 1)л./3) (25 — (n +1)5) 


(8.4) 
Putting 2 = 0 yields the desired result. 


PROOF or (iii). We calculate the partial fraction decomposition of 


sin(40z) + sin(4w6z) + ѕіп(400202) 
23 cos(nz) cos(nwz) cos(no?z) 


h(z) :- 


The function h has the same simple poles as f and g in the proofs above. By 
calculations like those above, we find that 


— 1)" 1 (п - 3? sin(2n + 1)0(cos(2n + 1)8 — cosh ((2n + ,/30)) 
cosh {4(2n + 1)x,/3} (26 — (n 4-3)9) 


Letting z tend to 0 above, we deduce Entry 8(iii). 


24 = 
њ2)=— pr 


Pnoor or (iv). Expanding both sides of (8.4) in powers of z, we find that, for 
12| < 2, 


(402)® (л2)® 
Ms К eJ = +] 


(— 1)" cos(2n + 1)8(cos(2n + 1)0 + cosh{(2n + 1),/36}) 
= (п + 3) cosh (4n + 1)л,/3) 


pi 


Equating coefficients of zé on both sides, we deduce the desired result. 


Entry 9. If z £ +@4(2n + 1, 0 xj < 2, 0 € n < oo, where œ = exp(2zi/3), 
then 


(—1)"(2n + 1)° 
б cosh{4(2n + 1). /3) (Qn + 1)% — 26) 


ipae 


Л 1 
~ 12 cos(1nz)(cos(3nz) + cosh(3,/32)) 
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Pnoor. In (18.1) of Chapter 17, let n = 0 and и = лт. After some elementary 
manipulation we achieve the desired result. 


Example. For each complex number z, 


o 


(i) 1 cos($z)(cos(4$z) + cosh(4,/3z)) =1+ 4 Y 


and 


3 о (—]yz$"? 
(i) 4 sin(4z)(cos(4z) — cosh(3./3z)) = -73 È m 3) 


Pnoor. First we verify the elementary identity 
1 cos(4z)(cos(4z) + cosh(4,/3z)) 
= 1(1 + cos 2 + cos(wz) + cos(w7z)). 


The first equality in (i) now easily follows. To prove the second equality of (i), 
use the elementary identity 


4 cos(4z)(cos(4z) + cosh(4,/3z)) 
= cos(3z) соѕ(1002) соѕ(2022) 


along with the familiar infinite product representation for cos z. 
Similarly, part (ii) follows easily from the elementary identities 


i(sin z + sin(wz) + sin(c?z)) 
= 4 sin(4z)(cos(4z) — cosh($./3z)) = —sin(}z) sin($@z) sin($wz). 
Entry 10. If 2 # +о}(2п + 1),0<j<2,0<n< oo, where о = exp(2zi/3), 
then 
(—1)"(2n + 1)5 
n=0 cosh (1n + 1)n/./3}((2n + 1)6 — 2°) 


= 4 cosh (55) (8а) + cosh E) —3 


12 со5(2л2) (соѕ(2л2) + cosh($2,/3z)) 


PRoor. For each nonnegative integer т, we expand 
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iden ме мы ЕЕ 


cos($7z) cos(42wz) cos(1no?z) 


гот (4 cosh (5) (costaz + cosh (53) — 3) 


соѕ(2л2)(соѕ(1л2) + соѕћ(1л./32)) 


into partial fractions. The function f(z) has simple poles at 2 = w/(2n + 1), 
j = 0, 1, 2, — оо <n < œ. After a somewhat lengthy but elementary calcula- 
tion, we find that 


юе 


fG):- 


12 со (—1)"(2n + Ler 
л н=0 cosh{4(2n + 1)n/./3} (Qn + 1)8 — z6) 


Setting m = 0, we complete the proof. 


Ја) = (10.1) 


Clearly, (10.1) is an analogue of (18.1) in Chapter 17. 


Example. Under the same hypotheses as Entry 10, 
з © (2n+ 1)? 
n=0 (2n + 1)° = 2° 
NE. cosh($ in /3 2) — соѕ(2л2) 


tan(imz). 
12 cosh($2,/3z) + соз(2л2) G 


PRooF. In a more symmetric form, this example тау be written 


л tan(3z) tan(3noz) (ап(5ло22) _ zs (2n + 1)? 
12z? „= (2n + 1)® — 2° 
We expand the left side of (10.2) into partial fractions. We first find that 
j 


[0] 
R i= — 
erue 6(2n + 1) 


(10.2) 


tan(3(2n + 1)xo) tan(4(2n + 1)no?), 
wherej = 0, 1,2, — oo < n < оо. Straightforward calculations then give (10.2). 


(-' л?” 
Qn + 1)7 cosh(3Qn + 1ул,/з} 23040 


Example. 2, 
PRoor. From (18.1) of Chapter 17, 


e 


cos 2 cos(oz)cos(o7z) _ 


(—1y'Qn + 1)5 
o cosh {4(2n + 1)2,/3} (Qn + 1)®n® —(22z)®)’ 
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where œw = exp(2zi/3). Expand both sides in powers of z and equate coeffi- 
cients of z? on both sides to achieve the proposed formula. (The calculations 
are very similar to those needed in the proof of Entry 8(iv).) 


The last example is found in Ramanujan's [10, p. 350] first letter to Hardy 
and was first established in print by Watson [1] who employed contour 
integration in his proof. 

Entry 11. 
(i) If |Im 0| « m, then 
[ n. y cos(n0) Я " fı 49 Э = E ara) 


п=1 cosh(nz) „1 cosh(nz) л 


(ii) Let x’, y', and z' denote the parameters associated with the complementary 
modulus К'. If |Im 0| < y/2, then 


e соѕ(2п + 1)0  coshQnc1)  , , : 
"s cosh{4(2n + 1)y] „26 cosh(iQn + Dy] * V7 


Pnoor or (i). Using the Fourier series of the Jacobian elliptic function dn 
(Whittaker and Watson [1, p. 511]), 


K0| m о cos(n0) 
(50) = (12 20090.) Imó|«z, (111) 


we may rewrite Entry 11(i) in the form 


[x dn y + [x dn er = 2*4 7 (11.2) 
п л л п п 


where у = л, х = 1, and by (6.15) in Chapter 17, К = 42°7/T(3). Thus, by 
(11.2), it suffices to prove that 


dn? =) + dn? (E) =2. (11.3) 
T л 
Using Jacobi's imaginary transformation (Whittaker and Watson [1, p. 505]) 
dn(u, k) 


dn(iu, К) = dc(u, К) = 


сп(и, k)’ 
sincek' =k = 1 //2 here, we find that 
K0 Ki0X  cn?(K0/n) + 1 
-2{ 2% -2 = 
m (5 ) ка ( л ) dn^(K6/n) 
2— sn? (КӨ/л) 2 02 (КӨ/л) _ 
dn?(K0/nt) 402 (КӨ/л) ^ 


where we have employed elementary identities for the Jacobian elliptic func- 
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tions (Whittaker and Watson [1, p. 493]). (See also Section 14 below.) Thus, 
(11.3) is established to complete the proof of Entry 11 (i). 


Entry 11(1) is a fascinating identity even though it is not particularly deep, 
as the proof shows. One wonders how Ramanujan ever discovered this most 
unusual and beautiful formula. 


Pnoor or (ii). Using the Fourier series for сп, 
2K0\ m =  cosQn-1)0 
— Kk £6 cosh(iQn + 1)y}’ 


and Jacobi's imaginary transformation (Whittaker and Watson [1, pp. 511, 
505]), we find that the left side of Entry 11(ii) may be written 


Па 9| «iy (114) 


Kk (кке (2) KK'kk , |, ; 
сп сп = ——у—— = & XX. 
л т л л 
Entry 12. If n > 0, then 
( Es = sech(jy) 2  (nz?x  Qnzy (3п2)2х (4п2)? 
2 filcx(n) 24 2 + 2 2 + 2 + 
and 


и 2 sech{3(2j + 1)у} 
ш) 2 14 Qj + lpr 

oz x (nz)  Qnz?x Quz  (dnz)x 
Ud eb. + de + 1 + dn +e 


Pnoor or (i). Using (11.1) and integrating termwise, we find that 


2 j= Z 


;| e724") dn u du = 1 + 2 Y sec) | e?" (2 cos 2ju du 
n Jo 2 n i 0 


_1 2 © sech(jy) 
2 PB 1+ (jn) 
On the other hand, by a theorem of Stieltjes [1], [2, pp. 184—200] that was 
rediscovered by Rogers [3], 


a © z (nzyx (nz (3nz)?x (4п2)? 


(12.1) 


— 2и/(п2) du = . 
"AM mc ЕШ о E EP a aes 


(12.2) 


Combining (12.1) and (12.2), we complete the proof. 


The continued fraction (ii) appears in Ramanujan's [10, p. 350] first letter 
to Hardy and was first established in print by Preece [1]. The following 
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corollary is found in Ramanujan's [10, pp. xxix] second letter to Hardy and 
was proved by Preece [2]. The proof that we give is much different from that 
of Preece and is undoubtedly similar to the one Ramanujan must have found. 


Corollary. For n > 0, Re х > 0, and Re В > 0, define 


a f^ Qa? (3B)? (4a)? 
n+ntn+n + п cj 


F(a, B) = 


Then 


F(* es Ja) = }{F(a, В) + F(B, а). (12.3) 


What a marvelous theorem! In words, the continued fraction F evaluated 
at the arithmetic and geometric means of х and f! is equal to the arithmetic 
mean of F(a, B) and F(f, а). 


PROOF. First, let В > 1 and choose « such that 0 < х < В and 
В = Fil 5; 1; a/p’). 


Thus, in Entry 12(ii), we set x = a?/fi? and z = $. Also replace n by 1/n. We 
then find that 


2 & sech(4Qj + Ly} _ 

п foo 1+ (0) + Um? 
In Entry 12(i), make the same substitutions for х and 8, but replace n by 2/n. 
Accordingly, we discover that 


25 РЕ; sech( jy) 
n\2 fi 14+ Qj/n 


F(a, p). 


) = F(B, a). (12.4) 
Hence, 

1[1 & sech(4jy) 
d e =. 
п\2 flc (j/n) 

Now the left side above appears, by (12.4), to be F(fi, а), except that y is 
replaced by +у and n by 2n. Thus, we apply the process of dimidiation 
described in Section 13 of Chapter 17. Since x is transformed into 
4 x/(l 4 J/ xy, we see that a?/fi? is replaced by 4afl/(a + B)". Also, z is 


transformed into (1 + \/х)г, and so f is replaced by х + f. Combining these 
two changes, we see that о is replaced by 24 / aß. Thus, from (12.4), after a little 


manipulation, 
1/1 2 == Ес ) 
3+ Sa aS AP 


Combining this with (12.5), we complete the proof for 0 <a < В < 1. 


) = HEG + ru. a) (125) 
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By symmetry, we see that (12.3) also holds for 0 < В < х < 1. Now each of 
the three continued fractions in (12.3) converges to an analytic function of a 
and £ for Re « > Oand Re В > 0. Thus, by analytic continuation, (12.3) is valid 


for Re a > 0 and Re fi > 0. 


Entry 13. If n > 0, then 
à æ (—1) esch{3(2j + Dy) 
OY 2 P 14 Qj + 10и? 
zx (»0—x)nz)? xQnzy (1— x) nz)? 
01] + 1 - 1 + 1 – 
2 & (— 19702) + 1) sech(3Qj + 1)y} 
ш) z ру 1 + Qj + 1)?n? 
| ZA x(1 — x) 2?(2? — 1)x(1 — x)(nz)* 
—l-(nz?(1—2x)- 1 + (3nz(1— 2x) 
4?(4? — 1)x(1 — x)(nz)* 
+ d-(5ny(0-2x) + 


Ж 


and 
«a 5 w Qj + D esch(2Qj + Ly} 
ш) his d*Oiyee 
zt /x 22? — 1)x(nz)* — 4?(4? — 1)x(nz)* 


714 (п2)2(1 + x) — 1 + (nz (1 + x) – 1 + (SnzP(1 + x) – :-° 
where, in (i) and (ii), 0 < x < 1/,/2. 
PROOF OF (i). Recall the Fourier series of the Jacobian elliptic function cd u 
(Whittaker and Watson [1, p. 511]) 
о (—1) cos(2j + 1)u 


iz x ed(zu) = y, 


сон. эү iy 
Fo sinh($Qj + 1)у} sn 


It follows that 


zx | e "" cd(zu) du 
0 
e (- (= 

225, =a ae a 

Po sinh 0 + Dy} Jo 

& (— 1) csch(2Qj + 1)у} 

2 ————— a 4———- Л 

"2, 14 G+ Ie en 
Next, from Jacobi's Fundamenta Nova [1], [2, p. 147], 

cd u = cn(k’u, ik'/k). 


e "^ cos(2j + 1) и du 


It 
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Thus, 

zx | | e^" cd(zu) du = ы [ e^ "e? cn(u, ik/k’) du. (13.2) 
Now Stieltjes [1], [2] and Rogers [3] have shown that (see also Perron's book 
[1, p. 220]) 


k |°” ; 
— | e "In on(u, ik/k’) du 
о 


k’ 


_ К (= (nzk)? | (2nzk’)?(ik/k’) 


кж i 4 | 
Qnzk') — (4nzk’)?(ik/k’)? ) 
+ 1 + 1 ш 
_^тК (тк)?  Qnzky (3пгЕ)?  (Anzky (13.3) 
= 1 + 1 _ 1 + 1 = 1 + +++ Ё : 


To ensure the convergence of this continued fraction, by a theorem in Perron's 
book [1, p. 53, Satz 2.16], we must require that k/k' « 1 orx « 1/,/2. Taking 
(13.1)-(13.3) together, we complete the proof. 


PROOF OF (ii). We employ the Fourier expansion of the Jacobian elliptic 
function sd u (Whittaker and Watson [1, p. 511]), 


ю (—1Y sin(2j + 1)u 
1—x)sd(zu) = 2 ) ————————. І < ly. 
2,/ x(1 — х) sd(zu) p cosh(1Gj + Dy} Па u| < y 
Differentiating with respect to u, we find that 
d c (—1Y(2j + 1) cos(2j + 1)u 
JJ x(1 — x) — = ee 
RU S du nct ру cosh {3(2j + 1)y] 


Hence, integrating by parts and integrating termwise, we arrive at 
JJ x(1 — % i d 
AU» | e "" sd(zu) du = zJ/x(1 — x) | e "In du sd(zu) du 
0 0 
& (Cg) f" 
io cosh(2Qj + 1)y} Jo 
& (— I) Qj + 1) sech(4Qj + Ny} 
= 2n у, - 2_2 . 
f 1+ (2j + 1)*n 
From Jacobi’s work [1], [2, p. 147], 
sd u = sn(k'u, ik/k’). 


2 


e "^ cos(2j + 1) u du 


(13.4) 


Thus, 


м8) еч" sd(zu) du = - h x а | e "eX (и, ik/k’) du. 
— X Jo 


n 
° (13.5) 
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By another result of Stieltjes [1], [2], and Rogers [3], 


| e "(X sn(y, ik/k’) du 


о 
Е : . 2Qh— Gy — 
С бшу? + (1 + (К/С) — (nzk') ? + 3%(1 + Gk/k'?) 
42(42 — Dk/k'Y 
— (п2К')? + 5?(1 + (ik/k’*) — --- 
2 ;22*( — x) 22(22 — 1)n*z*x(1 — x) 
1+ (02)2(1 — 2х) + 1 + (3п2)2(1 — 2x) 
42(42 — 1)n*z4*x(1 — x) 
-tod--(ny(1-2x) + 
The assurance that this continued fraction converges is guaranteed by a 


theorem in Perron's text [1, p. 47, Satz 2.11]. Equalities (13.4)-(13.6) now 
imply the sought result. 


(13.6) 


Proor OF (iii). Using the Fourier series (Whittaker and Watson [1, р. 511]) 


€  sin(2j + tu 
zx snis) = 2 2 COL Dy 


we find upon an integration by parts and integrating termwise that 


zyx | еч!" sn(zu) du = zx | еч" LA sn(zu) du 
n о 0 du 


У 2j T ! Е ~ujn А 
бъ sinh b+ Dy} Jo ^ cos(2j + 1)u du 


on Y Qj + 1) esch(3Qj + Dy} 
f£ 1 + Qj + 1)?n? 


On the other hand, by the same resuit of Stieltjes and Rogers that we used 
in (13.6), 


|Im u] < iy, (13.7) 


ii 


Ш 


со 


(13.8) 


1 22(22 — 1)x 
(nz) ? +1 4- x — (nz) ? + 3*(1 + x) 
42042 — 1)x 
— (nz ? + 521+ х) – 
m (nz)? 22(22 — 1)x(nz)* 
~ 14 (п) (1 x) — 1 + nz (1 + x) 
4?(4? — 1)x(nz)* 
— 1+ (5и2)2(1 + х) – 
The desired result now follows from (13.8) and (13.9). 


oo 
| e "I2 sn y du = 
0 


(13.9) 
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For additional proofs of the continued fractions of Stieltjes and Rogers 
employed in the proofs above, see the paper by Flajolet and Francon [1], 
where combinatorial applications are given. Further work on combinatorial 
implications of continued fractions of the Jacobian elliptic functions can be 
found in Flajolet's paper [1]. Generalizations of some of the Stieltjes- Rogers 
continued fractions have been discovered by D. V. and G. V. Chudnovsky [1, 
pp. 30-31]. 


Corollary. If n > 0, then 
е (— 1) Qj + 1) sech {4(2 + 1)л} 
ј=0 1+ (2j + 1n? 
1/p? 1:3(nuf  6:10(nuf* 15-21(nu)* ) 
4\i+ 1 + 1 + 1 top? 
where u = ./n/T?(3/4). 


Proor. Set y = л in Entry 13(ii). Then x = 5 and, by (6.15) in Chapter 17, 
2 = и. The corollary now easily follows. 


In Section 14, Ramanujan defines three functions S, C, and C,, for real 0, by 
o  sin(2j + 1)0 
S = S(0) = SO, 
(6) p sinh (3j + 1)y} 


o  cos(2j + 1)0 
С = С(0) = рад Е a 
€) = 07 + Dy} 
and 


1 2 cos(2j0) 
С; = =37 | 
кебе Фу o) 


Now, in fact, Ramanujan has replaced 0 by 20 on each right side above. But 
in all subsequent work after Section 14, Ramanujan employs the definitions 
that we have given. We have actually already encountered these functions in 
(13.7), (11.4), and (11.1), respectively. More precisely, 


$ = iz/x sn(z0), С = 52,/ х сп(20), and С, =42zdn(z6). (14.1) 


Entry 14. If С, S, and C, are defined as above, then 
C? + 5? = ixz?, (14.2) 

C? + 8? = 122, (14.3) 

5 = о jsin(2j0) 

j= cosh(jy)' 


2CS += = 0, (14.5) 


(14.4) 
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2C,8 + = = 0, (14.6) 
and 
2CC, = (14.7) 
Furthermore, define o, 0 < o < 2n, by 
С = їг,/хсоѕф and S=4z,/xsing. (14.8) 
Then 
C, = 124/1 — x sin? g, (14.9) 
z cos o, /1— x sin? ф = 1959 = cos 4 (14.10) 
and 
1[? do 


8-- 


z Jo /1—xsin? o 


The formulas (14.2) and (14.3) are simply translations of the fundamental 
formulas (Whittaker and Watson [1, p. 493]) 


(14.11) 


cn? u +sn?u=1 and dn?u+ k?sn?u=1, 


respectively. These formulas are generally proved by utilizing representations 
for cn u, sn u, and dn u in terms of theta-functions. However, Ramanujan 
probably used Fourier series. Thus, we proceed by finding the Fourier series 
for C?, S?, and C2. In fact, Jacobi [1], [2, p. 196] found the Fourier series for 
C? and S? but not for C2. More elegant derivations of these Fourier series as 
well as the Fourier series for C2 have been found by Glaisher [2], and since 
Glaisher's work is not particularly well known, we present it. 

Kiper [1] has derived the Fourier series for higher powers of the Jacobian 
elliptic functions, while Langebartel [1] has developed Fourier expansions for 
several rational functions of Jacobian elliptic functions. 

It should be remarked that the two formulas in (14.8) are compatible 
because of (14.2). 

Equality (14.11) represents Ramanujan's form of the inversion of the elliptic 
integral of the first kind. 


Proors. From the definition of S, we see that 
oo g^ m*n*1) 


А = NET CERPEESTCENI 


The coefficient of exp(2in6), 1 < n < oo, in this double series is seen to be 
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© 1 
20 sinh((m + 4)y) sinh((n — m — 4)y) 


1 
^ sinh(ny) 53 {со (т + 5)у) — coth((m — n + 4)y)} 


{coth((m + 4)y) — coth((m — n + 4)y)} 


Esc iusti 
sinh(ny) moo m- r-i 


M 

È 

M 
M ~M-2 
z 

M 


< sinh(ny) zm. L —nt+1 сои Е 2) сга cont? E ру} 
Ра 2п 
© sinh(ny) 


A similar calculation shows that the coefficient of exp( —2in0), 1 < n < oo, is 
equal to the coefficient of exp(2in0). Hence, 


= : È osch?((m + 4)y) — У, 7208219 coseno) (14.12) 


m=-% n=1 “sinh(ny) ` 
The derivation for C? is similar. From the definition of C, 


rd 


mo no cosh((m + 3)y) cosh((n + 3) 


e2i(mtn+1)0 


The coefficient of exp(2in0), 1 € n < oo, in this double series is equal to 


Y 1 
т: cosh((m + 3)y) cosh((n — m — 4)y) 
1 © 
= Жав „2, (tanb(en + 4)y) — tanh((m — п + 33) 


_ 2n 
с sinh(ny)’ 


by the same type of reasoning as that used above. The coefficient of 
exp(— 2in0), 1 € n < oo, is the same as that for exp(2in0). Hence, 


1.46 3 { æ псо$(2п@) 
= 4 14.13 
4 BOX secti (n 3 yat РТТ sinh(ny) ' ( ) 
Third, 
2 = 


mo nto cosh(my) cosh(ny) 


The coefficient of exp(2in0), 1 < n < oo, in this double series is found to be 
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о 1 


Eo» cosh(my) cosh(n — m)y 
1 
seas s у, (tanh(my) — tanh(m — п)у} 
_ 2n 
- sinh(ny) 


The coefficient of exp(— 2in0) is the same as that for exp(2in0), 1 < n < oo. 
Therefore, 
1 1g o ncos(2n0) 
2. pec h? 
Gp eo 2 see 2 e 

It is evident from (14.12)-(14.14) that C? + S? and C2 + S? are independent 
of 0. Now S(0) = 0, and by Entries 16(ix) and 17(i) in Chapter 17, respectively, 
C(0) = 32,/x and С,(0) = iz. The formulas (14.2) and (14.3) now follow 
immediately. 

We next prove (14.4). First, observe that 


(14.14) 


со oo g2mtn*1)0 
4iCS = за = узшс 
' P P cosh((m + 5)у) sinh((n + 3)у) 


The coefficient of exp(2in0), 1 < n < оо, in this double series is equal to 
zd 1 
2 Douna na 
т“ Cosh((m + 3) y) sinh((n — m — $)y) 


1 со 
~ cosh(ny) 28 {coth((n — m — 3)у) + tanh((m + 3)у) 


M 
= cosy) Lim, 24, , (eoth((n — m — 05) + tanh((m + 4)y)}. 


In the last sum, all of the hyperbolic tangent terms cancel as well as all but 
2n of the hyperbolic cotangent terms. Each of these 2n surviving terms tends 
to 1 as M tends to оо. Hence, the coefficient of exp(2in6) is equal to 2n sech(ny). 
It is now not difficult to see that the coefficient of exp(—2in0) is equal to 
— 2n sech(ny). The Fourier series (14.4) is now immediately evident. 
Equality (14.5) is a direct consequence of (14.4) and the definition of C,. 
Upon differentiating (14.2) and (14.3) with respect to 0, we deduce that 
dC dC, 
do ae 
Thus, (14.6) follows from (14.5) and the equality above. 
Again, from (14.2), 


C 


d$ Сас 


dð 546 
Using the equality above and (14.6), we deduce (14.7). 
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Equality (14.9) follows immediately from (14.3) and the representation for 
S in (14.8). 
From (14.7)-(14.9), 


dS d sin ф 
iz? /x cos g,/1 — x sin? o = 2CC, = 2) Ex dé 


The equalities in (14.10) are now obvious. 
The important result (14.11) follows readily from (14.10) and the fact that 
0 and ¢ vanish together. 


Since S(0) = 0, we may deduce from (14.12) that 


у csch? (3n + 1)y) = 4 Y ask 


2 EG Tm (14.15) 


and 
© msin? (n0) 
Se TTE sinh(ny) ` 


Equality (14.15) is rather curious. In this connection, we record the following 
result found in Berndt's paper [3, Proposition 2.25]. If a, В > 0 with «f = z?, 
then 


а Y csch? (an) + f Y csch? (fn) — ate — 1. 
п=1 п=1 


Entry 15. Let ф be defined by (14.8). Then 


(i) oy wang 


nai cosh(ny) 


J e cos2n+1)@ — 1 

O Дао р 275908 
v, e  sinQnc10  , : 
(ш) 2. sinh(iQm + Dy) - = 324/ Х SIN Фф, 
(iv) о sin(2n0) 


n=1 П cosh(ny) F 


lg 


sinn + 1)0 "Y 
T 2 o (2n + 1) cosh{4(2n + 1)y} = } sin™! (J/x sin 9), 


and 


© cos(2n + 1)0 1/1 — x sin? ф — ,/x cos d 
o Sarar Hoe | 


Pnoor. Parts (i)-(iii) are merely reiterations of (14.8) and (14.9). 
To prove (iv), we integrate (i) and use (14.10). Accordingly, 


18. The Jacobian Elliptic Functions 173 


z5 sin(2n0) - "(1+2 iy oD) а de 


n cosh(ny) 0 osh(ny) 


6 9 
-f Гый} 9 do = | do = q. 
о 0 


Similarly, to prove (v), we integrate (ii) and use (14.10). Thus, 


$ sin(2n + 1)0 -f 2  cos(2n + 1)0 
nai Qn + 1) cosh {4(2n + 1)y} Jo „= cosh{4(2n + Dy] 


dé 


ime 


8 
- x cos ф d0 
0 


x cos ф do 
2 Јо /1-— xsin? o 
-1sin! (/x sin ф). 


Lastly, we integrate (iii) and use (14.10) to establish (vi). Observe from 
(14.11) that 0 = 2/2 if and only if о = n/2. Hence, 


oo cos(2n + 1)0 _ [2 & sin(2n + 1)0 
i= (2n + 1)sinh{4(2n + Dy] Jy к sinh{4(QQn + 1)y] 


n/2 
= | 3z,/x sin o d0 


сү" sin 9 

2 Je Ji-—xsin?o 

- Log( ES Бел 
/1—х 


Formula (iv) is due to Jacobi [1], [2, p. 158]. Ramanujan (p. 222) omits the 
minus sign on the right side of (vi). 


Entry 16 (First Part). Suppose that 0 and q are related as in (14.8). If we replace 
Ө by $n — 0 in any formula involving Ө, then we have the following table for 
converting certain functions of q: 


Old Formula New Formula 
cot ф Jl-xtano 
З соѕ ф 
sin 9 


/1~—x sin? ф 

j1—xsin@ 
cos ф E M сс 
Jl — x sin? ф 


fez 
V1- xsin? 9 ИВЕ быз 
J1- хіп? 9 
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Proor. From (14.1) and (14.8), 
Kk =) i Р 
— sn| — | = 52,/х sin 9. 
п л 
Replacing 0 by іл — 0, using the identities (Whittaker and Watson [1, p. 500]) 


спи 
sn(u + К) = сй u = а, 
and employing (14.8) and (14.9), we find that 
Kk " 2K (nx _ө\\— Kk cn(—2K0/n) КК сп(20) 
n\n \2 Сол dn(—2K6/n) п dn(z0) 


cos 
= eee ЕН . 
J1 -— xsin? o 


Hence, the second entry in the table follows. 


By (14.1) and (14.8), 


Kk (=) ^ 
uU. | = EV х со o. 


T 
Replacing 0 by 5л — 9, using the identities (Whittaker and Watson [1, p. 500]) 
| _ _,,snu 
cn(u + К) = —k' sd u = —k Яп? 


and employing (14.8) and (14.9) once again, we see that 
Kk 2K0 Kkk’ sn(z0) sin sng — 
— K — = = 42,/x(1 — 

en( л ) x dní(z0) 224 x 


T X Ti — x sin? n 
Hence, the third line of our table has been verified. 
The first line of the table is now an immediate consequence of the second 
and third lines, and the fourth line follows readily from the second line. 


Entry 16 (Second Part). With 0 and q related by (14.8), 


(i ў (— 1)" cos(2n + 1)0 | jas cos @ 


£9 sinh(iQn-c Dy} _ JA — x sin? o 


X о (—1)'sin(2n + 1)8 m Apr; ee R sin ф 
y À cosh {3(2n + 1)y} TUER Я — x sin? 


Z CSC ф, 


(ii) aco асшы 


2 ебу р 


о (— 1)" cos(2n + 1)0 


(iv) sec 0 +4 2 QAI = 2800 Ф 1 — x sin? g, 
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and 


© Le 1)" sin(2n + 00 _ ‚° 


PROOF OF (i). Replace 0 by іл — 6 in Entry 15(iii) and employ the first part of 
Entry 16 to deduce the desired result. 


Pnoor оғ (ii). Replace 0 by 4x — 0 in Entry 15(ii) and use the table in the first 
part of Entry 16. 


PROOFS OF (iii), (iv). We employ the Fourier expansion (Whittaker and Watson 
[1, p. 512]) 
dn(z0) _ sec 9 4 œ% (—1)" cos(2n + 1)0 " 
en(z8) = dc(z0) = Dx gm» 1 $ [Im 6| < зу. 


Utilizing (14.1), (14.8), and (14.9), we find that 


n __ in? 
«c0 4 $C 1) cos(2n + 1)0 _ 2/1 — х sin* o 


еб» _ | cos ф : 


which is (iv). Replacing 0 by іл — Ө and using the table from above, we 
complete the proof of (iii). 


PROOF or (v). Integrating Entry 16(iv) over [0, 0] and noting that 


d п Ө 
16 Log tan (+ ;j- sec б, 
we find that 


o (— 1)" sin(2n + 1)0 
VEU (5+ 5) +4 2 One Dem т) 


8 - Ф л Ф 
= | zsecg,/1~xsin? ф40 = | seco do = Log tan|— + = |, 
б 0 4 2 
by (14.10). 


Entries 16(ii1)-(v) are somewhat mysterious in that Ramanujan had not 
recorded the Fourier series of dc u, which we used in our proofs, or the Fourier 
series of ns u, which could have similarly been employed. 


Entry 17. Let 0 and ф be related by (14.8). Define L, as in Section 9 of Chapter 
15, by 


Le ?)- 1-24). AT 


Then 
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(i cos 0 JE n? M i cos ф JA x sin? о, 


sin? 6 sin? 9 
" 1 о n cos(2n@) 2? E" 
(ii) sin? 0 "€ E е2" =1 = sin2 Фф = 422(1 + х) F iL(e >), 
2n0 
(iii) cot 0 +4 > = _ ) 


Ф 
= 2 сої ф Гаек: | \/1 — xsin? ọ do 
|" ./1—x sin? ф dg, 


and 


© i 1 e 0 n/2 
(iv) | ET TP ./1 — x sin? ọ dg. 
o o 


„z1 sinh(ny) 


We are not sure how Ramanujan deduced these formulas, of which (ii) and 
(iv), according to Whittaker and Watson [1, p. 520], are due to Jacobi. In our 
proofs below, we rely on formulas from the theory of elliptic functions not 
recorded by Ramanujan but which are all found in Whittaker and Watson's 
book [1]. 


Proor or (ii). From Whittaker and Watson’s treatise [1, p. 535, Exercise 57], 


Š 2п@ 
z? ns СТЕК i n 2 


; ‚ 00) 


where 


x/2 
2 | erm (17.2) 
0 


the complete elliptic integral of the second kind. Using (14.1), (14.8), and the 
definition of ns u, we may rewrite (17.1) in the equivalent form 


o n л. 2? ‚ 2zE 
—BÀÓ ^ — =; 17. 
csc? 0 — ou Sr 09 s (17.3) 
It therefore remains to show that 
E 
Це?) = Las 2z? + х2?. (17.4) 
л 


Now (Whittaker and Watson [1, р. 521]), 
dK E К 
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If we convert this equality into Ramanujan's notation and solve for E, we find 
that 


dz 
E = пх(1 — х) + 1л2(1 — х). 
Putting this expression for E into (17.4), we find that it suffices to prove that 
—2 dz 5 
L(e ^) = 6х(1 — х)2 Tx + 22(1 — 2x). 


But this equality is precisely Entry 9(iv) in Chapter 17, and so Entry 17(ii) is 
established. 


PRoor OF (i). Differentiating (ii) with respect to 0, we obtain the equality 


p 908 0 + 6 È ср n? ДЕ EX = Фф do | 
= sin* o 40 
But by (14.10), do/d0 = 2,/1 — x sin? q, and so (i) is immediate. 
PROOF OF (iii). We first show that the derivatives of the left and right sides of 


(iii) are equal. Differentiating (iii) with respect to дара using (14.10), we deduce, 
after some simplification, that 


ncos(2n0)  , 


e 2 
—csc? 0 + 8 2 евр 7? — z? osc? @ СЕ, 


where E is defined by (17.2). But this equality is precisely (17.3), which we have 
seen is another form of (ii). Thus, it remains to show only that (iii) is valid for 
just one particular value of 0. Recalling that 0 = л/2 if and only if ọ = 7/2, 
we readily see that (iii) holds when 0 = z/2. 


PROOF OF (iv). We first write (iv) in a more traditional form 


ү пол) БЕШ) ЕЕ (17.5) 
н=1 sinh(ny) n ш 


where 


Ф 
нө - | ./1 — x sin? ọ dg, 
0 


the incomplete elliptic integral of the second kind. We now see from Whittaker 
and Watson's text [1, pp. 518, 520] that (17.5) may easily be translated into a 
result of Jacobi, and so appealing to Jacobi, we complete the proof. 


In Section 18, Ramanujan considers equations of the form 
Q(x, e”, 2, 0, ф) = 0. (18.1) 


He transforms certain parameters and determines the effect of these changes 
on the remaining variables. The procedures he establishes are therefore analo- 
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gous to the processes of duplication, dimidiation, and change of sign described 
in Section 13 of Chapter 17. 


Entry 18(i). If 0 is replaced by 46 and y by $y in (18.1), then 


к ae е7, (1 + A/x)2, 50, Hp + sin"! (x sin e») = 
+ 


Pnoor. Changing y to ¿y yields the process of dimidiation described in Section 
13 of Chapter 17. Thus, we only need to examine the effect on q. 

Consider Entry 15(iv). Replacing y by 1y and 0 by 20, we find that the left 
side of Entry 15(iv) becomes 


10 @  Sin(n8) _ i 
26 T n cosh(ny) use) 
On the other hand, by Entries 15(iv) and (v), 
}( + sin (\/x sin ф)) 
109, €  Sin(2n0) 2 sin(2n + 1)0 
TR 2, 2n cosh(32ny) + (2n + 1) cosh($Qn + 1)y} 
m o — sin(n8) 
d x n cosh(iny) 089) 


It follows from (18.2), (18.3), and Entry (iv) that @ is transformed into 
5(ф + sin! (x sin ф)), as desired. 


Entry 18(ii). If 0 is replaced by ix — Ө and e? by —e™”, then 


o( = г —e?, 24/1 =x, 4x 04кө) =0 


Proor. Changing е? to —е " means that we are “obtaining a formula by a 
change of sign," which is discussed in Section 13 of Chapter 17. Thus, we need 
only examine the effect on д. 
If we replace 6 by л — 0 and e~” by —e™ in Entry 15(iv), we find that the 

left side is transformed into 

T о (—1)"" sin(2n0) 

іт E кон ес 
(— 1)" cosh(ny) 


c sin(2n0) 
„z1 cosh(ny) 


1 


1 
a = 70 — Ф, 


by Entry 15(iv) once again. Thus, q is converted into x — q, and this com- 
pletes the proof. 
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Entry 18(iii). If е? is replaced by —e ?, then 


x - _ cot 9 
Q ,—e „= 6,000" ( ))=• 
C Jl-x 


Proor. As in the proof of Entry 18(ii), we need only determine the transforma- 
tion on @. 
From Whittaker and Watson’s text [1, p. 512], (14.1), and (14.8), 


©, e72" sin(2n0) 
1 = УУ суз 
1 (co d рУ 1+ e7?” ) 


sn(z6) = cot ф. | (18.4) 


Replacing е7? by —е7>, we find that the left side of (18.4) is transformed into 
© pp 2ny сі 
cot —4 Y e e) _ cote 


1 
aa = 1+е27 J fy’ 
by (18.4) again. Hence, cot ф is converted into (cot ф)/,/1 — x, and this 
completes the proof. 


Ramanujan (p. 223) incorrectly asserted that cot is changed into 
1 — x cot 9 above. 


Entry 18(iv). Let 

2'= ,Е,(5,1;1;1— х) and у = n. 
(Thus, у and z' arise when x is replaced by 1 — x or К? is replaced by k^.) If 
0 is replaced by i0z/z' and y by y', then 


о(; — x, €”, 2', 102/2', i Log tan Е + 2) = 0. 


Furthermore, sin q is converted to i tan ф and cos ọ to sec q. 


ProoF. It is clear that it suffices to examine the effect on д. 

By (14.1) and (14.8), sn(z0) = sin ф. Applying the indicated transforma- 
tions, we find that sn(z0) is converted into (Whittaker and Watson [1, pp. 505, 
494]) 
ѕп(02') 


— — =itan@g; 
en(0z) ^ ^9 


sn(ióz) = і ѕс(02') =i 

that is, sin ф is transformed into i tan q. 

By (14.1) and (14.8), cn(z@) = cos g. Applying the given transformations, 

we see that сп(20) is transformed into (Whittaker and Watson [1, pp. 505, 
494]) 
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1 


cn(iüz) = conlz = coe 


that is, cos ¢ is sent into sec g. 
Lastly, ф is transformed into 


sin ! (i tan ф) = i Log а = і Log tan E t 4) 


after an elementary calculation. This completes the proof. 


Entry 19(i). Let an ellipse of eccentricity e be given by x = a cos ф, у = b sin Фф, 
0 x ф x 2x. Let P = (a cos q, b sin ф) and A = (а, 0). Then L(AP), the length 
of the arc AP, is given by 


9 
Lap =a | ./1 — е? cos? 9 do. 
0 


Of course, this formula for L(AP) follows from elementary calculus just as 
in Section 3. This formula for arc length is apparently due to Legendre [1, 
p. 617]. 


Entry 19(ii). Let a hyperbola of eccentricity e be given by x = a sec ф, y= 
b tan ọ, 0 x ọ < 2л. Let P = (asec o, b tan ф) and А = (a, 0). Then the arc 
length L(AP) is given by 


9 
L(AP) = a tan ф./е? — cos? 9 — a| Je? — cos? ф аф 
0 


p d 
+2 | MEN NEN 
а Jo „/е2 — cos? ф 


Proor. Using the standard formula for arc length, we find, after some simplifi- 
cation, that 


e 
L(AP) =a | sec? oA / e? — cos? ф dg, 


0 


where e = (1/а), /а2 + b?. Integrating by parts, we arrive at 


Ф in? 
ЦАР) = атаа [P - e o a | —_————4 
o ./e? — cos? ф 


9 
= atan ө/# cox? = a | JJ €? — cos? ф do 
о 


е 1 — cos? 
t «| (ve — cos? ф E de. 
o J €) — cos? 9 


Upon simplifying the last integral above, we complete the proof. 
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Entry 19(ii) is due to Legendre [1, p. 652], although it is closely connected 
with Landen's [2] earlier work in 1775 on the expression for a hyperbolic arc 
in terms of the difference between two elliptic arcs. 


Entry 19(iii). Let the perimeter L of the ellipse x =acost, y= b sint, 
0 < t < 2л, be given by 


L — n(a + b)(1 + 4 sin? 10), 0x0zm, (19.1) 
where 
f а — Ь\? 
sin@=./xsing and х= E т ;) . (19.2) 


Then when e = 1, ф = 30°18'6”, and as e tends to 0, ф tends monotonically to 30°. 


Our statement of Entry 19(11) is somewhat stronger than Ramanujan’s, 
who says that ф “very rapidly diminishes to 30? when e becomes 0.” 


Pnoor. We first show that o > 2/6. From (3.2), (3.6), (19.1), and (19.2), 
3— 2/1 -— xsin? ọ = 1 + 45іп? 20 = Y ах",  |x|«1. (193) 
n=0 


From (19.3), (3.7), and Theorem 1 in Section 3, it follows that 


3— /4—xx3-—24/1-— xsin? ọ. 


Solving this inequality, we find that sin? o > 1/4, or g > 1/6. 
Second, we calculate o when е = 1. Thus, x = 1 and 0 = о. Therefore, from 
(19.1) and (3.2), 


4 
1 + 4sin? 39 = ;Fí(-$, - 1; 1) = =; (19.4) 
by Gauss' theorem (Bailey [4, р. 2]). Thus, 


sin? іф = LM І = 0.0683098861. 


E 


It follows that ф = 30?18'6". 
Third, we calculate ф when e = 0. From (19.2) and (19.3), 


ay 522 4 
NM . Ssin^O |. 4sin* 50 
lim sin? ọ = lim = lim ———— 
x0 x20 X x0 X 
oo 
wx" 1 
= lim ™— =q =-. 
x70 x 4 


Thus, ф tends to 2/6 as e tends to 0. 
Fourth, we show that ф is a monotonically increasing function of x. From 
(19.3), 
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5 2 
4(1 — x sin? g) = (2 – У sa) Й 
n=1 


or 


In order to show that ¢ is increasing, it suffices to show that if we write the 
right side above as a power series in x, then all of the coefficients are nonnega- 


tive. Putting 

© 2 со 

(Дж) дт 

n=1 n=2 
we observe that it suffices to show that 

An € 4a, п > 2. 

We first prove that 
1 1 1 1 


— + > + ,  1<т<%(п—1). 
a, Anr @® н An-r-1 


Using the definition of o, in (3.7), we find that 


i 1 
®ы A (n= 207 + Han 
1 1 — (r-3YQn -2r - 3a, 
9, 0,4 
(п ЕЧ rya,.., 
^ e-o 


Leere 320 г 92 


Т (ев 1006412) (rtp 


Thus, (19.7) has been established. 
Upon successive applications of (19.7), 


Wife. ve daga c igi 


< < E x0, 
Q4 + 9,1 %+%,-2 03 + 9,3 
where 
la, ifn = 2m, 
oO, = QC " 
—— mi idfn-2m + 1. 


Am F Oe 


Hence, by (19.5), 


(19.5) 


(19.6) 


(19.7) 


(19.8) 
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n-i —1 
A, = Y, оа,_;< 20, Уз 
Ж =1 


© 4 
< 20, У а = 20, G — j. (19.9) 
jel n 
by (19.4). 
Next, we determine those values of n for which 
Ont? cn (19.10) 
On Xn 


First, let n = 2m. Thus, by (19.8), we investigate when 
m1 « O5m42 . 
Om Om 
This inequality is equivalent to 
(m—3? _ (2m +3) (2m — 3)? 
(т + 1)? ^ (2m + 2)?(2m + 1)?” 
It is easily verified that this inequality holds for each positive integer m, and 
hence (19.10) is valid for every even integer n. 
Second, let n = 2m + 1. Thus, from (19.8), we wish to determine when 
@м+2(@һ + Amt) ames 
mn (Sm +4 + Om+2) 2 X2m+1 
After some simplification, this inequality 1 is found to be equivalent to the 
inequality 
(m + iPQm? + т + $) m+ 3y! Qm + 1 
2m + 5т+ i] ~ = 4(2m + 3)? 


After some additional manipulation and computation, we find that this in- 
equality is valid for m > 3 but not for m = 0, 1, 2. 

In conclusion, (19.10) is true for n = 2, 4, 6, 7, 8,9, ... . It follows from (19.9) 
that, if n is even, 


А, < m(t- ) = 2 A(t ) «4m, n>4, 


Q4 Nt 25 
and if n is odd, 
w. (4 409600 /4 
A sag, —| = 1 )=2 —~-1)<4 > 7. 
m xe ) 96921 (: )< We. те 


Now, 4, = a? = i5 = 402, Аз = 20,0, = 11g = 203, and A, = 2(a,04 + 003) 
= 29/215 = 38a,. Hence, (19.6) has indeed been established, and this com- 
pletes the proof. 
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Entry 19(iv). Consider the same ellipse as in Entry 19(iii), but now set 


eae J 
L=n(a+6)(1+ anil ) 0<0<n, (19.11) 


2 + cos? $0)’ 


where 


; a—bV 
sin Ө = J/xsino and «= (22). 


Then when е = 1, ф = 60?4'55", and when е = 0, ф = 60°. 
Proor. First, we prove that if e = 1, then ф = 60?4'55". When e = 1, it follows 
that x = 1 and 0 = q. Thus, from (3.2), (19.11), and (19.4), 

sno _ sin? 0 


2 + соз jọ | 24008716 Roh —3; 1; 1) = 


ale 


It can be verified numerically that ф = 60?4'55" is the solution of this equation. 
Second, from (19.11), (3.2), and (3.6), 


sin? 0 sin? 0 
lim sin? ф = lim = 3 lim — — —j4Az. 
x0 £ x20 X х-0 X(2 + cos? 10) 
у ах" 3 
= 3 lim" = 34 =- 
x70 x 4 


Hence, 9 = 2/3. 


Although we have satisfactorily proved Ramanujan’s assertions in Entry 
19(iv), our result is weaker than Entry 19(iii. As we showed in Theorem 2 of 
Section 3, 


NEN AN 2x sin? ф 
эх" —1- . (19.12) 
torda =, 5+./1—xsin? ọ 
It easily follows from (19.12) that 
3 4 sin? ф 
r < ы. (19.13) 
5+./1—3x 5 +,4/1 + хіп? ф 


Now the right side is an increasing function of sin? o. When sin? ọ = 2, we 
have equality in (19.13). Thus, (19.13) implies that sin? ф > 3; that is, 9 > 7/3. 

It seems quite likely that as e decreases from 1 to 0, ф decreases monotoni- 
cally from 60°4’55” to 60°. However, the calculations seemingly needed to 
prove this conjecture appear to be rather laborious. 

Villarino [1] has strengthened Entries 19(iii) and 19(iv) by developing 
power series expansions for ¢ in terms of the eccentricity e. 

Villarino has offered a very credible explanation for Ramanujan's rep- 
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resentation (19.11). (A similar argument can be made for (19.1).) Setting 
t = x = (a — b)*/(a + Б)? in (3.5) and (3.6) and noting that sin? (7/3) = 2, we 
see that 


4x sin? (7/3) 


m SI sin?(n/3)  —ixsin?(n/3)  —lxsin?(z/3  —lixsin?(n/3) 
+ 


Now replace the kth numerator of the continued fraction by — 1x sin? (1/3 + 
а). Thus, à, = а, = a; = 0, but a, # 0. Next, replace 2/3 + a, by ọ for each 
k, 1 € К< oo, and also replace 4x sin? (л/3) by 4x sin? q. Lastly, set 
sin Ө = ./x sin ф. Then, formally, 


1 sin? 0 
F,(—4, —4; 1; x)= 1+ 3 
EC —2 ) i+! —jsin?@ —}sin? 0 
3 1 + 1 + 
sin? 0 


ae Өй) 


2p sin? 0 
|^. 2 + cos? (0/2) 
Hence, by (3.2), we have established a heuristic derivation of (19.11). 


Corollary (i). Let the perimeter L of an ellipse be given by 


= s(a b) n^, 0x6 «a2, 
where 
tan 0 = ./x cos and x= gut (19.14) 
Є ? "ab | 


Then as e increases from 0 to 1, ф decreases from n/6 to 0. Furthermore, ф is 
approximately given by 


/ = 2 — р\2 
ene bo + cigap Ма D — 171055" (555) | 


a+b +b 


Proor. We first examine the case e = 0. Then x = 0 and 0 = 0. From (3.2) and 
(3.6), 
tan 0 Ф 
= 1440? + BO mlh ik= У ых", (0915 
п=0 


for |0| < 2/2 and |x| < 1. Thus, from (19.14) and (19.15), 
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lim cos? ọ = lim tan? 0 = li 0? tan? 0 
x70 5 x70 x ul x70 X e? 
© © 2 
3Y a,x" У ax" 
lim —— sae = 3%, = 3 
x70 x 1 4 


Hence, ф = 7/6. 
We next determine g when e = 1. Thus, x = 1 and tan 0 = cos g. From 
(19.15) and (19.4), 
tan 0 
0 


Mt 


x=1 n 


(19.16) 


Hence, 0 = 2/4 and ф = 0. 

It appears to be extremely difficult to show that as x goes from 0 to 1, o 
monotonically decreases from 1/6 to 0. However, we can show that 0 < 9 < 7/6. 
As a first step toward this end, we show that g(x) := (tan ! x)/x is a monotoni- 
cally decreasing function of x for x > 0. Now, 

1 tan ! x 
x(1 + x?) x^ 


EE 1 (= du 
(1+2) x?Jyicx 


1 [* 1 1 
= — du « 0. 
al (i 2) eS 


It follows that g is monotonically decreasing for x > 0, as claimed. 
Suppose that we can show that, for 0 < x < 1, 


1 =i am ИА 
19.17 
TE "V E 25! idi ^ un Е tan? J/x' ( | 


Since x/tan ! x is increasing, it follows that 
1 /3x < tan 0 < J/x, 


g'(x) = 


or 
3<cosg xl; 
that is, 0 € дф < z/6. Thus, it remains to establish (19.17). 
In Chapter 12, Section 18, Corollary 1 (Part II [9, p. 133]), Ramanujan 
records the continued fraction 
2 2 2 
a. * x (2х) (3х) 
Е ae ыла aut 


where here we take x > 0. (For a proof, see Perron’s book [1, p. 155].) It 
follows that 
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tan! x ч 1 
х 1+ x?/3’ 


or 


x 
Es I 1+ ix? 
tan x 


Hence, for 0 < x < 1, 


і /3x : 20 a 
«lcix«Y a,x", 


tan ! (4 /3x) п=0 
which establishes the first inequality of (19.17). 
To prove the second inequality in (19.17), first define 


G(x) := tan! — ух 
(9 := tan! x — У, 
where F(x) = ,F,(—1, —4; 1; x). We want to show that G(x) 06,0 x « 1. 
An elementary calculation gives 


2. /x(1 + x)F^(x)G'(x) = F?(x) — (1 + x) F(x) + 2x(1 + x) F'(x) 
= —1х+ uk (19.18) 
п=2 


where u, > 0,2 € п < oo. Equality (19.18) shows that G'(x) < 0 for x > O and 
x sufficiently small. It is also clear from (19.18) that G'(x) = 0 at most once on 
(0, 1]. But since G(0) = 0 and G(1) = 0, by (19.4) (or (19.16)), it follows that 
G'(x) = Oexactly once on (0, 1). Hence, G(x) x OforO < x < 1. Thus, the proof 
of (19.17) is complete. 

Lastly, we establish Ramanujan's unusual approximation for ф. We ob- 


serve that 
2./ab 
a+b 


1-x- 
and 
b | 
Ма 2004-00 


Thus, Ramanujan is attempting to find an approximation to ф of ће form 


JA — x(A + B(1 — /1— x} + Cx), (19.19) 


which will be a good approximation both when x is close to 0 and when x is 
near 1. Our task is then to determine A, B, and C. 

First, we find an approximation for ф in a neighborhood of x = 0. From 
(19.15), we seek an approximation for 0? in the form 


9? = 3a,x + рх? +, 
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where p may be determined by the equation 
«ух + ax! ++ dax рх? o) BBa + рх? xe Y + 
Equating coefficients of x? on both sides, we find that 


— 1) 4 g2 
€; = 3р t 501. 


Solving for p, we find that р = — 55. Hence, 
tan? 0 9? 
cos? ф = 9 ZT tax + Sext) 

= + 3х + 

Now write 

a 

= + х +: 
Ф В 

Then 

$ + £x +7 = cos? (n/6 + Bx +7) 


= ҢІ + соѕ(л/3 + 2Bx  --)) 
= 4(1 + $ соѕ(23х +) — (/3/2) sin(2fx + ---) 
= Ц + 2822 3x) 
Equating coefficients of x on both sides, we deduce that f = —21,/3/160. 


Hence, in a neighborhood of x = 0, we have the following approximation 
for o: 


dle 21/3 O(x?). (19.20) 


Next, we want to approximate ф in a neighborhood of x = 1. As seen earlier 
in the proof, 0 is then in a neighborhood of z/4. A straightforward calculation 


yields 
апе 4 8(л – 2) л 
0 xz m (0 z) mm 


л| л 
—-|<-. 9.21 
0 1 < 1 (19.21) 
Now jF,(—1, —4; 1; x) is not analytic at x = 1. However, for x in a neigh- 
borhood of 1, we can deduce that (Erdélyi [1, p. 110, Eq. (12)]) 


ae. ici opu ta edepol 909) 
(8 т т 
Comparing (19.21) and (19.22), we deduce the approximation 
л л 
=— + (x — — 19. 
0 4* 8-23" 1) + o(x — 1), (19.23) 


as x tends to 1. 
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Lastly, we need the elementary expansion 


1 
ке xD D Ix — 1| <1. (19.24) 
x 
Thus, from (19.22)-(19.24), we conclude that, as x tends to 1, 
gis tan@ 0 
0 J/x 


л 


4 1 
x (1 — х — 1) + o(x — 1)) 


4— л 
cR oe 
Since cos o = 1 — 19? + ~, we find that 
4—т 


or 


4—m 
= So 1— EX E 
o= |[5——уу/1—Х+ о(/1— x) (19.25) 
as x tends to 1—. 


Our last task is then to use (19.20) and (19.25) in (19.19) to calculate A, B, 
and C. When x tends to 0, (19.19) tends to A. Thus, A = 1/6 by (19.20). Next, 
examine (р — л/6)/х as x tends to 0. From (19.19) and (19.20), we find that 


21/3 
—1А+1В+С= Еа (19.26) 


Now check g/,/1 — xas x tends to 1 —. From (19.19) and (19.25), we see that 


4—7n 
A C= /~—_. 19, 
+В+ 4 (19.27) 


Using the value А = z/6 and solving (19.26) апа (19.27) simultaneously, we 
conclude that 


Bog tem 21/3 я _ 0.1101935 


л 4—т 21,/3 
cc YS zc 1. 
C 3 оа 30 0.020629 


Converting A, B, and C to the sexagesimal system and substituting in (19.19), 
we finish the proof. 


and 
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Before stating Corollary (ii), we describe a geometrical diagram given by 
Ramanujan. Consider an ellipse x = a cos u, y = bsinu 0 < u < 2n, with C 
as the center, A — (a, 0), and B — (0, b). Let AN be perpendicular to AC. With 
P and О on the negative and positive x-axes, respectively, let CP = CB = CQ. 
Choose a point M on AN such that L MPN = 1 L АРМ. Furthermore, put 
9 = |. МОА. Consider now a circle centered at P with radius PA. Suppose 
that this circle intersects PN at K. Let J denote that point on the circle 
obtained from the radius through B. 

We abuse notation below in that, for example, PN may denote either the 
line segment with end points P and N or the length of this line segment. 
However, no confusion should arise. 


Corollary (ii). Let L(UV) denote the length of an arc UV of an ellipse or circle. 
Suppose that PKN is rotated until 


ШЕ (928 
Then q is approximately equal to 
30° — x(1 — x)(1122" + 32/42"x), (19.29) 
where, as before, x = ((a — b)/(a + b))?. 
Ramanujan states this corollary in a somewhat retrorse manner, because 


(19.28) is given as part of his conclusion. He also made a calculational error 
and so incorrectly asserted that g is approximately equal to 


30? + x(1 — х)(5°19.4' — 6°3.5'х). (19.30) 


Ramanujan [7] also posed Corollary (ii) as a problem in the Journal of the 
Indian Mathematical Society. Villarino [1] has established a stronger version 
of Corollary (ii) in the spirit of Entries 19(iii) and 19(iv). 


PRoor. We first show that ф = 2/6 when x = 0 or 1. Observe that 
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tan 9 = aM 
T arb, 
and so 
\/х tan = AM 
Prat 
Hence, 


AM 
3 tan^! (J/x tan 9) = 3 апт! (4) =#/ АРМ = / АРМ, (19.31) 


by Ramanujan's construction. Thus, if L denotes the perimeter of the ellipse, 
by (19.31) and (19.28), 


AN _ L(AB)L(AK) 


3 tan"! = 4L = = 
tan(3 (ап! (/x tan ф)) = tan L APN a+b (а + b)L(AJ) 


_ L  L(AK) 
~ 4(a + b) L(AJ) 
л L(AK) ioc 
=- QC -4 1; | 
4 L(AJ) 2Е,(—2, —3; 1; х), (19.32) 
by (3.2). 
We now show that 
x L(AK) 
L =- — А 
APN 4 L(AJ) (19.33) 
Since CPB is an isosceles right triangle, / CPB = x/4. Thus, 
(2 APJ)(a + b) = MC + b) = L(AJ). 
Also, 
(4 APN) (а + b) = L(AK). 
Combining the last two equalities, we deduce (19.33). 
Putting (19.33) in (19.32) and employing (19.31), we arrive at 
3 -1 
wawa Ыы канш pii piu, (930 


3 tan“! (J/x tan ф) 


When x = 1, this equality reduces to 


tang) 4 
jo т 
by (19.4). Hence, ф = n/6. 
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For x sufficiently small, 
tan(3 tan! (/х tan ф)) 
3tan'! (/x tan ф) 
= 1443 tan (J/x tan ф))? + (3 ап! (J/x tan o) + °° 
= 1+ 3(/x tan 9 — 4(\/x tan gy +--+? 
+x tang +e + 
= 1 +x tan? ф +. дух? tanto +. (19.35) 


In order to obtain a first approximation for д, we can ignore the fact that р 
is a function of x. Thus, combining (19.34) and (19.35) and equating coefficients 
of x, we find that 


2 tan? ф = 2. 


Hence, we can conclude that ф tends to л/6 as x tends to 0. 

Our procedure now is similar to that in the proof of Corollary (i). We find 
expansions for ф in neighborhoods of x = 0 and x = 1 and combine them 
together. 

Thus, first we write 


E UT ++» 
From (19.34) and (19.35), 
1, _ {т doge cd JE 
gj to" + = ctn (iro Jea tan C PEN + 


Equating coefficients of x? on both sides, we deduce that p = — 11/3/5760. 
Thus, in a neighborhood of the origin, 


л 11/3 j 
Pr 9 7099 


(19.36) 


Next, write 
л 
9 = Et Be 1) +7, 


in a neighborhood of x = 1. From (19.22), (19.34), and a very laborious 
calculation, we find that 


3 (апт! (/x tan(z/6 + B(x — 1) +) 


MEUSE NUNCA ЕЛЕУТ NE 
“tals Se 3 +: 


ы. ЧОПО ТО, 
т n 
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Equating coefficients of (x — 1) on both sides and solving for f, we deduce that 


jacit an 


~ 12n—24 8^ 
Thus, in neighborhood of x = 1, 


6 \l2n—-24 8 


We now want to combine the two approximations (19.36) and (19.37) into 
an estimate of the sort 


е=к+( 2 Be 1) + o(x — 1). (19.37) 


ф = А — x(1 — x)(D + Ex). (19.38) 
Examining (9 — л/6)/х as x tends to 0, we deduce from (19.36) and (19.38) that 


11/3 
D = У = 0.0033077. 
5760 


Examining (o — z/6)/(x — 1) as x tends to 1 —, we see from (19.37) and (19.38) 


that 
pde uS. 
12n—24 8 
Thus, 


Em м3 1/8 0.0095141. 
12n—24 8 5760 


Putting these values of D and E in (19.38) and converting the numbers into 
the sexagesimal system, we complete the proof. 


In a note following Corollary (ii, Ramanujan indicates a third value 
(besides x = 0 and x = 1) at which Ф = 2/6. He also records the values for 
which his version (19.30) of (19.29) achieves either a local maximum or mini- 
mum. In fact, from (19.29), we see that on 0 < x < 1, the value z/6 is achieved 
only at the end points. An elementary calculation shows that (19.29) has a 
local minimum 29^52'33", This value is obtained at x = 0.6213949 or e = 
0.9929672, since e = 2х14/(1 + ./x). 

In Entry 20(i), Ramanujan attempts to “square the circle.” His approxima- 
tion in doing so is highly accurate and was given in his paper [1], [10, p. 22]. 
Since Ramanujan gave few details in [1], and since his argument is not very 
long, we give it below. 


Entry 20(i). Let O be the center and PR a diameter of a circle. Bisect OP at H 
and trisect OR at T; more precisely, OT = 2TR. Let TQ be perpendicular to 
OR, where Q is a point on the circle. Let RS = TQ, where S lies on the arc QR. 
Let OM and TN be parallel to RS, where M and N lie on PS. Let PK = PM, 
where K lies on the circle but on the opposite side of PR from Q and S. Draw 
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PL perpendicular to OP and of length equal to MN, with L on the same side of 
PR as K. Let RC — RH, where C lies on RK. Draw CD parallel to KL, where 
D lies on RL. Then 


355 
221pg2.——7. 
RD? = РЕ. 


(We have again abused notation in that, for example, RC denotes the line 
segment with end points R and C as well as the length of this line segment.) 


In fact, Ramanujan says that the area of the circle is (approximately) equal 
to RD?. Thus, he is approximating л by 


355 
d^ 3.14159292, 


which differs from л by about 0.00000027. According to notes left by 
G. N. Watson, this approximation to л was discovered by the father of 
Adrian Metius. It might be recalled here that Hardy related that Ramanujan 
[3, p. xxxi] had "quite a small library of books by circle-squarers and other 


cranks." 
Proor. For brevity, set d = PR. Thus, PT = 2d and TR = 14. Therefore, 
(2d)? + QT? = РО? and (14)? + ОТ? = OR’. 
Adding these equations and solving for QT’, we find that 
ОТ? = $d’. 


n 


Also, 
PS? = d? — RS? = d? — ОТ? = 314? (20.1) 
and 
PK? = PM? = (3d)? — OM? = (4d)? — (GRS) = did". 
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Thus, 
PL? = MN? = (PSY = 34d? 
and 
RK? = PR? — PK? = 1342 
So, 
RL? = PR? + PL? = 33342. 
Finally, 


RD 3RD 3RL 3 [355144 1 |355 
PR 4RC АКК 43 324113 2V 113 
The desired result now follows. 
In a note following Entry 20(i), Ramanujan remarks that “RD is ;lsth of 


an inch greater than the true length if the given square is 14 square miles in 
area.” Indeed, for a circle of area nd? = 14 x 63360? (in square inches), 


355 


ел8) 


= 0.0100653026, 


which justifies Ramanujan's claim. 
The two mean proportionals between a and b are the two values x and y 
defined by 


Corollary (i). Inscribe an equilateral triangle of side ¢ in the circle of Entry 
20(i). Let m denote the first of two mean proportionals between ¢ and PS. Then 
m/Gds/ n. ) differs from unity by approximately 1/30,000. 


Pnoor. First, from elementary geometry, / = 1/34. From (20.1), PS = MEI 
Thus, solving 


for m, we find that m = 4d(31)"*. Now, 
m (310)46 : 


kd Jn ee — 29630» 


which justifies the stated approximation. 
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We have rephrased and clarified Ramanujan's version of Corollary (i): “One 
of the two mean proportionals between a side of an equilateral triangle 
inscribed in the circle and the length PS is only less by 30000th part of it than 
the true length.” In summary, Ramanujan has taken (31)? as an approxima- 
tion to z. In fact, 


(31)!5 = 3.1413807, 
which differs from x by about 0.00021. 


Corollary (ii). If we approximate x by (971 — +1) in the expression ld /m, 
then if a circle of one million square miles is taken, the error made is approx- 
imately 1/100th of an inch. 


Proor. Let ind? = 109 х 63360? square inches. Then 
3d /n — 34974 — 10)" 
(975 — 5) 


Um 


= 10° x 63360(1 ) = 0.0101561291, 


which justifies the given claim. 


Recall that the approximation (974 — +)!“ to л is given in Section 3. Our 
version of Corollary (ii) clarifies Ramanujan’s original statement (p. 225). 

The appearance below of Entries 20(ii) and 20(iii) is enigmatic indeed; there 
does not seem to be any connection between these entries and any other result 
in Chapter 18. 

Entry 20(ii) is due to Euler [2], [4, pp. 428-458] and was rediscovered a 
century later by Hoppe [1]. Because the result is not widely known and a 
short proof can be given, we provide a proof of Entry 20(ii). 


Entry 20(ii). Parametric solutions of the equation 
АЗ + ВЗ = С? 
are given by 
A = 3n? + 6n? — n, 
В = —3n? + 6n? +n, 
and 
C = 6n?(3n? + 1), 
where n is arbitrary. 
Proor. Assume that 
A+ В = 12п?. (20.2) 
Thus, factoring А? + B?, we find that 
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С? 
A? — АВ + В? = Тә? 
where we may assume that n # 0. Thus, 
(A — В)? = $(4? — AB + B?) — 3(4? + 2AB + B?) 
2 


= a — 48n*. (20.3) 


We next assume that C can be written in the form C = n?(an? + В) for some 
pair of integers х, f. Furthermore, we would like to write 
(A — BY = $n? (an? — py. 


From (20.3), we see that if we choose « = 18 and f = 6, both of these require- 
ments can be met. Thus, we obtain the proposed formula for C, and we find 
that 


A — В = 6n? — 2n. (20.4) 


Solving (20.2) and (20.4) simultaneously, we derive the proffered parametric 
equations for A and B. 


Entry 20(iii). Parametric solutions of the equation 
АЗ + B? + C? = р? 
are given by 
A = m! — 3(р + 1)m* + (3p? + бр + 2)m, 
B = 2т® — 3(2p + 1)т? + (3p? + 3p + 1), 
C = m$ — (3p? + 3p + 1), 
and 
D = m — 3pm* + (3p? — 1)m, 


where m and p denote arbitrary numbers. 


This classical diophantine equation was perhaps first seriously discussed 
by Viéte [1] in 1591. Euler [2], [4, pp. 428-458] completely solved the 
problem by finding the most general rational solution; Ramanujan's solution 
is less general. A general solution may be found in Hardy and Wright's text 
[1, pp. 199—201]. Now, in fact, sometime later, Ramanujan did find the most 
general solution and recorded it in his third notebook. See Berndt’s book (11, 
Chap. 23, Entry 50] for details. A general solution in rational integers is not 
known. Many papers have been written on this venerable diophantine equa- 
tion, and one should consult Dickson's book [1, pp. 550-561] for further 
references. In particular, there exist many ways in which to formulate solu- 
tions. Thus, we briefly indicate how Ramanujan's solution can be gotten. 
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PnRoor. Some algebraic manipulation shows that the given equation may be 
put in the form 


(В + С){3(В — C + (B + Cy) = (р — A)(3(D + А)? + (D — А)?}. (20.5) 
Assume that 


B+C_ , 


(The most general solution, in fact, is obtained by putting (B + С)/(р — A) = 
m? + 3k?) After some additional manipulation, (20.5) can then be written 


3{m?(B — CY — (D + A) = (1 — m9)(D — Ay. 
Now define n by 
m(B — C) — (D + A) = nm(1 — т). (20.7) 
Thus, 


3n(m(B — C) - (D + A)} = (20.8) 


(D — Ay 
C M 
From these last two equations, we see that multiplying A, B, C, and D by the 
same constant has the effect of multiplying n by the same constant, and 
conversely. Thus, without loss of generality, we can set n — 1. Solving (20.7) 
and (20.8) simultaneously for B — C and D + A, we deduce that 


1 
B—C-i(1-— m9) + — (D — AY 20. 
КІ — тб) + — D — A) (20.9) 
and 
1 6 1 2 
р + А = –5т(1 – т )+ = – 4) ; (20.10) 
Lastly, we solve for A, B, C, and D in terms of m and D — A. To avoid 
fractions, we introduce another parameter p defined by 


D — A = 3m(m? — 1 — 2p). (20.11) 


The remainder of the proofis quite straightforward. Equalities (20.6) and (20.9) 
yield the proposed values of B and C; equalities (20.10) and (20.11) give the 
stated formulas for A and D. 


Entry 20(iii) was discussed by Watson in his survey paper on the notebooks 
[5]. 

Ramanujan offers several examples to illustrate Entries 20(ii) and 20(iii). 
For each example, we append the values of the parameters needed to produce 
the example. 
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(115? + G) = 392 (п = 2) 
(3 — 163)? + (xs)? = (535)? (п = 3) 
(33)? -GP =(65" (п = 5) 
(3104)? — (т04)° = (500)? (п = 3) 
113 + 379 2208 (п = 1) 
713 — 233 = 588? (n= 4) 
33544545526 (m=p=2) 
13 + 123 =9 + 10? (т= 2,р = 3) 
1? + 753 = (703? + (411) (т = 3, p = 11) 
33 + 5093 + 34° = 11882 (т = 4, р = 52) 
183 + 193 + 213 = 283 (т = 2,р= 1) 
73 + 143 + 173 = 203 (m=2,p=—1) 
193 + 603 + 693 = 823 (т= 2,р= —2) 
153 + 823 + 893 = 1083 (т = 2, р = —3) 
3° + 36° + 37° = 46° (т = 2,р= —4) 
13 + 1353 + 1383 = 1722 (т = 2,р = – 5) 
23? + 1343 = 95? + 1163 (т = 2,р= – 10) 
1335 + 174? = 453 + 1963 (т = 2,р= — 13) 
15 + 6° + 8° = 9°, 


Observe that the example 1? + 6? + 8? — 9? does not fall under the pur- 
view of Entry 20(iii). Thus, evidently, Ramanujan was aware that he had not 
found the most general solution of A? + B? + C? = D?. The example 1? + 
12? = 9? + 10° was immortalized by Hardy, who, when writing about his 
recently deceased friend, recalled “I remember once going to see him when he 
was lying ill at Putney. I had ridden in taxi-cab no. 1729, and remarked that 
the number (7 · 13: 19) seemed to me rather a dull one, and that I hoped it was 
not an unfavourable omen. ‘No,’ he replied, ‘it is a very interesting number; it 
is the smallest number expressible as a sum of two cubes in two different ways’” 
(Ramanujan [10, p. xxxv]). 

Hardy then asked Ramanujan if he knew the corresponding result for 
fourth powers. After thinking a moment, he replied that he did not know the 
answer and supposed that the first number is very large. In fact, the smallest 
solution 

1334 + 134* = 158* + 59* = 635,318,657 


had been found by Euler [2], [4, pp. 428-458]. 
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Actually, the example 1? + 12? = 9? + 10? was found much earlier by 
Frenicle in 1657. Frenicle and J. Wallis each found several additional examples 
for two equal sums of two cubes. A bitter argument between Frenicle and 
Wallis ensued with each accusing the other of using trivial methods. A descrip- 
tion of this feud may be found in Dickson's book [1, p. 552]. For more 
complete details, see Fermat's Oeuvres [1, Lettre X. Vicomte Brouncker à John 
Wallis, pp. 419—420; Lettre XVI. John Wallis à Kenelm Digby, pp. 427—457]. 

In 1898, C. Moreau [1] found the ten solutions of A> + B? = C? + D>, 
where the sum is less than 100,000. After 1729, the next largest sum is 
4104 = 2? + 16% = 9? + 152. 

The example 1° + 12? = 9? + 10? can also be found on a fragment in the 
publication of Ramanujan's "lost notebook" [11, p. 341]. 


Entry 21. Let x be any complex number, except that x cannot be a pole of the 
functions given on the left sides below. Then 

cosh(z.,/3. x) + 2 соѕ(лх) | 1 
m 3x pue x) — соѕ(лх) 2, /3nx* 

eo v (— 1yn 

+ hs uel 1 (x* + и2х2 + и) (e"" / 5 — (—1)")’ 

л cosh(z,/3x) + 2 cos(nx) + 6 cosh(nx/. /3) A NE 

3 /3x? ee — соѕ(лх) 2nx* 

e © (—1)"п 

cx z3 342 
Р? і х* + n?x? + п“ à (x4 + п?х? + n*)(e^* V3 — (—1)") 


(i) 


x* + n?x? + п“ 


(ii) 


+2Ў—/ (— 1)"пр(п) 
n= = xt + n*x? + п” 


where 
1 
cosh(2nn//3) if nis even, 
sinh(}nn./3) 
pine sinh(4nn/,/3) 
sinh(5zn if nis odd, 
cosh(4 cosh($nn,/3) ) 
(iii) z 7 
„х? е2" /3х = 2e* V 3x cos(nx) + 1 
А 1 1 n 2n 
2 Jax 2x3 3,/3x? 
(ст 
+2 
2 (x* + n*x?  n*) (e 5 — (—1)") 
1 


-iÈ 


xA х? +nx +n?’ 
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and 
v) 2x 1 
\/3х? et Зх _ 297 V cos(3nx) + 1 
Е 1 Е 1 " x 
6,/3nx* бх? 3 /3x? 
c (— 1n 
6 
nai (9x* — 3n?x? + n*)(e^* /5 — (—1)") 
12 1 


х4 3x? + 3nx + ne 


Ramanujan's formulation of Entry 21 (ii) in the notebooks (p. 226) does not 
appear to be correct. 


PROOF or (i). Let 

л cosh(z,/ 3x) + 2 соѕ(лх) 
3 /3x? cosh(z. /Ax) — cos(nx) ` 
We shall expand f into partial fractions. 

We note that f has a quadruple pole at x = 0 and simple poles at x = 


n exp(+ 7i/3), 1 < |n| < oo. After a moderate amount of calculation and con- 
siderable simplification, we find that 


ЈО) := 


(21.1) 


i ni/3 


2 JA $ со@(#лп, /3), if niseven, 
n 
R, exp(—1i/3) = jeril3 
—=— tanh(}nn,/3), ifnisodd, 
2,/3n? 
and 
jg "i? А 
En Л 5 coth(3zn,/3), if niseven, 
n 
R,espinij2) = 2—3 


ie 
— tanh(42n,/3), ifnis odd, 
2,/3n? m5 


where 1 < |n| < oc. 
Consider now the contributions of the four poles +n exp( + zi/3) to the 
partial fraction decomposition of f. For n even, these contributions total 


n 2 
зс Йу EE EA 7 212 
—Ó и) (bo 


while for n odd, they sum to 


n 2 
DRM БИКЕ | е Б) | 213 
Еи Lr (eo 
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where 1 x n « oo. We also find, after a straightforward calculation, that 


Хх) = t 0(1) (21.4) 


1 
2 /3nx* 


in a neighborhood of x = 0. Summing (21.2) and (21.3) over all even n and 
odd n, respectively, 1 < n « oo, and using (21.4), we deduce the partial fraction 
expansion claimed in Entry 21(1). 


Proor or (ii). Let 
h(x) :— f(x) + g(x), 
where f is defined by (21.1) and 


s 2л cosh(zx/, /3) 
22 3, /3x? cosh(x,/'3x) — cos(nx) 


We shall determine the partial fraction decomposition of g and combine it 
with that of f from Entry 21(i) to obtain the partial fraction expansion of h 
claimed in Entry 21 (ii). 

Observe that the poles of g are the same as those for f, with the same orders. 
By routine calculations, for the poles of g, 


zo tif3 1 
ie COS ra v3) ifnis even, 
" Я Jan? sinh(3nn4/3) 
nexp(-7i/3) je"? sinh(4nn/,/3) 5 
= , ifnisodd, 
n? cosh(3nn,/3) 
and 
zp Rijd 1 
e соф) ie 
r _ \{/3п? зїпһ(їлп, /3) 
Jan? cosh(}2n,/3) 
where 1 < |n| < oo. 
The four poles +n exp(+ xi/3) contribute 
1 
2n созһ(3тл/,,/3) , ifn is even, (21.5) 
sinh(4nn,/3)(x* + n?x? + n*) 
and 
а 
2n sinh(}nn//3) if n is odd, (21.6) 


р cosh(4nn,/3)(x* + n?x? + n*) 


to the partial fraction expansion of g. Finally, in a neighborhood of x = 0, 


+ O(1). (21.7) 


1 
g(x) a n/3x* 
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From (21.5)-(21.7), we may determine the partial fraction decomposition of 
g. Combining this with the expansion of f from Entry 21(i), we deduce the 
desired expansion for h. 


PROOF or (iii). Let 
2n 1 
x) = , 
А Bx? etn V3 — 2е* 5* cos(nx) + 1 
which we wish to expand in partial fractions. Observe that f has a quadruple 


pole at the origin and simple poles at x = +n ехр(+ 7i/3), 1 < п < oo. Straight- 
forward, but not quick, calculations show that 


jeri a e77” V312 


- y if niseven, 
" _ | 2,/3п? sinh(4an,/3) 
nexp(—ni/3) — jet 7n J)3n 
= , ifnisodd, 
2, / 3n? cosh(4an,/3) 
and 
RUPEE Jan 
if niseven 
2 apt , i 
Ё "ES 2. / 3n sinh(3zn/3) 
nexp(ni/3) jg "iB gon J3/2 | 
if nis odd, 


| 2, /3n* cosh(3zn./3) 
where 1 < |n| < oo. 


Adding the principal parts for the four poles x = +n exp(+7i/3), we obtain 
the expressions 


x? sinh(4nn,/3) +n? соѕћ(2лп,,/3) 
n? sinh(4an,/3)(x* + n?x? + п“) 


, ifn is even, 


and 
x? cosh(4an,/3) + n? sinh(1zn./3) 
n? cosh(inn,/3)(x^ + п?х? + n*) 
where 1 « n « oo. Lastly, the principal part about x = 0 is found to be 


1 2л л? 


1 
2, /3nx* 26 " 3 /3x? (6x 


, ifnis odd, 


Hence, 
2n 1 
Jax е?" J3* — 2e V" cos(nx) + 1 
1 1 2л 
cod. 


2 3nx* 2x? 3,/3x? 
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1 © п 
х3 аа sh ef м MEET 
(— 1n 
1 (xt + n?x? + n4)(e™V3 — (—1)") 


+2 I 
Replacing л?/6 by Y7., n ?, we find, after a short calculation, that 


x? Y 1 
i n?(x* + n^x? + п“ 


44 Wy + п“ 


1 
ET 
Substituting this into the каше equality, we complete the proof. 


PROOF OF (iv). Let 
1 
Јо) := , 
Ad 2 gin 3x _ 292 /3* cos(3nx) + 1 
which we now expand in partial fractions. We see that f has a quadruple pole 
at x = 0 and simple poles at x = +іп exp(+2i/3)/./3, 1 € n < œ. Routine 
calculations yield 


g 7i gon J3/2 


— —____—_,,_ ifniseven, 
2n? sinh(32n,/3) 
Ryexp(ni/3y/i /3 = "13 оя /3/2 
i ifnis odd, 
2n? cosh(4nn,/3) 
and 
e"iB em” [V312 
- , ifniseven, 
2n? sinh(3zn,/3) 
Ryexp(—ni/3yi/3 = елїЗөлп/3[2 
, ifnisodd, 
2n? cosh(4an,/3) 


where 1 < |n| < оо. 
The contributions of the four poles +in exp(+2i/3)/./3 to the partial 
fraction expansion of f total 


x? sinh(4an,/3) — 3n?x sinh(inn,/3) + 4n3 cosh(3nn/3) 
n ? sinh(4nn,/3)(x* — 3п?х? + gn‘) 
if n is even, and 


x? соѕћ(2лп./3) — in?x cosh($2n,/3 ) + in? sinh($an./3 ) 
п? cosh(4nn,/3)(x* — 4n?x? + 4n*) 
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if n is odd. Lastly, the principal part of f about x = 0 is equal to 


1 1 л л? 


6 /3nx* фз? 3 /3x* (6x 
Summing all of the principal parts, we arrive at 
2n 1 
NES e2* 3x — 29%V/3* сов(3тх) + 1 


A 1 1 " л 
6 /3nx* 6x? 3 /3x? 
л? eo x3 — 3n?x со п 
кде 
be” 2 n*(9x* — 3n?x? + п“) d P» 9x* — 3n?x? + nt 
(—1)"n 


+6 У, 
nai (9x4 — 3n?x? + n*)(e"*/3 — (—1y) 


Replacing 17/6 by У 2, n^?, we find, after a simple calculation, that 
0 x? — £n?x M". Э п 
(i n*(0x^ — 3n?x? + n*) 7,24 9x* — Зи2х? + nt 
1g 1 
X nai Зх? + 3nx + n^ 


2 
л 
acu 


Putting this in the penultimate equality, we deduce the desired partial fraction 
decomposition. 


Example. 
s (Hn 


1 11 п п 
а et et et а, 
mi 81+9n? + п 324, /3n 756 27,/3 18, /3(1 + cosh(3,/3z)) 


Our version of this example differs from that of Ramanujan (p. 226) in two 
respects. He has 25/756 instead of 11/756 and — п/(54./3) rather than n/(27. /3). 
If in (21.8) below, there appeared 1/108 instead of — 1/108, then we would 
obtain 25/756. We have no explanation for Ramanujan's other numerical 
error. 


PRoor. Putting x = 3 in Entry 21(iii) and rearranging terms, we find that 


© (—1)71п 
mt (81 + 9n? + n*)(e"* УЗ — (—1)") ж 
1 1 п 12 1 
"xaJ d3'nj 609 + 3л s 
ne^? Vn 


_ | 218 
18,/3(1 + cosh(34/3n)) = 
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To evaluate the series on the right side of (21.8, we employ the formula 
(Hansen [1, p. 105]) 


1 y+z y-—z 
x Ў rss aul x )-«( x ү (21.9) 


where y(z) = peu Letting x = 1, y 2 3, andz = 1(3, /3)i, we find that 


Eod) 06-52) 
^3 Ai + ЖОМ. dc C) 
acre) 


Since (Gradshteyn and Ryzhik (1, p. 945]) 
Y + 2) — yG — 2) = n tan(zz), (21.10) 


ime 7 


we conclude that 
20 1 1 


сне ма UNE. i 
Amram 7 3/3 tanh(4(3\/3)n) 


E л sinh(3,/3 n) 
^H "33 1 + cosh(3,/3 л) 


Substituting this evaluation in (21.8) and simplifying, we complete the proof. 


| 


Ramanujan concludes Section 21 with a note claiming that 
о 1 
2 n? + nx t y 


can be evaluated exactly if x is an integer and y is arbitrary. This assertion is, 
indeed, correct, for (21.9) can first be used to write the sum in terms of 
y -functions. Using (21.10), the recursion formula 


$6) - d) +7, 
and (Gradshteyn and Ryzhik (1, p. 945]) 
y(i — 2) = v(z) + n cot(nz), 


we can reduce this evaluation to elementary functions. 


Entry 22. If 0 < x < 1 and n > 0, then 


(i [a (—» |” 10 Ja _1 x 4 9x 16 
o PA Jo Vi-xsimó/ ^ п+п+п+п+п+” 
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(i) | | ү 40 ) cos ф di 
ii expl —n | — | ~ 
о 2 o ./1 — xsin? 6/ ./1 — x sin? ф 
_1 1 4x 9 16x 
“ntntn tnt п +” 


and 
© , 40 ) cos ф 
iii exp| —n : do 
m | °( |, 1 — x sin? 0/ 1 — x sin? ф 
_1 1—х 4x 9(0-—x) 16x 
(nt n —ná n ~onte 
PROOF or (i). Let 
е 49 
iue] а ee (22.1) 
|o 


Then sin ф = sn u and dg/du = dn u. Hence, 


© Ф d0 ) [B 
expl -n | — J dg = 
|, P( [== 0 
However, Stieltjes [1], [2] and Rogers [3] have shown that 
F 1/n хт? 2?/n? 3?х/п? 4n? 


e^" dn и du. 


d x 
d Сани ї+1 + 2 4+ 1 + 1 c 


which is easily seen to be equivalent to Ramanujan’s formula. 


Pnoor or (ii). Let u be given by (22.1). Then 


dojdu = дп и = 4/1 icm лы ae 
in exp (- „| ;) nd do = | e^" cn u du. 
1 — x sin? 0/ ./1 — x sin? ф 0 


But by a result of Stieltjes [1], [2] and Rogers [3] (see also (13.3)), 


оо 1 1? 22 32 4? 
f e" cn u du = E Р (22.2) 
И nnt п +п+ п + 


and the proof is complete. 


PROOF OF (iii). Using the same substitutions as in the two proofs above, we 
find that 


MET Ji 40 ) cos Q dp = [en has 
0 o //1 — xsin? 0/ 1 — x sin? ф 0 dnu ` 


In the notation of Jacobi, sin coam u = cn u/dn u, and he [1], [2, p. 147] has 
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shown that sin coam u — cn(k'u, ik/k'). Hence, the integral on tbe right side 
above may be written 


e ik 1 [% ik 
йй ‚ = пик 
f e™ cn (i u, А ди р | e cn (u 3 ди. 


We may now employ (22.2) with К replaced by ik/k' to find that 


_1 ( 1 12 Zikk 32  4(kky 
— kk +nk + nk nk nk cx 
1 Pü-x» Px 3(-» 42х 

^nt n -n+ n —ncv 


In order to ensure that this continued fraction converges, we appeal to a 
theorem in Perron’s text [1, p. 53, Satz 2.16]. The proof is now finished. 


Entry 23. Let x and y be complex with Re(x + iy) > 0. Then 
| 028 n^nx n?ny 
e Ap Em) G5) 
15.25 " 
= (,/x? + y? + x)? р + Уе" сохто] 
п=1 
(Ux? + y? — x)? У e™™ sin(n?ny) 
n=1 


0 n?nx n?ny 
;: 5 _ f 
(ii) J2 2. ew xb s) sin (>, т s) 
T: А 
= (,/x? + y? — х)? t + У е" сот) 
п=1 


— (Vx? + y! + xy? У e 7 sin(n?ny). 
п=1 
Proor. As we shall see, both (i) and (ii) follow from the inversion formula 
1 eo 242 1 C 8202 
Jr E еер Berl, (23.1) 
n-i n=1 


where af = л and Re о, Re fi > 0. This formula has been given three times in 
the second notebook: as a corollary to Entry 7 in Chapter 14, as Entry 27(i) 
in Chapter 16, and as a corollary in Section 6 of Chapter 17. 
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Let à? = n(x + iy) and so f? = n(x — iy)/(x? + y?). Then (23.1) yields 


1 = 2 . 
(x + іу): E + Y e""(cos(n?ny) — i sintas)? 
n=1 
; 1/4 00 2 
{x-i 1 | WRX 
x G + x) f +2 cx x? + =) 
x c PU cunc S (23.2) 
x? + y^ x? + y? , * 


where principal values are taken. Letting о? = x(x — іу), so that 
f? = n(x + iy/(x? + y?), in (23.1), we find that 


(x — iy^ E + Э e """(cos(n?ny) + i ищу луу} 
eu Sx EE 0 n^nx n^ny 
-(555; t ев »(- sem.) 
— isin (2. yl 5 . (23.3) 


Elementary calculations give 


(thee = Y (x? = = xx: + y* + х)? 


x 


and 


(">ы y 2E. M jy i (xb + yh — х), 
x y x + iy X nt де. 


Thus, adding (23.2) and (23.3), we obtain part (i), and subtracting (23.3) from 
(23.2), we deduce (i1). 


Corollary. If Re(x) > 0, then 


>+ уе “ex cos(n?n. /1 — х?) = E К у е" sin(n?2,/1 — х2). 
n=1 — п=1 


Proor. Putting y = ./1 — x? in Entry 23(ii) and simplifying, we deduce the 
proposed formula. 


Examples. Recall from Entry 22 of Chapter 16 that the classical theta-function 
q is defined by 


o@= Y q”, lad«t 


n---o 
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Then 
o(e-*) = V 54/5 — 109(e^5") (234) 
and 
(/5 + /3)o(e 759) = (3 + /3)9(e 375), (23.5) 
Pnoor. If we set х2 = 5л, and hence fi? = л/5, in (23.1), we find that 
V 5o(e 5") = o(e7"^). (23.6) 


Next, let x = 1 and y = 2 in Entry 23(i) to deduce that 
(/5 + 1)? ole) 


n=1 
1 < 2 2 = 2. 
=242 E + 28 e "155 + cos u 2, e" “sh 


nO (mod 5) 


= NA + Y eg n — cos у у, e 5 + 1 Y enn 


n=1 п=1 


= 4/2 (i — cos =) (e 5") + cos toe) 
5—\{/5 —1 


by (23.6). Upon simplification, we may readily deduce (23.4). 
To prove PEE we set x — J5/3 in the corollary to deduce that 


= 
Ш 
- 


00 2 
+ he =" /503 со 2 


N + ESER enn J53 sin 2nn" 
os J5/3 2, 


2 + 1/5 24/3 + 4/5 +1 
Ж ею ee 


the penultimate equality reduces to 


Since 


( — cos a 2) oe) + cos T gle) 


Multiplying both sides by J/5 — 1 and simplifying, we obtain (23.5). 
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Ramanujan commences the last section of Chapter 18 with a geometrical 
construction (Entry 24(1)). Let y = 2 TMM’ be any angle, such that 0 < y < т, 
where M M' denotes the diameter of a semicircle cutting the bisector of у at 
R. Let RP be perpendicular to MM’ with P e MM’. Suppose that MP is the 
diameter of another semicircle. Let Q be a point on this semicircle such that 
PQ = PM’. Let д denote the angle ОМР. Lastly, let S denote the midpoint of 
MM’. (As in Sections 19 and 20, we abuse notation by using XY to denote 
the line segment from X to Y as well as its length.) 


Ramanujan now makes three claims. 


Proposition 1. “If RP divides MM' in medial section, then MQ coincides with 
MR.” 


The words “medial section” indicate the golden mean. Thus, Ramanujan 
asserts that if 
MP /5+1 
РМ 2° 
then МО and MR are coincident. 


(24.1) 


Pnoor. Transcribing Ramanujan's conclusion, we are required to show that 
cos б = cos 27, or that 


ee ша) (24.2) 
MP MR 

From similar triangles, 
MR = MP (24.3) 
MM' MR 


Hence, (24.2) is equivalent to 
MP? = MQ- MR 
= /MP!- QP? /MP-MM' 
- /MP! РМ? /MP-MM’, 
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or 
MP* = (MP? — РМ”) МР(МР + PM’), 


or 
MP? — MP: PM' — PM” = 0. (24.4) 


In summary, we have shown that the conclusion of Proposition 1 is equivalent 
to (24.4). But solving (24.4) for MP, we immediately obtain (24.1). 


Proposition 2. If t, and t, denote the times it takes for a pendulum to oscillate 
through angles 4y and 46, respectively, then 


ГА 


МР 


ti = t; = mtz. (24.5) 


Pnoor. From Hancock's book [1, p. 91], 


MM' IN do 
ty =2 5 
V g Jo /1-—asin? ф 


[ММ 
=л EL 4; 1; a), 


where g is the acceleration due to gravity, the length of the pendulum is M M', 
and a = sin? y. Likewise, 


|MM' 
б=т Р 2Е,(5, 5; 1; В), 


where В = sin? 6. Hence, 


ti = 2Е,(5, 4; 1, a) 
tj. 25G, 3; 1; В) 
Since ОР = PM’, a brief calculation shows that 
В = sin? б = (m — 1), (24.7) 
where m is defined in (24.5). Second, by (24.3), 
: : RP \* [MPV 
a = sin? у = 4 sin? $y cos? 1y = (ик) (МЕ) 
ЕР \? Nm 2\2 
-4 s) -4( “e 


MM' MM' 


- (иниме. = (C — z) (24.8) 


(24.6) 


MM' 
Thus, using (24.7) and (24.8) in (24.6), we find that 
ti 3Fí 5 1; 4(m — 1)/m’) 


HUP oe Le ин) 249 
t^ fü hi1) (43 
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We now apply Landen's transformation (Erdélyi [1, p. 111, formula (5)]) 


4z 
pa (4 LE тя) = (1+ z),F,(4, 4; 1; 22) (24.10) 


with z = m — 1. We see immediately that (24.9) reduces to t,/t; = т, and the 
proof is complete. 


From the definition (24.5) of m, we observe that m > 1. Moreover, this fact 
and (24.9) imply that m « 2. 


Proposition 3. If m is defined by (24.5), then 


The factor MP was inadvertently omitted by Ramanujan (p. 228). 
Proor. Using (24.3) and (24.5), we observe that 


2 
cos y= 2 (ur) рее = 1 


МЕ MM' 
_ 2р5  2PS 
7 MM' mMP 


In a note ending subsection (i) of Section 24, Ramanujan asserts that В is 
of the second degree in «. Indeed, from (24.8), 


2—2J/1—a 
m -———À——— 


| (24.11) 
a 


and so, by (24.7), 


2-2/1-a—a\? (1—41-—a)f a? 
= = = : 24.12 
B ( a ) a? (1+ /1 — a)* ( ) 


However, more appropriately, as we shall see below, f is of degree 2 because 
the relation (24.12) is a modular equation of degree 2. 

Before proceeding further, we precisely define a modular equation of degree 
(order) n. Let K, K', L, and L' denote the complete elliptic integrals of the first 
kind associated with the moduli k, К”, 7, and ¢’, respectively. Suppose that the 
relation 


holds for some positive integer n. Then a modular equation of degree n is a 
relation between the moduli k and / which is induced by the equality above. 
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Transcribing this definition into our notation and the terminology of hyper- 
geometric functions, we conclude that a modular equation of degree n is an 
equation relating х and f that is induced by 


oF, (4, 3; 1; 1 — a) = FG, 5; 1; 1— p) 
oF, (4, 4; 1; a) 2F ($, 5; 1; В) 


(24.13) 


Entry 24(ii). Let 
"s 2Е,(5, $; 1; a) 
›Ё,@. 33 1; B) 


as in Section 24(i). We call m the multiplier. Then modular equations of the 


second degree are given by 
m /1—a4 4/8 = 1 (24.15) 


(24.14) 


and 
m^ /1—a-4pz-l. (24.16) 


Furthermore, 


CEU. шү. 
"1-Vi-a i*ü-a (2417) 


Pnoor. First, we show that the equalities (24.15)-(24.17) are valid. Then we 
demonstrate that these equalities, indeed, are modular equations of the second 
degree. 

Both (24.15) and (24.16) are easily verified by substituting (24.7) and (24.8) 
into the left sides of (24.15) and (24.16). Likewise, the equalities of (24.17) are 
similarly verified. 

In order to show that (24.15)-(24.17) are modular equations of the second 
degree, by (24.13) and (24.14), we need to show that 


oF, (4, 33 1; 1 — a) «Т 
oF, (4, 5 l;1—-8) 2 
By (24.7), (24.8), and (24.10) with z = (2 — m)/m, 
›Ё\(%, 5 1; 1 — a) A 2Е,(5, 5; 1; (0 — m)/m)’) E 1 La dH 
QE. ELI—-B) HR h5m2-m) 1-Q-m/m 2' 


which completes the proof. 


m 


tole 


Entry 24(iii). Modular equations of degree 4 are given by 
J/m(1 — a) + g^ = 1 (24.18) 


and 
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m(1 — a) + 4/8 = 1. (24.19) 
Furthermore, the multiplier m is given by 
14. 
РЕ. 1+ yP (24.20) 


ЕСЕ pr T€ 


Pnoor. It is clear from (24.13) that a modular equation of degree 2’, r > 2, can 
be obtained by iterating a modular equation of degree 2" !. 
The equality (24.12) may be written in the form 


B- (= =) (24.21) 
1+ j/l-—a 


Iterating to obtain a modular equation of degree 4, we find that 
12 У\2\12\2 
-(1-(тт®т—)) 
Ra 1+ /l1-a 
= = ANM 
uc) 
1+ /l-«@ 


After a considerable amount of simplification, we deduce that 
p= (1 __ а)" 2 
=|} ЧЫЙ 24.22 
VB (oae с) 
We thus obtain the following curious algorithm to derive a modular equation 
of the fourth degree from a modular equation of the second degree: replace 8 
by \/B and 1 — a by 4/1 — g. 
We now find an expression for the multiplier m in modular equations of 


degree 4. Using (24.14) and (24.11) and then iterating with the aid of (24.21), 
we find that 


2—2./1—a 
FQ 569) = =з ОР 35 1; B) 


РАССЕЛ 
С 
х oF (3, 5t (x5) 


Thus, the new multiplier m is equal to 
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c - (y 
„_2—2/1—а 14 i-a 
а (iy 


1+ ./l—-—a 


4 


"ürd- ep (24.23) 


after considerable simplification. 
If we now substitute (24.22) and (24.23) into the left sides of (24.18) and 
(24.19) and all expressions of (24.20), we readily verify each identity. 


Observe that (24.18)-(24.20) may be obtained formally from (24.15)-(24.17), 
respectively, by replacing m by m, 1 — a by J/1 — a, and В by JB. 

There appear to be some errors in Ramanujan’s modular equations in 
Sections 24(iv) and 24(v). In Entry 24(iv), Ramanujan claims that 


Jm(1 — a) + pit = 1 (24.24) 


is a modular equation of degree 8 and that 


1+ pi^ 
i = — 
im 1+ (1 — о)! 


is a modular equation of degree 16. Equations of the 8th and 16th degrees can 
be obtained by one and two further iterations, respectively, of (24.22) and 
(24.23). Our calculations indicate that modular equations of degrees 8 and 16 
are not nearly as elegant as those claimed by Ramanujan. Because the equa- 
tions are not attractive and no new ideas are involved, it does not seem 
worthwhile to pursue these details here. 


Entry 24(v). If we replace a by 1 — B, B by 1 — a, and m by n/m, where n is the 
degree of the modular equation, we obtain a modular equation of the same 
degree. 


We call this process of obtaining a modular equation the method of 
reciprocation. Alternatively, we say that the latter equation is the reciprocal 
of the former. In the theory of modular forms, this modus operandi is called 
Fricke involution. 


Proor. Making the proffered substitutions in the definition of m given by 
(24.14), we find that 
n m FG. 3; 1; 1— Ё) 


m ›Ё(%%1;1—)` 
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But by (24.14), this may be rewritten 
QFEG hhl-sa iR. 5b1- 0), 
oF, (3, 5 1; a) oF, (4, 2, 1; В) І 
that is, we obtain the defining relation (24.13) for a modular equation. This 
completes the proof. 


Ramanujan now offers several examples to illustrate his algorithm. Thus, 
making the prescribed substitutions in (24.15), we obtain 


2 f i-am (24.25) 


a modular equation of the second degree. Next, solve (24.15) for m and 
substitute its value in (24.25) to obtain the second degree modular equation 


a — JA — a — 8) = 2 B(1— ә). 


Using Entry 24(v) in conjunction with (24.18), we derive the modular 
equation of degree 4, 


Ln 
Vm 


This equation and (24.23) lead at once to another fourth degree equation 
(1 — (1 — a)*)(1 — В) = 2(8(1 — a^. 


If (24.24) were correct, Entry 24(v) would immediately yield the modular 
equation of degree 8, 


2/2 
^N 7 gV8 4. (1 о) = 1. (24.26) 
m 


The purported equalities (24.24) and (24.26) taken together would then give 
(1 — (1 — ^q — 8"*) = 2,/2(B(1 — a)". 
Entry 24(vi). Consider again (24.13) and (24.14). Then 


da а-а), 
M ep (24.27) 


Proor. Using Entry 9(i) of Chapter 17, we differentiate both sides of (24.13) 
with respect to £ to find that 


n da Е 1 
a(l — о),Е2(5, 4; 1; ә) 48 BA — В),Е2(3, 3; 1; BY 
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Noting the definition (24.14) of m, we see that the proposed formula follows 
immediately. 


Entry 24(vi) is due originally to Jacobi [1], [2, p. 130]. See also Cayley's 
book [1, pp. 201, 216-217]. 

Ramanujan appears to remark that if we can find da/df) by differentiating 
a modular equation (presumably a modular equation independent of m), then 
we can determine m from (24.27). 

Section 24(vii) consists of the following statement: “Equations in terms of 
y functions can be transformed to those of o functions and vice versa while 
those of f and y functions remain unchanged. E.g. the identity 


(а!) ( w*(q) r 
24 n 24.28 
qva) ^ Ny) d 
becomes 
us " 13 
кше. TUN 


We are uncertain about Ramanujan’s intention in this claim. The functions 
у and ¢ are related, and we shall show that (24.28) and (24.29) are readily 
equivalent, so perhaps this explains part of the statement. 

We first show that (24.28) implies (24.29). From the definition of y, we find 
that 9,(0, т/2) = 24! 5 y (q), where q = e". Thus, (24.28) is equivalent to 


940.99 _, (ze 1/2) )° 
900, 320) ^ ^ 889,3). J^ 


Replacing т by 27/(3т + 1), we transcribe the formula above into 


1/3 4 1 13 
a бу — 
о (052) z x) 
a са | 
t 4 t 
3; (o. жог) 92 (о 5:1 ) 


By the transformation formulas for theta-functions (Rademacher [1, р. 182]), 


so "Ux sale ./3t + 194(0, т), 
s. (v. ET ui) ./3t + 1930, 32), 


(24.30) 


and 


3 
so x J- v 19,0, 1/3). 
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Using these equalities in (24.30) and putting the resulting equality in a slightly 
different form, we deduce that 


93(0, т) _ (%0, 1/3) ; 
310,3) - і = (2039 3) 1) : (24.31) 


Since 94(0, т) = ф(а), (24.31) reduces to (24.29). 
Ramanujan restates (24.28) and (24.29) in Section 1 of Chapter 20, and so 
we defer proofs until then. 


CHAPTER 19 


Modular Equations of Degrees 3, 5, and 7 and 
Associated Theta-Function Identities 


In several ways, this is a remarkable chapter. Not only are the results enor- 
mously interesting and often difficult to prove, but many questions arise in 
regard to Ramanujan's methods of proof. Undoubtedly, many of the proofs 
given here are quite unlike those found by Ramanujan. He evidently possessed 
methods that we have been unable to discern. No hints whatsoever of his 
methods are provided by Ramanujan. 

As the chapter's title indicates, Ramanujan herein studies modular equa- 
tions, primarily of degrees 3, 5, and 7. For each particular degree, Ramanujan 
appears to first derive a series of interesting identities involving theta-functions 
of appropriate arguments. These are then used to establish an astonishing 
battery of modular equations of that degree (order). We have not always been 
able to follow this process, and so, at times, we have had to reverse this 
procedure and employ modular equations to prove theta-function identities. 
We emphasize, however, that no circular reasoning is involved in our pre- 
sentation. Frequently, we prove modular equations in an order different from 
that given by Ramanujan. It could be that, in arranging his numerous modular 
equations, Ramanujan gave priority to those he felt were more important 
and/or more elegant. 

The theory of modular equations began with the work of Legendre and 
Jacobi. Informative source about modular equations are the books by Cayley 
[1] and Enneper [1]. The latter book also provides much of the history of the 
subject. Ramanujan's development of modular equations is vastly more sub- 
stantial, however, than that of his predecessors. Most of the modular equa- 
tions given in this chapter are not found elsewhere in the literature. Not only 
are the results new, but Ramanujan's methods are apparently original as well. 
Ramanujan published but one paper [2] in which modular equations are 
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discussed, but because modular equations, per se, were not the raison d'etre 
for this paper, Ramanujan's methods in this theory are not disclosed. 

Chapters 16 and 17 are crucial for the development of this chapter. Many 
basic properties of theta-functions found in Chapter 16 are repeatedly used 
here in proving theta-function identities. Many of the formulas in Chapter 17 
are employed to establish modular equations and also to produce theta- 
function relations from modular equations. 

It is always assumed that |q| < 1. Following Ramanujan, we frequently do 
not use a compact summation notation because the laws of formation of the 
signs and exponents are more easily ascertained by explicitly displaying the 
first several terms. 


Entry 1. 
(i) Let ф and y be defined as in Entry 22 of Chapter 16. Then 


wo 4” 4 4 4 


oq 1 +1+а4а+1+4+1+4 + 
(ii) Recall that f(a, b) is defined by (18.1) in Chapter 16. Let 
7% 9) 


2 3 


v= š 
1-8, -#) 
Then 
1/2 2 4 6 
ЕС ийе жий ДИН (1.1) 
1+4+1+а +1+а +1+9 + 
1 olg’) 
vo qua x 
and 
1 — Ф(4) 
vt ^T gygy x 


PRooF OF (i). We employ Entry 12 of Chapter 16. Replace a”, b?, and q in Entry 
12 by 0, — 47, and q^, respectively. This gives 

(-ad5d), 1 q а? q? 

(—4; 4). 1+1+а+1+4?+1+4%+—` 


Part (i) now follows immediately from Entry 22, Chapter 16. 


К. G. Ramanathan [6] has also proved Entry 1 (i). 


Proor or (ii). Applying Entry 30(ii) in Chapter 16 with a = ig!” and b = 
— iq??, we find that 


V (iq!?) + y(— iq!?) = f(iq!?, —ig*?) + f( — iq, iq??) = 2f(—g?, —q*). 
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Similarly, by Entry 30(iii) in Chapter 16, 
V (q^?) — y- iq'?) = f(iq!?, —ig??) — f(—ig'”, ig>”) = 2ig!? f(—q, —q7). 
Thus, 
... V(iq'^) — (441?) _ (—iq!?; —q),, — (iq; – 4), 
— plig”) + y(—iq 7) (~ig; =a) + (47; — 9), 
by Entry 22(ii) in Chapter 16. Now apply Entry 11 of Chapter 16 with a, b, 


and q replaced by iq’, 0, and — д, respectively. Thus, (1.1) follows at once. 
Next, by Entry 30(1) in Chapter 16, with a = —q and b = —q?, 


Л-9 —4')/(—4%, —4°) = f(-a, —a?w(a*) = V(— au (q^). 
Thus, by Example (iv) in Section 31 of Chapter 16, 


ET A1 C —q’) = Ф(а) I olg?) 
V(—aW(q*) — 2q'^y(q*) 
and 
1 f*-4.-4) _ Ф@ + (4?) 
о qU(—q)(a*) —2q'^y(q*) ` 
The truth of (1.2) and (1.3) are now evident. 


Ramanathan [4] has independently given the same proof of (1.1). 


Entry 2. Recall that f(— q) is defined in Entry 22 of Chapter 16. Then 
(i) 1—9, —4°)/?(— 15) 
= /(—4°)/(—4°, —4°)/(—, —a'*)f(—a*, —а!%), 
/(—4°, —4)72(—4'5) 
= /(—4°)/(—4°, —!?)/(—4°, —!%)/(—а7, —4°), 
(ii) 1—9, —49)£?(—4?) 
= /(—4)/(—4°%, —4!5)/(—а, —q??)f(—q*, —4!?), 
fig, -45)?(- 4?) 
= /(—4)/(—°, 4 ?)f(—q^, —419)f(— a5, —419), 
and 
/(—4°, -4*)0(- 4?!) 
= f(-a4?)f(-q, —a4!9)f(—a*, -q!7)f( -4!9, 411). 


PRoor. Each of these five equalities is proved in precisely the same fashion by 
expanding each side into an infinite product via Entry 19 (the Jacobi triple 
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product identity) and Entry 22(iii), both in Chapter 16. We give the details for 
only the proof of the first part of (i). 
By the two aforementioned theorems, 


f(—4, —4*)£?(—45) = (9; a^). (a5; a5), (a5; a5), (45; а?) 
and 
f(—a5)f(—48$, —a?)f(—a, —a1*)f(—a*, — 4?) 
= (4°; a^). (5; 4 ?). (a5; q 5), (a; a3). (4! 5; q^), (a5; 45), 
x (qi; q!5) (q15; q 
= (4°; a5). (a; 45). (a5; 4?) (415; 9°), 
and the proof of the first part of (i) is complete. 


In fact, Ramanujan appends the words “and so on" at the end of Entry 2. 
Thus, the next formula in this series would be for f(—q, —49)/?(— q?"). 


Entry 3. We have 


O WPW = ia- r tr mpm 
б) өе) =1+ (7°. - ita +; с. ER L 

; 
G) qum e Ee LE Des 


and 


(iv)  o*(go?(g)- 14 (A. 


4q* 5q° 747 
q ps Bis 
1— Tags ome 1—9 


where іп the last sum on the right e the summation is over all values of n 
which are neither a multiple of 3 nor an odd multiple of 2. 


PRooF or (i). First employ (8.5) in Chapter 17 with a = q and b = q?. Then use 
Entries 19, 22(iii), (iv), 25(iv), and 24(iii) in Chapter 16. Accordingly, we find 
that 


со 6n+1 © 6nt5 , ) 

PEEL : qn? - È pa ято : 012919 7 - е0) 
70—*)(9%)у(а'?) 

(a^; 4'2).,(9'°%; q!?), (45; 42) 


Ф(4%)у/ (а?) 


=4 
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/(—4°)(4°; a! ?), V? laS) 
(42; q*), (a^^; 4'?)., 
fC-a*)xC- a*))?^ (a5) 
x -a^Mf(—- 4?) 

= qy Wla). 


PROOF OF (ii). Entry 3(ii) is the same as Entry 8(iv) in Chapter 17, and a proof 
was given there. 


PROOF OF (iii). In part (i), replace 4? by q, expand the summands into geometric 
series, and sum by columns, combining terms in alternate rows. Hence, 


5/2 7/2 


je Lu НИЧЕ АМЕ 
SONGS ool o a a 
© gre EN gre 
as 1 — qo"*3 


Зп+ 32 (g?" н __ q ant! ) 


0 1 — а°"*З 
‚ & q?"*?? sin(2n + 1)0 
= —2i Ў; 1 6n+3 , 
n=0 q 


where we have put q = е. Hence, 


о g?'*3? sin(2n + 1)0\2 
ai^ (ду?) = (ў таври е 3.1 
Employing (13.10) and (14.12) in Chapter 18 and letting 
1 oo 
Т:= а У esch?((n + 3)y), 
where now e? = q?, we deduce that 
ю 73nt3/2 c 2 
$324 Э q ша Е 1)0 
п=0 1 — q а 
o ncos(2n0) 
ат ee 
P q Зп . а?" 
о па?" sin? (пб) © п 
=T+4) —— ——2 — 
2-3 — 4°" n-i q^" TT. а?" 
3n 2 
o nq'"sin'(n0) 2 n 
= Т +4 лты 
я 27 — 4°" 2 sinh(ny) 
3n 2 
c nq” sin nq`" sin" (n0) 
Fe pe E : (3.2) 


] — 4% 
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by (14.15) in Chapter 18. Using (3.2) in (3.1), we find that 


Зп 5142 
e nq''sin*(n0) 
sA y Tum 
п=1 q 


Ш 


qu^ (q^ (q?) 


| 
Ms 
— 
= 
© 
Nn 
з 
м, 
© 
N 
з 
| 
кә 
+ 
m 
N 
a 
N 


E [= 4°" = t= q" 
© n со 3п 
nq nq 
= m : 
Mine dt 


which immediately yields equality (iii). 


PROOF OF (iv). Writing (ii) as a double series and transforming it by columns, 
while collecting terms in alternate rows, we first arrive at 


q— q 42 + 4° q? — 4% q* + q? 
=1+2 3.3 
e(q)o(q?) + = dari Em So gg x ) 


Next, we employ the fundamental identity (14.3) of Chapter 18 along with 
(3.2) above. Thus, 


(5+ Э en -1o*(67)- р sin{3(2n + 1)6} ү 


1-1 cosh(ny) п=0 sinh {$(2n + 1)y} 


разу o» v hsin'(1n0) 
4 9*(e?) 22. "Шш. (34) 


since e~” = 4°. Using (3.3), letting e^? = iq?" and e” = ig’, and employing 
(3.4), we deduce that 


q^? -32 3/2 


1 —4" q!4q qU"-q 
1.7.2 2(43 
49 (9) о (5+ - +> + 35 
4 9 2 q  — 430 47° + 43 qq 
=2 2 2 
+ 
PE да а ) 
q +q 
E 1. iq? — iq 1/2 -q-q 1 — 1422 + ід 3? 
2 —iq 3? + ig?” а? А, q? iq 92 __ iq?” 
2 =й 2 
+ 
p td s+) 
а +4 


x УЭ cos(n6) ) 


ETUR n sin?(4n6) 
р) 27, sinh(ny) 
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We yp? E (— -12 үп 
=40ф *(iq?”) + > ur "32ү I 


2 n((— ux 2n —2rq + q"} 
4 o^ (ig??) + pi —(- 1yg?" Б 


By Entry 8(11) in Chapter 17, 


e*-o- ies Ў Св y cum) 


Thus, using this equality above, we see that 
o (—1Ynfí(—i 3/2 үп — —i 3/2)2n 


— 2jng?n2 4 а} 


sä pu = 2n 


– (—9)°" 
1)"q 2n — 293" 
=144 $T m € q"j 
eo q" nq?" 
A =й зр ш 


where we have used the factorization 1 — x? — (1 — x)(1 + x + x?). After 
canceling those terms involving powers of q?, we transform the remaining odd 
powers via the formula 


Noting that we have now also canceled those terms involving odd multiples 
of 2, we observe that the proof is complete. 


Entry 4. We have 


; 5 3) 92 s 4 224? 424 
@ aplaya) Эч (ФУ (@)= тз fof i- f 
5245 
148%» 
24,2 2,44 
- 5(53Y — (95 зү 4 24 44 
(ii) Ipla) (q^) — e" (a)o(q^) 8 т=@ If 
5245 
1 + 95 2 
bes V^ (a) q q° q’ 4 
= 1 РЕБ: s IDs IE I qM OE 
B) wu i eg Res ded $15 7 
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and 


3 2 4 5 
А Ф°(а) 4 4 4 4 
1 c md qub E НЕ = РА 
v) 9 (Sie ї+4* 1—4# 


РЕООЕ or (i). In (3.2), replace 4? Ьу q and differentiate both sides with respect 
to 0. Upon putting 0 = z/3, we find that 


2 E ў Qn + ar? cos(Qn + iy 


ET | qu „—&% t= 42" 
о n?q" sin(2nn 3) 
п=1 q 
By Entry 3(1), 
o q"*1? sinf(n + 1)z/3 
XC SB 0н) VB oes) 


By Example (iii), Section 17, Chapter 17, 
Qn + 1)q"*'? cos{(2n + 1)n/3] 


© 
2 T= 2n4i 


q 


1 = (Qn+ 1)4"+2 3 2 (бп + 3)g?*? 
23 ] qui Es EEUU 
= i(q!^y*(q) — 94? y*(q?)). 


Using these last two results in (4.1), we obtain at once the equality 


n?q" enna) 
» p 
3 п=1 4?" 


> 


aw? (a) (q?) — 94? (д)ф° (43) = 
^ 


which reduces at once to (i). 


PROOF OF (ii). Recall the Fourier series (Whittaker and Watson [1, pp. 512, 


535]) 
K 2 o A4" al 2 
(Zsu) = (coro -4 ў LO) 

л п=1 1+9 


апа 
2 : 4K(K — E " 
(En u) = csc? Q + NE В D nq" zr CONO) 
" л? oa) 1-9" 


Неге и = 2K0/n, q = e ?", 0 is real, and K and E are the complete elliptic 
integrals of the first and second kinds, respectively. Since ns? u — cs? u = 1 
(Whittaker and Watson [1, p. 493]), 


ю п" sin(2n0) V? 2n0 
CEDE) and csc?0 — ры 
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differ by a constant. Differentiating with respect to 0 and then letting 0 = 7/6, 
we arrive at 


QE d ш) (sesto +8 Ў аи em 


om 1+@ = 1+@ 
= cot(n/6)csc?(n/6) — » Tene (4.2) 
By Entry 3(ii), 
cot(n/6) — » T D Э) (а) (45), 
while, by Entry 8(ii) of Chapter 17, 
сѕс2(л/6) + 8 > =a = ++ CU dus 'n — 12 2 CA 


-i(9o*(-4)- cn 
Using these two results in (4.2), we deduce that 
9Ф(—4)Ф5(—4°) — e*(—a)e(—a?) 


2g 4245 5245 
(i-11;- 2e £0 ESL) 


Replacing q by — 4, we finish the proof. 
PROOF or (iii). By Entry 8(x) of Chapter 17, 


V(a?)f?(—a) = b Qn + 1)4?°*?" 


oo 
PNE 3n?+2n73 e Oe 


li 
&| a 


- ren айу} 
= fia, 4?) 7 ов (2а, je?) 


d 
= f(q, q^) z; (Log(z - a*25; gf) (— 9/275 4%), (a8; 4$), 3)... 
qr 


5 gr 
= /(, 4°)\ 1 =з у ey aa -qp-Q498() (4.3) 


where we have employed the Jacobi triple product identity. Now use Entries 
19, 22(ii), (iv), 25(iv), and 24(i)-(iii) in Chapter 16 to deduce that 
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V (a^)f ^ (a) yla) a) _ WS ID: a9), 


7а —4?) (а; ol; Gs a9), (aia). (a5; 49). 


.. PAA _ v(o(av(-a) 
Ф(4)х(—4ф(4?) — V(a?)xC— a)f(a) 
_V@x@u(-9 _ v*(a) 
v(a)x(—a) Ҹа?) 
Replacing q by — q in (4.3) and then using the result above, we finish the proof. 


PROOF OF (iv). By Entry 8(ix), Chapter 17, 
e'-aft-q- Y (m rom 
= X атон, 
d 6 42,6 
= GS az 422°). 
2) d 6 42,6 
= Ха, q )4 (Lost (a/z sq Z leat 


qu qU 
feet eem rep) 


Replacing 4 by — 4, we are led to examine q?(g)f(q)/f(—q, — 4?). By Entries 
19 and 22(iii) and (22.4) in Chapter 16, 


PMS _ P-E – 
f(-« —4) (4; –93).(—9; —4%)„(—4°; = 4), 
9 (a (—4; -ao (4; — Фф» 1 


(9; —Qo (9; –9?).(—9; — 0°) (— 95 — 9). 
ф(4)(9°; — 4) e^ 
(—4; – 4). PY 


from which the truth of (iv) is evident. 


Recall that a modular equation of degree n is defined in Section 24 of 
Chapter 18 and in the Introduction. In Section 5, Ramanujan offers several 
modular equations of degree 3, and so we now summarize some of the notation 
that is used in this and succeeding sections. Let 


Zz, =F, 5; боа) and z, = 2F, (3, 5 1; В), 


where n is the degree of the modular equation. The expressions Ja and JB 
are the two moduli, and we say £ is of the nth order (degree) in a. Recall, from 
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(6.4) in Chapter 17 and the definition of a modular equation (24.13) in Chapter 
18, that 


(4) = (е7) = zi? 
and 

Ф(4") = (e"”) = z? 
The multiplier m is defined by the equation 


= MZ,. 


It seems that Ramanujan derived his modular equations of degree 3 by 
taking formulas relating (q), v/(a), ..., o(q°), (92), ... and transcribing them 
via formulas in Sections 10—12 in Chapter 17. 


Entry 5. The following are modular equations, formulas for multipliers, and 
identities for degree 3: 


| a 1/8 (1 m ap 1/8 ES (1 I^ By 1/8 p в. 
Жоо со e 
(ii) («8)' + (1 — a)(1 — 8)! = 1; 
dii uH (P) = v (em. 
н 67-3-6075 
uad 
EC 
a(1 ka a) pa — py 1/8) 1/2 
Wo dee penam S f g Е a(t — a) ica) | ' 
2 = ap 1/8 
a (n pa — DET = В T Я (50-97 a3(1 — ate 
m l-2apy^ Ba — В) 
an [2+ р\? o3 ?*P 
(vi) if« =o; n z) , thenB=p (222) 
1- а= (1+ Jes Р) , and 1- В = (1 (Lb 
1/2 1-82 1— 82 
e v 04)" (68) 


ue 
1 
CT м 
IR 
5 
d 


реу a E ИР 2) 
1—-p pa —py ° 
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3(1 — giis 
(viii) (ав) + (а – 90 — 5) = 1— ( 2 - ^ ) 
= (58^ + (1 а) — y^ 
= (A (48)? + (1 — 9 — 91517; 
бх) (a1 В) + (0 — y? = 20481 — 2) — p)” 
=m? {a(1 — a}? + {80 — ^ 


= 2,0 — B) + (a0 — 9); 
(Q — mi-9^«ü-8* =~ py? C o)? 
-a(- 0 - y"; 
ma? MS p^ = 3 gn + «1? = 2(ap)**; 
m 


G) m— = Aap — (а – ol — В) 


m+ = = A(R{1 + (a8)? + ((1 — о)(1 — р!” 


(xii) if P = {1696(1 —o)(1—8)) ^ and Q= Gres ay 


then o+h+22(p-5) =o, 
(xiii) if P = (x8)? and Q = (B/a)'^, 

then o-5-:(r-5): 
(xiv) if a = sin?(u + v) and В -—sin?(u — v), 

then sin(2y) = 2 sin v; 


(xv) if х is an appropriately chosen root of the quadratic equation 


then 


sp 
а-в e(2-1). 


We have written Entry 5(xv) in a more complete form than that given by 
Ramanujan (p. 231). The appropriate root « is given in (5.13) below. 
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PROOF OF (i). It is evident from Entries 4(iii) and (iv) that 
V) ea Paa?) 
V(a) (qd) Ф°(—95) 
We now transcribe this equality by means of Entries 10(i), (iii) and 11(1) in 
Chapter 17 and find that 
2732372 (qe?) 232 2320] — gs 
Upon simplification, the first part of (i) is obtained. 


The second equality of (i) is obtained from the first by employing Entry 
24(v) of Chapter 18. 


PROOF or (ii). It is easily verified from Entries 3(i), (ii) that 
4qV (a? )U (a9) = o(a)o(a?) — Ф(— 4)Ф(— a?). 


(This formula can also be readily deduced from (36.2) of Chapter 16.) Convert- 
ing this formula with the aid of Entries 10(i), (ii) and 11 (iii) in Chapter 17, we 
find that 


(2123) е "(ue (Be™) = (2123)? — (z,2,)'^(4 — o)!^(1 — В)!#, 


from which (ii) is obvious. 


This form of the modular equation is due to Legendre [2, p. 229] and can 
be found in Cayley's book [1, p. 196] as well as Jacobi's Fundamenta Nova 
[1, p. 68], [2, p. 124]. 


PROOF or (iii). From Entries 4(iv) and 3(ii), it is readily shown that 
ФФ, „Ф°(—4°) 
ola?) ^ Ф(—4°) 

Using Entries 10(1), (iii) in Chapter 17, we transcribe this equality and find that 
292 22201 — о)3/8 
232 23201 — py^ 

Canceling 222/242, we derive the second equality of (iii). 


The first equality of (iii) is simply the reciprocal of the second (in the sense 
of Entry 24(v) in Chapter 18). 


= 3o(a)o(q?). 


= зйёд, 


PRoor оғ (iv). From parts (i) and (iii), 


(Pn (my emit 
aj] | 2^ 1—a iE C 


(l1—a)?\'8 3—m (US 34m 
= „ана d ae 
1-8, 2m B 2m 


Taking the product of the cube of the first and the fourth, and then the product 


(5.1) 
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ofthe cube of the fourth and the first equalities of (5.1), we find that, respectively, 


(m — 1G + т) (m — 1) +m) 
"edm — DEED aer 


Hence, by (5.1) and (5.2), 
3N 1/8 
nix gunt) t ace (5) S 


(5.2) 


2m 
from which (iv) is obtainable immediately. 


PROOF OF (v). In (5.1), multiply the first and the second, the third and fourth, 
and the first and fourth equalities to deduce that, respectively, 


(26 Е ry" _ m2 zx e 2) Е 9 — т? 


a(l — a) 4 Ba — В) 4m? ud 
and (af)'^ = E c 


Solving the first equality for m and the second for 3/m, we obtain two of the 
desired equalities. 

The remaining two equalities of (v) are readily verified by substituting from 
(5.3). 


PROOF OF (vi). Our procedure is logically somewhat different from that of 
Ramanujan. Define p by the equation 

m = 1 + 2р. (5.4) 
Then the required formulas for « and f) follow immediately from (5.2.). 

Next, in (5.1), multiply the cube of the second equation by the third. Then 
take the cube of the third equality times the second. We then deduce, respec- 
tively, that 

3(3 _ mm 
pg Mee) (З т) ud bag +1068 — т) 


16т 16m? (5-5) 


Using (5.4), we deduce the desired formulas for 1 — В and 1 — a. 


It might be noted that the first and third equalities of (5.1) immediately 
imply that p > 0 and p < 1, respectively. 
For 0 < p < 1, observe that 
1—»Y 2 
да 201—0 +? . 
dp (1 + 2p) 


and 
2 2 
ДЕ ABR 
dp (1+ 2р)? 
There is consequently a one-to-one correspondence between « and p and also 
between f and p when p lies between 0 and 1. 
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The parametric equations for х and f in (vi) were actually first discovered 
by Legendre [2, p. 223] and rediscovered by Jacobi [1, p. 25], [2, p. 76]. 


Pnoor or (vii). The proofs of (vii)- (xi) depend on (5.2) and (5.5). Thus, we first 
deduce that, respectively, 


B\'? m(m—1) 1—B\'?__ m(m- 1) 
(£) © 34m and (=) ^ 3—-т` 


The first formula of (vii) now follows from a straightforward calculation, while 
the second follows from reciprocation. 


PROOF or (viii). From (5.2) and (5.5), respectively, 
_(т— 1)2(3 + m) 


(т + 1)2(3 — m) 


5\1/8 2d — R)S y8 — 
(ap) m and {(1 — a)(1 — )°} i 
Hence, 
3+ т? 
5431/8 un — 858 — e 
(39^ + {(1 — 90 — 95) = —— 
>j _ 6—т)(т—1) 
i 4m 
3/1 — w)3\18 
= P ә) : (5.6) 
a(l — P) 
by (5.2) and (5.5). This proves the first equality in (viii). 
Taking the reciprocal of this equality, we find that 
3 — a)? 1/8 
а By? + {(1 — о) (1 — w1- (20-97 ) 
(58) + {0 — a) (1 — B)} EE, 
34m 
Bert (5.7) 


by (5.6). On the other hand, from (5.2) and (5.5), 
1 + (aB)'? + {0 — a)(1 — В)? 
dis (m — 1)?(3 + т)? " (m + 1? (3 — т)? = (m? + 3)? 
Hu 16m? 16m? | 8m? C 


The truth of the second equality in (viii) is now manifest from (5.7) and (5.8). 


(5.8) 


PROOF or (ix). The equality of the first and third expressions in (ix) is an 
immediate consequence of (vii), and so is the equality of the first and fourth 
expressions. 

From (5.2) and (5.5), 


(a1 — y^ + (B(1 — 9)? 


m (m + 1)(m + 3) {(m? —1)(9 – m?)}42 
вр 
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(m — 1)(3 — m) ((m? — 1)(9 — m2)? 
* 16m? 
E {(m? — 1)(9 — m?)}}? = 2{aß(1 — «)(1 — B))15, 


2m 


and so the proof of (ix) is complete. 
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(5.9) 


PROOF OF (x). From (5.2) and (5.5), it is easily found that each of the first three 


expressions in (x) is equal to 


1 1/2 
[sim + 0(3 – п} . 
т 


Likewise, from (5.2) and (5.5), we readily see that the latter three expressions 


of (x) are each equal to 


1 1/2 
Е — 1)(3 + m)} , 
m 


It is possible that this set of formulas was suggested by the simplicity of the 
expression for m?a — fl, given in the proof of (iv); for this indicates the likely 


existence of a simple expression for the factor m Ja — JB. 


PROOF OF (xi). From (5.2) and (5.5), 


1/4 us ( 
(eB) — {0 — a) (1 В) = —— ám 


mi —3 
~ 2m 


? 


from which the first equality of (xi) is apparent. 
The second part of (xi) follows immediately from (5.8). 


Ркооғ or (xii). From (5.2) and (5.5), 


(т? — 1)(9 — m?) (m? — 1)m? 
p^ac—. апа 0? = А 
8m? 9 — m? 
Thus, 
2 ENS 
pot aa tnm 


J8 О ms 


The elimination of m from the latter pair of equalities yields 


P ^ J/8-PQ 
О /sPQ+1 


Rearranging this equality, we easily deduce the result claimed in (xii). 


PROOF or (xiii). From (5.2) and (5.5), 


m—1)8-m) (m+ 1)8 —m) 
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po and Q 2mm 
It follows that 
po =" and 7 a 
Eliminating m from this pair of equalities, we find that 
P 2+РО 
О 2РО+1' 


which, upon rearrangement, yields the desired result. 


PROOF or (xiv). We assume that и + v and и — vare positive acute angles, and 
so 2v is also an acute angle. Since it is clear that х > £, it also follows that v 
is positive. 

Using the given values of a and fi, we find that the first equality of (ix) can 
be written in the form 


sin(2u) = {4 sinu + 2v) sinu — 2у)}!#. 


Hence, 
sin*(2u) = 4 sin?(2u) — 4 sin?(2v); 
that is, 
(2 — sin?(2p))? = 4 cos?(2v). 
Thus, 


sin?(2y) = 2(1 — cos(2v)), 
and (xiv) follows at once, since v is a positive, acute angle. 
We observe that 
{(1 — a)(1 — B)? — (a8)? = cos(2p). 
On the other hand, by (5.2) and (5.5), 


3 — т? 
= 1— 12 _ 12 | 
(1 — 90 — f)? — (py? = ——— 
Thus, we deduce that 


3 — т? 


2т 


We also shall later need an expression for cos у. By (xiv) and (5.9), we find 
that 


cos(2u) = (5.10) 


cos? у = 1 — sin? v = 1 — 1sin?(2y) 


= 1 — 200901 — B)}? + (Ва — 9)^y 
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(m? — 1)(9 — m?) 
16m? 
(т? 4-3? 
16m^ ^ 


=1 


that is, 


m? +3 
a 


cos У = (5.11) 


PROOF OF (xv). Recall that p is defined by (5.4) and that, after the proof of (vi), 
we showed that 0 « p « 1. Define q by 
q-ptp, (5.12) 
so that 0 « q « 2. We are then given that 
(1 — p? Q + р)? 
(1 + 2p)° 
Solving this quadratic equation, we find that either 


2+р\ _ f—1- (44 + 12] (3 + (4q + 1)21? 
POP | z) = {| Ba so ant (5.13) 


a(l — o) = p(1 + p) 


or 


1-р\ fit (4g + 17] f3 — (4а + 12? 
arala) De pem]. cm 


Suppose that « is given by (5.13). Then from (vi) it follows that 


Е 2+р с 1—p 
p- (722) and 1 pae Ps 


Hence, 


as desired. 

Suppose that a is given by (5.14). If В = р?(2 + р)/(1 + 2p), then by 
the one-to-one correspondence established after the proof of (vi) 
а = р(2+ р)?/(1 + 2р), which is a contradiction. Suppose that 
В = (1+ р)%(1— р)/1 + 2р). Then 1—« = pQ + pP/(1-- 2p? and 
1 — В = р?(2 + py(1-2p).It follows that 


бү" еа deg 2 FP La 
B 1-8 142p 1+2 ` 


However, this contradicts (i). Since the two values specified for f are the only 
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two values that satisfy the equation B(1 — f) = q3(2 — qy(1 + 44), we must 
conclude that when х is given by (5.14), the value of В(1 — f) is not the one 
required in (xv). Hence, the appropriate root a in the statement of Entry 5(xv) 
is that specified by (5.13). 


Suppose that the root given by (5.13) is the smaller root, that is, 
2+р 3 
(724) < ou (1. 


24? + 104 — 1 « 0. 


This reduces to 


Hence, р(2 + p)?/(1 + 2p)? is the smaller root when д < +(3 J3 — 5) and the 
greater root when q > 1(3 J3 — 5). 


Entry 6. 
(i) Let p be defined by (5.4). Then 


2+р\° -a 
(oi bof) )ea + 2m (54 io ( PrP ; 


(ii) Let q be defined by (5.12), where p is defined by (5.4). Then if q < 13/3 — 5), 
Z=4 y 1/2 1 1 3( 2-4 
2Ё, 4,45 1; 4q eae = (1 + 4q) 2Ё, 445 1; 4g 1 + 4q x 
(iii) If tan А + B) = (1 + p)tan A, then 
d 
(1 + 2p) | T 


б - 2+р 223 a-f Е 239p Y V5 12" 
fı p (222) e| 1—p 132p sin^ ф 
(iv) If tan 4(A — В) = ((1 — р)/(1 + 2p))tan B, then 
A 
(1 + 2» | 20 
oj. 3/2 


A B 


(v) If. 
2 tan B 4- 2(1 — x)tan? B 
1 — (1 — x)tan* B 


tan С + В) = 


then 
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C do zs B do 
o {1—xsin? o} " Jo (1— x sin? o) 


It is tacitly assumed that 0 < A, B, С < 7/2. 


PROOF OF (i). Part (i) is simply a version of the formula (5.1), that is, 
2F, (3, 4; 1; a) = m,F 5 1; В), 
when х and f are given by the parametric equations of Entry 5(vi). 
PROOF OF (ii). By Entry 33(ii) in Chapter 11 (Part II [9, p. 94]), 
2F,(4, 45 1; 4a(1 — а)) = 2F,(2, 5; 5 $(1 — {1 — 4a(1 — «)}!?)) 

= F (4, 3 1; a) 

= mF, (5, 5; 1; В) 
(1 44)'?,Е, (4, 4; 1; 4B(1 — B)), 
where, to obtain the last equality, we merely repeat the prior steps, but in 
reverse order. The equality in (ii) now formally follows from Entry 5(xv). 

Observe that in taking the square root above, it was assumed that « < 4, 

that is, р(2 + p)?/(1 + 2р)? <4. It is easily seen that the latter statement is 
equivalent to the inequality q < 4(3 Jn — 5), and so the proof of (ii) is com- 


plete. (With respect to the restriction on q, recall the remarks made at the 
conclusion of the proof of Entry 5(xv).) 


PROOF or (ш). This formula is the general transformation of the third order. 
There is no evidence as to how Ramanujan obtained it. Thus, rather than 
derive a proof ab initio, we merely content ourselves with demonstrating how 
it can be derived from the form of the general third-order transformation 
discovered by Jacobi [1], [2, p. 76]; namely, 


A do [ do 
1+2 er =] с ———, 
( »| di 2p РЕ 1/2 AN 2+р Р 12 
Ig шы P\T 2p ? 
(6.1) 
when 
1 + 2p)sin A + p? sin? A 
sin B E + 2p)sin Fp = 
1 + p(2 + p)sin* A 
Solving this quadratic equation for p, we find that 
_ 1—sin A sin В + cos A cos В (62) 


sin A(sin B — sin A) 


Since A and B vanish simultaneously, it is clear that the ambiguous sign above 
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must be replaced by a minus sign. So, 
_ 1-—cos(A— B) _  sini(B—A) 
P= sin A(sin B — sin A) sin A cos 4(B + A) 
_ cos Asin 3(B + A) _ 
віп Acosi(B+A) ` 
In other words, tan (А + B) = (1 + p)tan A, and this establishes (iii). 


PROOF OF (iv). In Jacobi’s result (6.1), replace p by —(2 + р)/(1 + 2p), A by 
— B, and B by A. We then deduce that 


3 | do - |; do 
142 3 12 2 1/2? 
MEDIE UE 
р 


1+2р 


when 
ae 3(1 + 2p)sin B — (2 + p sin? B 
7 (1+ 2p)? — 3р(2 + p)sin? B 
Solving for (2 + p)/(1 + 2p), or employing (6.2) with the designated substitu- 
tions for p, A, and B, we find that 
2+p _ 1-—cos(A + B) 
1+2p sin B(sin A + sin B) 
_  Sin$(A-- B _ cos Bsin 3(A — B) ks 
< віп В соѕ ҚА — B) ѕіп Всоѕ ЦА – B) ” 


that is 


2+р 1—р 
l44—B)— = = 
tan ¿(A — B) ( +2р ) tan B i+ tan B. 


Therefore, the proof of (iv) is completed. 


PROOF OF (v). By replacing B with C in (iii) and comparing (iii) and (iv), we 
deduce that 


DEM M EM NE 

o {1 — x sin? ф}!? о {1—xsin? o)? 
where x = p(2 + p)°/(1 + 2p), and Band C are connected by the relation that 
is obtained by eliminating A from the equations 


1—р 
1+2р 


From the addition formula for tan и and the latter equality of (6.3), it follows 
that 


tan 3(A+C)=(1+p)tanA and tani(A— В) = tan B. (6.3) 
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2 B 
tan ҚА + В) = tan{4(A — B) + В} = ep 


Hence, 
tan A = tan{4(A — B) + 1(A + B)} 


1—p (2 + p)tan B 
O12 P ta 25 -ü- pas! B 
РТ (1 — р)(2 + p)tan?B 
(1 + 2p — (1 — p)(1 + 2p)tan? B 
_ 3(1 + 2p)tan B — (1 — р)? tan? B 
© (1 + 2p)? — 3(1 — p?) tan? B 
Using both equalities of (6.3) and then (6.4), we find that 
tan 3(C + B) = tan{4(A + C) — 54 — B)} 
_ (1 + pY(1 + 2p)tan A — (1 — p)tan B 
~ 1-«2p- (1 — p?)tan A tan B 


_ 2tan B + 2(1 — x)tan? B 
^ 1-(-»xtan*B ^ 


1 


(6.4) 


after a somewhat lengthy computation. This finishes the proof of (v). 


Although a triplication formula of this type is due to Jacobi [1, p. 29], 
[2, p. 80], this form of the triplication formula with the relatively simple 
expression connecting B and C is due to Ramanujan. The simpler relations 
between A and B in (iii) and (iv) evidently made it possible for Ramanujan to 
discover his elegant rendition of the triplication formula, whereas the analysis 
needed from Jacobi’s relations would, indeed, be more formidable and less 
discernible. Jacobi's work is recapitulated in Cayley's treatise [1, pp. 201—202]. 


Entries 7(i), (ii). Recall the definition of z іп (6.2) of Chapter 17. Let x = 
p(2 + р)?/(1 + 2p. Let B denote an acute angle. If cos B = (1 — р)/(2 + р), 
then 


0 pM. тве. 
o {1—xsin? oH? 37 


If sin B = (1 + 2р)/(2 + p), then 


(i) В 4ф л 
ii e Lm T 

o (1 — x sin? o]? 6° 
Proor. We show that these two formulas are consequences of Entry 6(v) and 
the associated conditions (6.3). From (6.3), we see that as B increases from 0 
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to 2/2 to л, $(A — B) does the same. Thus, A increases from 0 to 32/2 to Зл. 
Also, if A increases from 0 to 2/2 to n, (А + C) does likewise. So, C increases 
from 0 to z/2 to л. Thus, when C is equal to л, so is A, and, furthermore, B is 
a positive acute angle. 

Using Entry 6(v) and recalling (6.9) in Chapter 17, we thus deduce that 


» do т 
x Pes aks = 22, 
o (1—xsin? Ф)? 3 
when B is the positive acute angle that satisfies the equation 


p 


1 
tan B. 
4 2p 


tan 4(x — B) = 


Using the identity 


1 + cos B 
Ил — В) = cot $B = ——— — — 
tan 5(x — В) = cot j an B 


we eventually find that cos B satisfies the quadratic equation 
(2 + p)cos? B + (1 + 2p)cos B + (p — 1) = 0. 


Solving this equation for cos B and taking the proper root, we find that 
cos В = (1 — р)/(2 + р), as desired. 

Also, when C is equal to 2/2, so is A. Thus, by the same type of argument 
as that above, 


В do 28. 
o l- xsin? o} 6^ 


where B is the positive acute angle that satisfies the equation 


i= 
tan(in — 1B) = T » 


From elementary trigonometry, this equation may be put in the form 


tan B. 


sn B-1+cosB_ 1—р 
sn B--1—cosB 1-+2р 


tan B. 


It is easily checked that sin В = (1 + 2р)/(2 + р) is the solution to this equation. 


In the classical notation of elliptic functions, formulas (i) and (ii) assume 
the respective forms 


2K 1-p K 1+ 2p 
en(**) = 54р and (8) zu "T 
where К? = x = p(2 + р)?/(1 + 2p)*. Other formulas of this nature are due to 
Forsyth [1], Glaisher [3], and Burnside [1]. 
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Entry 7 (iii). Let AP denote the diameter of a circle € with center O. Let TB be 
perpendicular to AP, with B € € and T € AP. Draw chords PR and PR, equal 
in length to TB with R nearer to B. Form AB, AR, and AR,. Then a pendulum 
oscillating through / АВАК, takes (AR — OT)/AO or 3AO/(AR + OT) times 
the time required to oscillate through 4 АВАК. 


Proor. As we shall see, Entry 7(iii) can be derived from Entry 5(xiv). 
Let OP = a and / PAB = y. Then AB = 2a cos p and 


BT = AB sin и = 2a sin pcos p. 
Thus, 
RP BT 


when v is defined by the equation ѕіп(2џ) = 2 sin v. By the converse of Entry 
5(xiv), 
а = sin?(p + v) = sin? / BAR, 
and 
В = sin?(u — v) = sin? / BAR. 
Let t, and t, denote the respective periodic times that it takes for a 


pendulum of length 7 to oscillate through the angles 4BAR, and 4BAR. Then 
(Hancock [1, p. 911) 


£ 2n dg Р 2n do 
4) (ает? рр "d „=, (1 — f sin? gj" 


By Entry 6(1), t/t =m. 
Now observe that / BOT = 2u. Thus, 


3 – т? 


2m ^ 


OT —acos(2u) = а (7.1) 
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by (5.10). Also, 


m? + З 


> 


AR = 2acos v = 2a 


by (5.11). Substituting these values for OT and AR into (AR — OT)/AO and 
3AO/(AR + OT), we find quite easily that each reduces to т, and so the proof 
is complete. 


Corollary. Suppose that T coincides with О. Then / BAR = n/A2, / BAR, = 
57/12, and 


AR—OT ЗАО = 3З 
АО  AR«OT 


Furthermore, a pendulum oscillating through 300° takes WE) times the time 
required to oscillate through 60°. 


Proor. The hypotheses immediately imply that и = 7/4, v = л/6, and m = 
J3, by (7.1). So, / BAR = p — v = 7/12 and / BAR, = и + v = 51/12. The 
assertion about the pendulum also follows at once from Entry 7(iii). 


According to notes left by G. N. Watson, this special case concerning the 
angles 60° and 300° is due to Legendre several years before the discovery of 
the general cubic transformation. 

The following geometrical description is an extensive elaboration of that 
in Entry 7(iii). For convenience, we have divided Entry 7(iv) into three parts. 


Entry 7 (iv) (First Part). Let AP denote a diameter and PQ a chord of a circle 
€. Let B denote the midpoint of the arc PQ. Draw AB and PB. Let B, be the 
mirror image of B in AP and construct AB, and PB,. Let R be a point on € 
such that PR = 5 РО and so that R is on the same side of AP as B and О. Let 
R, be the image of R in AP. Form PR, PR,, QR, and QR,. Draw AR and AR,, 
cutting PB and PB, at C and C,, respectively. Construct a line perpendicular 
to AP at P. Let the extensions of AB and AB, meet this line at M and M,, 
respectively. Extend BP and AR, to their point of intersection C,, and extend 
B, P and AR to their point of intersection C,. 

Then a circle @' will pass through M, C, C,, M,, C,, and C;, and this circle 
will be orthogonal to the circle €. Furthermore, €' will be tangent to the straight 
lines AB and AB, at M and M,, respectively. Let O denote the center of €'. 
Form OM and OM,. 

The circle €' also passes through the intersections of the circles with centers 
A and P and radii AB and PR, respectively. The distances of any point on the 
circumference of ©' from A and P bear a constant ratio. Lastly, 


QR: QR, = ЗКР?. 
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Proor. Our procedure is logically somewhat different from that of Ramanujan. 

Let the radius of € be denoted by a. Let / РАО = 2p, where О is any point 
on €. Since the arcs PB and BQ are equal, it follows that / PAB = y. Also, 
AB = 2a cos p and 


sin(2u) = a (7.2) 
Let v= / PAR. Then 
inve Р = OF (73) 
Hence, (7.2) and (7.3) imply that 
sin(2y) = 2 sin v. (7.4) 


We now reorder the steps in Ramanujan's line of reasoning. Draw a second 
circle €' that is tangent to АВ and AB, at M and M,, respectively. We show 
that €' passes through C, C,, C;, and C3. 

Since, by construction, A is the pole of MM, with respect to @’, A and P 
must be inverse points with respect to @ (Coxeter [1, p. 78]). Consequently, 
the circle € with AP as its diameter is orthogonal to @ (Coxeter [1, p. 80]), 
and < is the locus of points whose distances from A and Р are in the constant 
ratio (Court [1, p, 173]) 


AM 1 
— = _—. 7.5 
PM sing ve) 
To prove first that C lies on @’, observe that, by the law of sines, 


AC іп 2 АРС sin АРВ cosp 2cosp _ 1 
PC sinZPAC sinZ PAR  sinv  sinQy) sing 


by (7.4). Thus, by (7.5), C lies on €". 
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Examining next C}, we have, by the law of sines, 


AC, sin / АРС, sin LAPB, cosy 1 


РС, sin PAC, sin PAR  sinv sinp 
as above, and so, by (7.5), C, lies on €". | 
Since C, and C, are the images of С апа C}, respectively, in AP, C, and 
C, must also lie on @’. Thus, since C, C,, C,, and C, lie on €', our definition 
of €' is reconciled with that of Ramanujan. 
Next, draw the circles with centers A and P and radiir, = AB and r, = PR, 
respectively. If X is either of their points of intersection, then 
AX n 
PX rn 
Thus, by (7.5), X lies on €' provided that r, = r, sin д. Sincer, = AB = 2a cos u 
and r, = PR = 2a sin v, we see that this condition is indeed met. 
By the law of sines, elementary geometry, (7.4), (5.10), and (5.11), 


QR sin/ QPR sinu —v) _ sin(2y)cos v — cos(2y)sin v 
RP sin ¿RQP sinv  — sin v 


= 2 cos v — cos(2u) = m. (7.6) 
Similar considerations show that 


QR, sin ZQPR, sin(Qpg + v) 

RP  sin4R,QP sinv 
Thus, (7.6) and (7.7) imply that QR: QR, = 3RP?, as desired. 

Most of the content of Entry 7(iv) (first part) was submitted by Ramanujan 

as a problem to the Journal of the Indian Mathematical Society [5], [10, p. 331]. 
A solution to this problem was never published. However, more recently, the 
first part of Entry 7(iv) was the basis of a Ramanujan Centenary Prize 
Competition [1] held in Mathematics Today, an Indian journal aimed at 
students of mathematics in high schools and colleges. A total of 24 solutions 
were received, and three were published. 


= 2 cos v + cos(2u) = a (7.7) 


Entry 7(iv) (Second Part). A pendulum oscillating through the angle 4BAR, 
takes QR/RP or 3R,P/R,Q times the time required to oscillate through the 
angle 4BAR. 


Pnoor. By the last statement of Entry 7(iv) (first part) and (7.6), the two ratios 
QR/RP and 3R, P/R,Q are each equal to т. The given result now follows from 
the proof of Entry 7(iii), wherein it was shown that the ratio of the two 
respective designated times is equal to m. 


Entry 7 (iv) (Third Part). With the notation of the first part of Entry T(iv) and 
Entry 5(xiv), 
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BC BC AB AB 
1/2 м 2 1/2 77 —gqMa = _ 12 _ 7 
a AC,’ B де 0-79 AC, (1 — f) Аё? 
йй о _(BM" _BP 
АС; ` АС, АМ AP’ 
AB 12 АВ 
1— ә)(1 — 18 = — 
QR 3 QR, 
СЕР m RP 
BM AB 
1/4 = 14 _ 
(08) + (1-390 – 0) = Tv +ту=Ъ 


ey T | " a Е MU Е (1 — ay? 
p 1-8/ AP {0-0 — y^ 


BC, AP AP РС, АР 


BP AC, AC, BP AC, 


_ PC, AM 


~ AC, PM ^C 
and 


(1 - py 1/8 p 1/8 (1 — py? pi? 
| 1—@ ) -(&)`- {@-®(1—)}# (ap) 


_ АР ВСАР АРСР СРАМ 
“АС ACBP АСВР АСРМ 


Proor. Since / BAC, = u + v and / ВАС = p — v, it follows that 


ВС, . ENT BC. i 
саиту т З Ac = 8 — 0) = Ё 7 


AB 
Ac cos(u + v) = (1 — а)! 2, and 48 = cos(u — v) = (1 
Thus, (7.8) is established. 
From (7.8), 
сут = (ВС: ВС)“ _ (вс, c^ 
АС, АС AC; AC, 
By (7.4), 


(x8)? = (sin(u  v)sin(u — у) 
= (sin? и cos? v — sin? v cos? р} 
= (sin? и — 1 sin?Qyu)]!^ 
BP 


= sin 4 = 45. 


247 


(7.8) 


(7.9) 


(7.10) 


(7.11) 


(7.12) 


(7.13) 


=1. (7.14) 


- Bye. 


(7.15) 
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From similar triangles, 


BP МР ns BP ВМ 
AP AM AP MP 


We thus find at once that 
BPY ВМ 
AP) AM: 


Thus, all the equalities of (7.9) are established. 
Next, by (7.4), 


{(1 — a)(1 — 8)}® = {cos(u + y)cos(u — v)} 


= (cos? и cos? v — sin? p sin? v) ^ 


_ _ АВ 
= соз и = AP 
From similar triangles, 
AB AP 
AP AM’ 


and so 
ABV АВ 
AP} AM’ 


Thus, (7.10) has been proved. 


(7.16) 


(7.17) 


The equalities of (7.11) have already been established in (7.6) and (7.7). 


Equality (7.12) is a trivial consequence of (7.9) and (7.10). 
Next, by (7.15), (7.17), and Entry 5(xiv) or (7.4), 


(s) 7 Е = A Е a2 B (1 = a)? 
p 1-8)  (wBy* {0-90 — py" 


 Sin(u- v) cos(u + v) 


sin 4 cos H 
_ siny _ sinQy) 
" sinpcosp 2singcosu ` 
On the other hand, 
ѕіп(и + у) cos(u+v) BC,AP AB AP 
sin 4 cosu АС, ВР АС, АВ 
_ BC, АР АР ВС, – ВР АР 
С ВР АС. AC, ВР АС, 


_ PC, АР РС, АМ 
~ ВР АС, АС, МР’ 
by (7.16). Thus, all equalities of (7.13) have been established. 
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Lastly, by (7.15), (7.17), and (7.4), 


(em -(ey"- 0-89 p” 
1-а «Jj {1-а -py (ap 


_ cos(u— v) sin(u—v) X sinv 
^ COSH siny sinucosp 
On the other hand, 
cos(u — v) sin(g — v) _ АВАР ВСАР 
COS н sinu ACAB АСВР 


_AP_ BCAP APBP—BC_ АРСР 


ТАС ACBP AC BP ACBP 
_ СРАМ 
С AC PM’ 
by (7.16). This completes the proof of (7.14) and all of Entry 7 as well. 
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This concludes, for this chapter, Ramanujan’s study of modular equations 
of degree 3, with the concomitant theory of theta-functions and associated 


geometry. In Section 8, we begin the corresponding theory for degree 5. 


Entry 8. We have 
@ (ауа) — 5a^V(a)u^ (a^) 


_ 4 24? 3g? 4q* 64° 
“T-@ I-@ i-@ti-g@ti-g 
(ii) 5o(a)9?(q?) — e? (a)o(q^) 
q 24? 3g? 4q* 64° 
edu - *%_ -— 
(+ 1—4? Пр Tag reg : 
ф?°(9) 
(ш) 25 з 
Ф(9)Ф°(9 Ф045) 
345 747 9g? ) 
—24 + 40 — = ге], 
© es 1-4 1527 Tag” 
and 
m A E — 254^ (qq) 


2g — 342. 44 6° 
sie ж ш decas: 
l+q 1+4? 1+9 1+9 1+9 


The proofs of Entries 8(1), (ii) are rather difficult. Some results from Section 
13 are employed in our proofs. However, no circular reasoning is involved, 
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because the results from Section 8 are not subsequently utilized, except in 
Entries 9(1), (ii), (v), and (vi), which are not used in Section 13. 


PROOF or (i). From (3.4), 


|: qua sin(n 4- P - Э nq" D 
pA {— geri РА . 


q 


Let 0 = 37/5 and 0 = 27/5 in turn and then subtract the two equalities to 
deduce that 


o ng . „{3пл . {nn 
r m (to) 8 (0) 


NE gi? . (би + 3)л  . (20 + 1)л 
= (Хт я pa sin 9 — + sin—j45 — 


m. gius ‚ (бп + 3)л  . (21 + 1)п 


The cycles of values for the three expressions 


4 sin? 3nn\ — їп? пт 2 sin (6n + 3)1 nor (2n + 1)x 
J5 10 10//" J/5 10 10 i 


and 


. (6n + Зл  . (2п + т 
(an + Эл sin 2 +) 


are, respectively, 
1,1, —1,—1,0,— 1, — 1,1,1,0; 


1,1,0,1,1,—1,—1,0,—1,—1; (8.2) 
1,—1,—4,—1,1,—1,1,4,1,— 1. 
Thus, (8.1) is equal to 


aqa " 24? _ 3g? _ 4q* B 64% _ 74? | 84% 
1—4? 1—4* 1 — q? 1—4° 1—4!? 1—4!* ] — qi? 
9g? qi? qo? 47? qe q! 1/2 
Trc 18 wal Mp d d cau iuo epe ER ERES T: 
q 1 1-4 1-4 1-4 1-9 


"EL 4172 gi 9 7 

“jog? tag! ейт" 

ч q"? Е 432 " 44°? B 470 
Leg 1—4% 10-0 1—4' 

9/2 


11/2 13/2 15/2 
й qi 40 * 


ig pog i-a 1—45 


+ 


4 4192 
+ р. (8.3) 
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Let S, denote the first series on the right side of (8.3). Expanding the 
summands into geometric series and then summing by columns, we find that 


а qi + qm qme + qo 


$; БЕ = 1 is qr 
We now apply (8.5) in Chapter 17 with a = 4! and b = — q?? and then with 
а = q?? and b = — д'?. It follows at once that 
Га“, 4°) f(a^, 4%) 
$, = 1/2 п 10 + 3/2 Ф(— 5) (q'°) 


= {qP flat, 4%)/(— 4°, ~a) + a? f(a?, q9)f(—a, —a?)) 
ф(— 409°) 
x 9 3 7. 
fa, a4 )f(-4 , –9) 
Applying Entries 29(i), (ii) of Chapter 16 with a = q, b = —q*,c = —q?, and 
d = 4°, we find that 


f(a*, 4®)/(—4%, —47) = 3(f(a, —a)f(— a^, 9) + 7—9, PSY, —) 


(8.4) 


(8.5) 
and 
qf(a^, a9)f(—4, —4°) = À(f(a, —4°)/(—°. а?) — /(— а, ASG, E 


Adding (8.5) and (8.6), we see that 

fiat, a)f(— d, — 47) + af(a^, q*)f(— a. —a?) = fa, —4*)/(— 4°, 4). 
Substituting this into (8.4), we find that 
_ я Ла, — a )f(— a^, Pol 4%) (q^?) 

f(-4, -Pt —4') 

4" f(g)f(a^)e(—- a^) (4°) 

f(-4 —4)/(—4°, —4') : 
by the corollary to Entry 28 in Chapter 16. By the Jacobi triple product 
identity (Entry 19, Chapter 16), 


10-9, ~P, —4') = (9; a ).(45; 4 9). (05; gola; Fen gs 4:9) 
(«asa 049) x79) (7-4) 
(a5; 4°), x(—4^) 
by Entry 22 in Chapter 16. Thus, (8.7) can be written 
4" f(g)f(a*)x(—4*)e(—- a^ Wa") 
x(- a^ (74^?) 

Letting S, denote the latter series on the right side of (8.3), we rewrite it in 

the form 


Sı 


(8.7) 


, 


8, (8.8) 
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1/2 3/2 5/2 7/2 9/2 11/2 13/2 


q q q q q E q q 
lcs iow Ig iu qeu р peg? 


5, = 


Е gis? + gt = qi? aueh 5 а? " qU? des 
1—4? 1—4!7 1—4!? 1—4? 1— 4!5 
= qAy*(q*) — Sq? y^ (q'?), (8.9) 


by (8.6) in Chapter 17. 
Now put (8.8) and (8.9) in (8.3) and change the sign of q. Employing Entries 
101), 11011), 121), (iii), (v) in Chapter 17, we find that 


а 24 _ 34° 44% , 64 _ Tq _ 84" 
1—4? 1—4° 1 — 4% 1—4? 1 — qi? 1 — q'* 1 — q! 
9g? 
Ter 


x _ 75 5 5 10 
_ 4 oe d E (q^) (2 (g?) — 5g? y? (q19)) 


1/2 „3/2 1 a*(1 _ )5 1/24 p 1/2 
= Si eor (50 Y" (m-s(5)") 


zz 5 2m — p\? 
= ав - (GO B)27 «($ -1)(®-5(2—)) 


E 1237 
4 


5m — m? 
5_ 


= = 2 p (n - (5). (8.10) 


by Entry 13(iv) and (13.13), where р = (m? — 2m? + 5m)”. On the other hand, 
by Entry 11(i) in Chapter 17, we pond deduce that 


1/4 
WON- sevo? === pnm -s(P)^). ваш 


wpe T 


Combining (8.10) and (8.11), we at last complete the proof of Entry 8(i). 


PROOF OF (ii). The proof of (ii) is not unlike that of (i). Examining Entries 16 
(second part) (iii) and 17(ii) in Chapter 18, we observe that the difference of 


c „2п+1 ai 1 2 
(<x 0+4 У 1 D ы м) 
п=0 Е 


апа 
со 2п 
csc? 0 — » nq oan) 


n=1 1—4 


is independent of 0. To that end, letting 0 = л/10 and 0 = 37/10 in turn and 
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subtracting the two formulas, we deduce that 


of ™\_ 3n) ә пд?" пт\ _ 3nn 
csc (7) csc ic) 8 1-345 feos( =) cos (= )} 
2п+1 
л 4 (2n + 1)x 
= (е<( 5) + oso( Xi [ss sin^— — 


‚ (6n + 3)л л 3л o genti 
+ sin— 5 — сзс\ 15) — se| т +4 gogan 


xn (2n + 1)л E (6n + 3)1 
10 "Hd ү} 


2 ( (©) 69) 2 (s n+ij . Gt Dr) 
Js cos 5 — cos jh Us smeg + ӨШ ту Д 


and 
1 
EC 5 LT i) 
repeat in cycles of length 10, respectively, according to (8.2). Consequently, 
2 2g* 3g$ 44% 6q!? 7g* 9916 
1-— 4 jue cu 4 = 4 pho p cc 
1—4 1—4 1—4 1-94 1—4 1—4 1—4 
11415 
ле 
4 4° q’ 4? 
= 41 + —— 
tts =g t=q’ 
qii gq qi q"? 
“Gogh Tg" 1-47 Loge 
3 5 7 9 11 
xut qot. * —— -— 
1—4 ae 1—4 1—4' 1—q 1-4 
13 4q!5 17 19 
"egg ca p d T s (8.12) 


Letting S, denote the former series on the right side of (8.12), we transform 
it just as in the previous proof. We then apply, from Chapter 16, the corollary 
to Entry 33(iii) twice, Entry 29(i), Entry 19, and Entry 22. Accordingly, 
со а + а?" +4" + а?" 

S,=1 
Re p 1+ 4° 
9 4-3 
20f(-a,—4) /(—4°%,—4') 
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1—4, - a! 9)f(- 5, 4°) ро) 
f(—4. —a4?)f(—4^, – 9?) 

_ (9% 42%), (a5; 429), (4 55 a7?) (45; 42°), (475; 42°) 0549) 

(a; 4°). (a5; a! 9), (a^; 419), (a*; 419), (q19; q19)2 
~ (455 A ek a (454 Ээ д 410) 
(9; q^), (a! 5; 4\°)® 
_ /(—4°%)/С—4°°)у(—4 
x(—@)f?(—4"°) 
Letting S; denote the latter series on the right side of (8.12), we rewrite it 

in the form 


J 49), (8.13) 


MEE qd 4 аа q? | 4 
5 = 1 1€ Dew 1—4* 1—q' Eg peg [—4? 
15 17 19 5 15 
q q q q q 
[те tage ge n 1—95 * ) 
= {{5ф2(4°) — ф?(9)}, (8.14) 


by Entry 8(i) in Chapter 17. 

Denoting the left side of (8.12) by 4S and putting (8.13) and (8.14) in (8.12), 
we deduce that 

_ f(-a*)f(-a?)xC- a?) 
S= 2 10 
х7 g") 

Invoking Entries 12(iii), (iv), and (vi) in Chapter 17 and Entry 13(iv) below, 
we find that 


$— (e Ce = "ue ccn 


9?(—4!?) (59? (q*) — Ф?(9)). 


415 В(1 — В) (1 — о)! 
(5 – mfo(a)o(q*)e?(—4!?) 
Е 4m(1 — а)! 
_ (5° -3m45 Sp- т? — 2 ra 0) 
i 4m 4m? (1 — a)! 
1— о)? \!%® 5j1,4,2( 410 
n (sta ap Вур — ZU = ) Еа» 41°) 


3 36. MD 
= _ 5\ n{ aX ce» - (Ser 2) 2(. 10 
{ф(9)Ф(— 4)Ф(4°)Ф(— 4) ^ o*(—4'?) туа у (—4'°) 
= 5ф(—42)ф°(—4'%) — ф%(—4?)е(— 4°), 
where we have used (13.10) and (13.5) below, Entries 10(i) and (ii) in Chapter 
17, and Entry 25(iii) in Chapter 16. Replacing 4? by — q, we complete the proof. 
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Ркооғ OF (iii). For brevity, in the proofs of (iii) and (iv), we put 


_ 4 24? 34? 4q* 64° m 
em 1-4 tof tHe 1-48 , 
q 24? 3? 44° 6а° 
S,(q) = ——— - ———;3 — DE. 
20) [xq 1-g 1+ 1-01-04 
S) = —— — NU + zl Е Bd 
3 144 1 + 4 1+4” 1+ 4° 1 +q" ? 
and 
q 2452 39 , 44 64° 
S4(q) = Е 
4(4) 1+9 1+4? rg 1+ Dg 
First, 
Е 24 ба? 144? 184° 2241! 
5$\(4) — Si( De 135 jog pog 1—47 
_ 4 342 _ 74 , 9? 14" 
1-4 1-9 1-9 1-94 1-q" 
pcd 3 74 9g? 14" 
1+9 1+4 1+9 1+4? 1-44! 
(8.15) 
Second, 
$1(—4) + 2S2(—q’) 
E a — 24? 3g? à 4q* 64% E 
1-а 1-4 1-4 1-q 1-46 
24? 4q* 6q° 8g? 124? re 
1—4? 1 — qt ] qf ] g^ 1—4? 
a q à 3g? 74! 9g? Е 114i 
1-9 1-4 1-q’ 1-4 1—4"! 
442 124° | 284: _ 36475 _ 44g? 
1—4? 1—4° Lg 1 — q’ 1—4?? 
ERE. 343 74? 9g? Mq" _ 
1-а leg  Loq 1—49 124" 
q 3d" 74, _ 9% 114" 
+2 ide за ШЫ pof cp eser 8.16 
ar 1+4 1+4 (deg? 1+9" n 


Combining (8.15) and (8.16), we see that 
55з(4) = S2(—4) + 28,(—4°) + 3{5,(9) — 5,(—4)}. 
Hence, by parts (i) and (ii), Entries 10(ii), (iii) and 11 (i), (ii) in Chapter 17, and 
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(13.10) and (13.11) below, 
24 + 408,(q) 
= 109(—4)9?(—4*) — 29? (—4)o(— 45) + 20ф(—4?)ф%(— 4°) 
— 49?(—q*)e(— 4'?) + 24(qu? (a) (a?) + a? (—au(—a?) 
— Sq'i (aJ? (a?) + 5a?^v(—a? (—45)) 
= e(a)e*(q*)(10((1 — о)(1 — 891^ — 2m((1 — a (1 — j^ 
+ 20((1 — а)(1 — B93!* — 4m{(1 — a)? (1 — 8)}!# + 6m? p)? 
+ 6m{o3(1 — a? B(1 — 8))!* — 30(ap*)'* 
+ 30{a(1 — a)B*(1 — B) 118) 
S(p — т? + Зт)? (о — 3m +5? | S(p — т? + 3m) 
8m? 8m m 
3(p--3m —5) 3(m? — 11m? + 35m — 25) 
WW E IM S 


15(p +m? —3m) 15(—m? + 7m? — 11m + 3) 
S Mente; S EET LH + —————————————— 
2m 8m 


- одеа 


— (р – 3т + 5) + 


= ф(4)?(4°)(25 — m?) 


_ ars 0) 
= 25o(q)o" (q^) P 


which is formula (iii). 


Proor оғ (iv). Expanding the summands of S; (q) into partial fractions, we see 
that 


2$ (9) = —4 24? 3g? 4q* 64° u 
1 = 17 1-4 1-43 1-41-94 
q 247 3g? 4q* 64° 

"ac iia ch ATA ET 
1+4 1+q 1+9 1+9 144 

Е q 3g? 747 94° 11411 

== 1—4 1—4? 1—4' 1-g 1-q 


Hence, 
S4(q) = 25, (q) + 28,(—4) — S,(—4). 


Applying parts (i)-(iii), Entry 11(ii) in Chapter 17, and (13.12) and (13.11) 
below, we arrive at 


19. Modular Equations and Associated Theta-Function Identities 257 


4 + 208,(— q) 


= 40(- qi? - 9UC-45) — 5420(—9)0(—45)} — е: Ts 


+ 5ф°(4)ф(4°) 

= 40( — a? ( - QW (—4*) — 5q?y (9? (—45)) 
+ Ф(4)фЭ(4°)(5т — m?) 

= eéC-au?c- -LECA _ ууу cum) 
ой ( 045) + auc ay 


"UU ro zd u$) 
q'V(—-aWw*( ex Om = B) 


4(5m — m?) 
аы (aay [үе mr) 


2 _ „2 
- evcoece( EL 


64(5m — m?)m? 
1)? — 200 + p? = (m? HE m] 
-yoa (B0 — 200 + е») 
m — 1) 
= 420(—ф(—а (B= m 1) (8.17) 


But by Entry 11(ii) in Chapter 17 and (13.12) below, 


MC _ (2 - 2 _ бт? py m- 
424—4) pa — p) m*(m—1* (m—1^ 
Utilizing this in (8.17), we find that 


44 208,4) = eua eC. = 100) 
AC 3 - 100g^4(— 9^ (—q5) 


Replacing q by — 4, we finish the proof. 


Entry 9. The following identities are valid: 
f((-4. -s( q 34? 4q* 74” 9g? 


1+а 1+4 4-4 Liu Trig 


d 11411 1241? u 
1-45 1+9'? : 


where the powers of q are not multiples of 5 but are otherwise all the odd 
multiples of 2?*, k > 0, and where the signs of the terms are +, —, —, +, 
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according as the power of q is congruent to 1, 2, 3, 4 (mod 5), respectively; 


f°(q°) " 9? (q^) 


vs = 3/,5\. 
(ii) q Ty gd Ф(4)Ф°(а?); 
(iii) e^ (a) — o^ (q?) = 44х(4д)/(—4°)/(—4°°); 
(iv) {Ф(4°) + 24/5 f(q?, 7)? + folg?) + 2445 f(q, 4°)}? 
= ф2(4'5) — o) + 39? (q); 
f?(-4) fig, —4?) 
tx = 5q— Log 
n Жс” Эи Og qo) 
5 
(vi A5 - 2 9^9) = 1— 527 “Log 1; 
5 
(vii) mare 42) = C409. 
x(— 4) 
f(—4, —4*)f(—-a4^, – 9) = /(—4)/(—4Ў); 
and 


fia, PIG, 47) = x()f(—a5)f(— 4??). 


The most fundamental result in Entry 9 appears to be (iii), and so we prove 
it first. 


PROOF OF (iii). Employing Entry 8(i) of Chapter 17 and summing by columns, 
we first see that 


3 7 9 11 
q q q q q 
2 — mêlas =4 RM ES 27 
o*l) — (9) (т^; =a ta тр Lg 
А q”? " qi? _ д9 ics 
1—4? 1—47 1—4!? 
xtd qr Ed oL 
1 4 41? 1 4 279 1+ 4°° 
BUCH MN Abc MT ded c 
12-49 1449 1+4? 


Now apply the corollary to Entry 33(iii) in Chapter 16 with a = q and 
b = 4° and then with а = 43 and b = 47. We next employ Entry 29(ii) of 
Chapter 16 with a = q, b = q°,c = —q°, and d = "did Accordingly, 


Ха, a? FÈ, 47) ) 
2 2(g5) = 20? 10 zi 
TS a NE (2% -4 m f(-4^, -9’) 
7—9, -4'*)f(- 45, -4'*) 
—4ao?( — 919)" 
49 (74 T Is 49745, —47) 
= 4qf (a, a?)f (a^, 4”), (9.1) 
by two applications of Entry 30(iv) in Chapter 16. 
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By Entries 19 (Jacobi triple product identity) and 22 of Chapter 16, and 
also (22.2) of the same chapter, 


f(a. 4°)/ (4°, 47) = (~a; 4! 9), (— 45; 419), (— 975 419), (— 5 419), (q19; q19)2, 
_ 4@(@'°; 4°), 
(—45; q!9),, 
= x(a)(a!5; 4192 (47; 419), (— 419; Gq?) 
= %(4)(42°; 42°), (9°; а?) 
= x(a)f( —4?9)f(— 4). (9.2) 
Substituting (9.2) into (9.1), we complete the proof. 


Pnoor or (ii). By Entry 24(iii) in Chapter 16 and Entries 12(i), (ii), and (iv) in 
Chapter 17, 
79°) 


аа S 


qx(a) 


f°@) _ 4qx(q)z3? (5 = Dy 
9(q) ola) 22°4?5 


3/2 
MGE азуу gt?) 
o(a) 
_ 252 PA — 97(4°)} 
Ф(9) 


by part (iii), and so (ii) is now immediate. 
PROOF or (i). Part (ii) may be rewritten in the form 
92 д POS) 
ф?(4°) f(a) Ф°(4?) 
= 4qx(a)x (g) 
_ зав f^ü — p)®\14 
a(l — a) ^ 


by Entry 24(iii) in Chapter 16 and Entry 12(v) in Chapter 17. The reciprocal 
of this modular equation, in the sense of Entry 24(v) of Chapter 18, is 


2 abe (02 — 2). 
m В(1 — В) 
Transcribing this via Entry 12(v) in Chapter 17, we find that 
ø’) , xa) S aola?) 
5—5 - 1 =45 = 4 EE 
Ф(9) x a) PDE) 
by Entry 24(iii) in Chapter 16. It follows that 


f'(d  . зову 9 (D 
4 f 5e" (a)o (q^) (05) 


т – 1 


which is complementary to (ii). 
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Hence, by Entries 8(11), (iii), 


9 00 
= 25 3 *(a?) — ф°(4)Ф(4°) 
3g? 747 94° ) 
= 4 + 40 = + + 
i- 145g 1+9 1+8 
2q? 3q? 4q* баб 
—20[-4 — Los Jm NL А UMS orsus 
1+9 1—q^ 1+9 1—q* 1-9 
" q 24? 3g? 4q* 64° 
ы уссат. 
74 84% 9g? 
“Tag uw pe 


For each value of n which is an odd multiple of 2?*, for some k > 0, we employ 
the trivial identity 
q" _ q" x 24?" 
1 + q" 1 F q" 1— q?” 


Upon simplification, we find that 
5 3 3 4 4 7 7 9 9 
LO _ 54 ( q q q q , _94 


1-4 1-4 1+4 1-q’ 1-9 


11 11 12 12 
+ iut —« , 
1—4 1+9 


where each of the indices is an odd multiple of 22“, k > 0, and the signs of the 
terms are +, +, —, —, —, —, +, + according as the power of q is congruent 
to 1, 2, 3, 4, 6, 7, 8, 9 (mod 10). Replacing q by —q, we complete the proof. 


PROOF or (iv). By Corollary (i) of Entry 31, Chapter 16, 

9^ (4!) = {ф(4°) + 2q'P f(q^, 47) + 24%, 49)? 

= {ф(4°) + 24" f(a", q7))? + (o(q?) + 2a*? f(a, q*)? 
— 9°(q°) + 8af (q^, а), 4°) 

If we now employ (9.1), (iv) follows at once. 
PROOF OF "n From the Jacobi triple product identity, observe that 
1—9, –4) d (q^; 4^). (a^ 4?) 
fi-a, — $5 "dq ^ e 45). (4°; е8) 


(5п + Dot oo (5n + un dp 
EX 1— gt (ES: grt 
5п d "Aus 5n n: DA 


[9] oo 
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We now use the elementary identity 


on each even indexed term above when m is an odd multiple of 2?*, k > 0. 
Observe that all expressions of the type ng"/(1 — 4") cancel, and so we are left 
with only expressions of the form +ng"/(1 + q"). Furthermore, note that we 
obtain a plus sign when n = 1, 4 (mod 5) and a minus sign when n = 2, 3 
ui 5). Hence, 
f(-4.-4) 4 3q° 4q* 74" 94° · 
T Loe acd) ira beg Led dq44 Tes 
q, —4^) tq 1+а +4 +4 +4 

where the powers of q are odd multiples of 2?*, k > 0. The truth of (у) is now 
manifest from (i). 


ез, 


PROOF OF (vi). Proceeding as we did at the start of the previous proof, we find 
that 


sq ae 


f(q?, а?) (Сенсе) 
ae 
fag) 2444 A (C Oe d^ De 


_5(< (5n--2)"*? =, (Sn + 3)qg>"*3 
= і + 42"? = 1g) 


У (5п + Dg?! — & (Sn + Ae) 
=; 1 + gi Ке 1 + д5 
V*(a) 
= 2 36(505Y _ 


by Entry 8(iv), and the proof is complete. 
PROOF or (vii). By the Jacobi triple product identity, 
(а, a*Mf (a^, а?) = (— а; a?) C7 4; 43), (7 5; mele q of (—4°) 
(—4; 4) (4°; а! 
—3—3,_f7(-4°) = 


7 (4:4), ime Ce) 
200—4) „2 _ Ф(—4° )f(—4?) 
x(— EE x4) ' 


by (22.3) and Entry 24(iii), both in Chapter 16. 


The second identity in (vii) is found in the corollary of Entry 28 in Chapter 
16. 


Lastly, the proof of the third equality in (vii) is given in (9.2.). 


There are, in fact, several proofs of Entry 9(i) in the literature. The first is 
due to Darling [1], who employs a heavy dosage of the theory of theta- 
functions. Mordell [1] shortly thereafter gave a shorter proof based on a 
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certain Hauptmodulin the theory of modular functions. Bailey's [2] first proof 
of Entry 9(i) depends on a certain formula for a well-poised basic bilateral 
hypergeometric series, while his [3] second proof rests on the theory of the 
Weierstrass 2-function. A more recent proof of Raghavan [1] depends on the 
theory of modular forms. 

Now, in fact, Entry 9(i) also appears in a manuscript of Ramanujan [11] 
on the partition function p(n). The formula is mentioned as a companion to 
a formula for f °(42)/7 (4), which leads to a rapid proof of Ramanujan’s famous 
congruence p(5n + 4) = O(mod 5),n > 0. Fora further elaboration of this fact, 
see the papers mentioned above. Another proof by Ramanujan for this con- 
gruence is discussed by Hardy [3, Chap. 6]. 

An application of Entry 9(iii) to lattice sums has been given by I. J. Zucker 
[3]. 

Ramanathan [1] has utilized Entry 9(v), which has also been proved by 
Bailey [3], in providing proofs of some formulas from Ramanujan's “lost 
notebook" [11]. 


Entry 10. We have 


(i) V (a^) — аа?) = f(a?, a°) + afla, 4), 
(ii) ф(9') — ф(а?) = 24 f(g", 47) + 24 f(a, 9°), 
Gi) f(—a)Lf(-a'P) + a f(—-4°)} = f?(-a^, a?) — à?5f?(—a, —4°), 
(iv) Ф204) — 97(4°) = 4af(a, a?)f (a^, a^), 
(v) (а) — ap’ (a^) = f(a, 4°)/(4°, a°), 
(vi) — f*(a^, a?) + af (д, 9) 


_ (Ч?@ 5 4 2( y? (n5 244/95 
10097 ау (q^) ) {w*(q) — 4av (Фуа?) + 14% ). 
(vii) — 32gf *(q?, q^) + 3244 f *(q, а?) 
(9 
ola’) 


- e) {9*(q) — 4o? (a) o? (q^) + 119^*(q*)), 


and 


| f'(-4) 


= Fag + 11gf*(—a)f*(—4°). 


(viii) /1°(—4?, —q°) — gf 19(—q, —q*) 


PROOFS or (i)- (iv). To prove (i), merely replace q by q* in the third equality 
of Corollary (ii), Section 31, Chapter 16. Likewise, (ii) follows from the second 
equality of Corollary (i), Section 31, Chapter 16. 

Part (iii) is simply a repetition of Entry 38(iv) of Chapter 16. 

Part (iv) follows immediately from Entries 9(iii) and (vii). 
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PROOF or (v). The proof of (v) is more difficult and is similar to that of Entry 
9(iii), which is obviously an analogue of Entry 10(v), a fact made even more 
transparent by Entry 10(iv). To avoid fractions as much as possible, we shall 
work with (4?) — q^y^(q'?). 
Employing Example (iv) in Section 17 of Chapter 17, expanding the sum- 
mands into geometric series, and summing by columns, we find that 
со n оо 5п+2 
26:23. gifa) = q < фу ы; 
p (q^) — awa’) Ph 1+ 42" 2 1 4 419"+5 
1+q* 4+9 д2 +42 
1-4 1— 4° 1—4? 


+ 5 15 i—-q> 


We now turn to (8.5) in Chapter 17 and apply it twice, with a, b = iq!?, — iq?? 
and a, b = iq??, —iq””. Adding the two results, we see that the equality above 


is equal to 
PUE NER ICT d PSOE 25) 
V^(q^) — 9469 °) = eG )v(q (же 79) + “з 27) 

_ AP WGN, a?) f (a^, а?) + WG, PIF а?)) 

f(a 4°) (9, q’) | 


Next, add the two formulas in Entries 29(1), (ii) of Chapter 16 with a = q, 
b = q^, c = q?, and d = q?. Obtaining a formula for the expression in curly 


brackets above, we deduce that 
272) 22110) . 90) (0 ISG TFG? 4?) 
_ V yla ola") 
х(— 4)х(0)7(— 42°) 
_92(—'%)у(а9) 
xC-a4^MC- 9°) 
_ q?)f(- q^?) 
х(—4?) 
= f(g, 4%) F(a", 4°), 
where we have successively applied Entry 9(vii), Entry 25(iii) in Chapter 16, 


Entry 24(iii) in Chapter 16, and Entry 9(vii) once again. Replacing д? by q, we 
obtain the required result. 


For another approach to (v) via modular forms, see a paper of Raghavan 
and Rangachari [1]. 
Pnoor or (vi). Formulas (vi) and (vii) are the first of a type which is rather 
numerous. 
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Let ¢ denote an arbitrary fifth root of unity and replace q!5 by q!5C in 
Entry 10(i). Hence, 
П (v(q'^0) = П Ufa? а?) + a! PCf(a, a*) + 509(45)), (10.1) 


where each product is over all fifth roots of unity. From the product rep- 
resentation of y(q) given in Entry 22(ii) of Chapter 16, we see that 


1/5 _@; q^ 1—4” _ V*(a) 
Hiv 9j (9; 42)» Ц 1—42": (4) 


ая 5) 
Thus, on multiplying out the product on the right side of (10.1) and using part 
(v) and the equality above, we find that 


w°(q) 
(4°) 


= q*y* (q^) + f *(a^, 4°) + af *(a, a*) 
— 5q*y? Sla, a*)f (q^, a?) + Sap (a*)f? (a, a*)f? (a^, а?) 
= pš la) + f*(a^, 4°) + af (9, 4°) 
— 5a^y? (a?) (V^ (a) — aU? (q*)) + 5ау(9°) (V^ (a) — aV? (a)? 
= 11q°y*°(q°) — 154^? (ou? (a?) + Saytla yla’) 
f? (q^, 4°) + af *(a, 4), 
which, upon factorization, yields the result we sought. 


PROOF or (vii). Formula (vii) is obtained in the same manner as (vi). Let ( again 
denote an arbitrary fifth root of unity. Employing (ii), we find that 


I! {olat} = П {ф(а°) + 2a! Cf (a?, 47) + 2a*50* fla, 4)). 
Multiplying out and using the same argument as above, we arrive at 


e^ (a) _ 5/5 5(48 47 45 9 
oa)" (4?) + 3247 "(a^. а) + 32q*f "(q. q^) 

— 2089? (q?)f (a^, a" )f(a, 9°) + 8042ф(4°)7 ? (q?, aS? (a, q?). 
Thus, by (iv), 


6 
32of GP, 7) + 34у а, Ф) = $5 — фаз) + So o") — 074) 
— Se(a?)(e^(a) — 97(4°)}?, 
which, upon simplification and factorization, yields the proposed result. 
PROOF OF (viii). Proceeding in the same fashion as above, we find from (iii) that 


f*(—4) П UC-4 50) 
- t (720—4, —@) ESIa, —a*) - a Cf(-9f(—9*)). 
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Upon expanding the products, we see that 
11( — 
FAD лор, — 4°) — fica, - 04) — aff Coa) 
f(-@) 
— Saf*(—af?(—4°)f7(—4, —a4*)f?(—q^, —q?) 
— 54/(—4)/(—4°)/*(—, —4°)/*(—4?, —?). 
Substituting the expression for /(— 4, —4°)/(—4?, — 43) given in Entry 9(vii) 
and simplifying, we complete the proof. 


See Ramanathan's paper [4] for another proof of Entry 10(viii). 


Entry 11. 
(i) There exist positive functions и and v such that 
Ф(а!5) = ф(45) + и! + v!5, (11.1) 
where 
2 2 
ive OTEO (ong — Aor ora?) + Lot) 
2( („205 
pa ve OE орар) — од) (940) — 207070") 
+ 5445), 
and 


(uv) ^ = ф2(4) — 07(q°). 


(ii) There are positive functions и and v satisfying the equations 


q'^9,y(q!5) = 458) (45) + wl? + vi", (11.2) 
where 
2A) — mf 2 (45 
yc ic oa — арза?) + 114? //^(q5)), 
V^(a) — qv? (q^) 
41% PITE 2(45 
"TES (V? (a) — Sqw?(q*)} 
x {W*(q) — 2aV?^ (a? (a?) + 5a? 0(4°)}'?, 
and 
(uv) = q'^ fy? (a) — qu? (q*)). 
(iii) If 
(—4) 1—4) 
2u = 11 + AC СОЎ) and 2v=1+ БЛГ) sy 
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then 
(G^ + 1)? – др = 0? + IP у = M E 


д“ 
1 


1+1+1+1+1+ 
= qi 1—9, —– 4) 
f(-4^, –4) 
(iv) For certain positive functions и and v, 
EET 
ERN x P = (5 + p? — ушу, (113) 
where 
f*(—4) 
y^ = 25 + 3— —, 
M qf °(—4°) 
and 


f*(—4) + 152 f"(-qg — f'*(-4 
qf $(—45) 42712(—) Pf ay 


у= u= 55:11 + 752 


The functions р and v have different identities in different parts. In fact, 
explicit identifications will be made in the proofs. In the sequel, when we speak 
of a "positive function" и (or v), we mean that и (or v) is positive for sufficiently 
small positive values of q. 


PROOF or (i). A consideration of Entry 10(ii) immediately shows that (11.1) is 
valid with 


ul = 24: (4°, q?) and v! = 29*^f(q, q?). (11.4) 


The formulas for и + v and (uv)!^ then follow at once from Entries 10(vii), 
(iv), respectively. 
It remains to prove the formula for и — v. Observe that 


(и — » = (и v»? — 4uv 
= (£9 2€) ota) — 40% ora’) + Hota’) 
— 4(ф2(4) — e^(q*)? 
= е {Ф5(4) — 129*(4) o? (a?) + 50*(a)o*(a*) 
— 1009?(q)*(q?) + 125ф°(4°)). 


Upon factoring the expression in curly brackets on the far right side above 
and then taking the square root of both sides, we complete the proof. 


PROOF OF (ii). From Entry 10(i), we can at once deduce (11.2) with 
И! = 40493042, g) and y! = д? fiq, д). 
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The formulas for и + у and (uv) now follow from Entries 10(vi), (v), 
respectively. 
It remains to prove the displayed formula for u — v. Now, 


(и — у) = (и + vy — 4ру 
Way mi2íin52 
= геа) es ) (U^) — 4402000485) 
(4) 
+ 11q?y*(q?)}? — 44° (U^ (q) — ai? (qp. 
The remainder of the calculations are identical with those of the previous 


proof, with ф(а) and (qf) being replaced by (а) and q!? (q7), respectively. 
Some care must be exercised in the determination of the proper square root. 


PROOF OF (iii). By the celebrated Rogers- Ramanujan continued fraction, 
Entry 38(iii) of Chapter 16, 
47 4-4: WV logic o 
1+1+1+1 + Sg, Ф) 
Let each of these equal expressions be denoted by J. Thus, 


Logs et) Сара) 
J q!5 f(— q, —g*)f( д, 25) 
—q)(f(—4'5) + q'^f(—q*)) 
q'^f(-a)f(—«q) 


19%) 
=> | = 25, 11.5 
af a d 
by applications of Entries 10(111) and 9(vii). Also, by Entries 10(viii) and 9(vii), 
1 js SPOP, - 9) - d f" (C-a, —4°) 
J’ af*(—4, —4°)/°(—4°, —?) 


_ fa + Maf*(-9)f*(—- 9) 
s af*(—af*(—4*) 
zog ew. 
~ qf*(-q)) 
Solving each of (11.5) and (11.6) for J, we deduce that 
(у2 + 1)!?2 pes Ju {(и2 + 1)? — pps, 
and the proof is complete. 


+1 = 2p (11.6) 


Before proceeding with the proof of part (іу), we derive parametric rep- 
resentations that will subsequently be useful. 
From Entry 11(iii) and the binomial theorem, 


G^ + 1)! + p= {(v? + 1)! x у) 
= (16^ + 12v? + 1)(v? + 1)? + (165 + 20v? + 5y). 


268 19. Modular Equations and Associated Theta-Function Identities 


Hence, upon subtraction of these two equalities, 
2u = 32у5 + 40v? + 10v = (1 + w) + 5(1 + w)? + 5(1 + w), 
where w is defined by v = 1(1 + wy; that is, from the definition of v, 
_ fg”) 
q'^f(-q*) 
Furthermore, by the definition of и and the formula for и above, 
f*(—4) 
af °(—4°) 
Thus, from (11.7) and (11.8), 
q"f*(-q)  f'*(—) 4°°/%(—4°) 
f*(—4'5)  qf*(—4*) f*(—q!5) 
OW? + 5w* + 15w? + 25w? + 25w 
w 


PRooF OF (iv). Let J be as in the previous proof. Now, from (11.5), 
3(— gi 1 а 1-35 3+ Ј5 
ар ЕИ Joma EE x 
q"f'(-q) VW J J 
In light of (11.3), we are motivated to define 
1 — 35° 34 Л 
P a ттр 


us _ 


We then need to verify the proffered formulas for (ру): and v — y. 
First, by (11.6), 


(uv)!5 23075 — J5) — 8 = (Сй, E A + п) -8 


f*(—4) 
= 25 53а) "JI 


Second, 


"T (à + А) ( - =“) 
ШЕ „бын J? iZ J’ 
= (15 — J715) + 258(J19 + 7719) — 315(5 — J75) + 540 
= 1056 + 312075 — J5) + 2580-5 — 75)? — (J75 — J5} 
/%—@ fH- fa 
225 —— s — ——u— —., 
af-45 * P gp P CSS 


upon the use of (11.6). The proof of (iv) is now complete. 


= 34375 + 5625 


(11.7) 


= w + 5wt + 15w? + 25w? + 25w. (11.8) 


2 (11.9) 


(11.10) 
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In Entries 12(i)-(iv), we have used the variable Q instead of q in order to 
present the proofs more clearly. As in Entry 11, the functions и and v change 
from formula to formula. J. M. and P. B. Borwein [6] have employed Entry 
12(iii) in devising a quintic algorithm for calculating п. 


Entry 12. 
(i) There are positive functions и and v such that 


f(- 9?) E nu 


ыты 


where 
pv = 1 
and 


w—-v=ll+ 12594 0-07) 


(ii) For certain positive functions и and v, 


1/5 


f*(-9) 


-259 


f(-9?5) 1 + ps me уш 1/3 
079 -( 25 ) 
where 
f*(-9*) 
WS — 1.1597. € 
USO Ed ег 
and 
f*(-9?) f"(-9?) 
—pn = 11 + 15?Q9— — + 5.1520? —— * 
"SETTE E cep 
(iii) There exist positive functions џ and v such that 
e(Q?*) 
2&1 1/5 1/5 
: Ф(0) uM 
where 
ys 9 Q _ 
w = gg | 
and 
e*(Q?) \( 9*(Q) 
=[5 —1){ 11 — 20 25 
Tes | 770) PO ' 
(iv) For certain positive functions u and v, 
503 v(Q?*) zis n + у, 


YQ) 


9*(Q*) 
o*(Q) 


| 


(12.1) 


(12.2) 


(12.3) 


(12.4) 


f^(-9? 
f*(-9)' 


(12.5) 
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where 
y?^(Q?) 
v^(Q) 


(w) = 1—50 


and 


00 (a PEON, vuU) 0) 
н Е 80919) (и - 20 16) + 250 FO) 


7—4) 7—4 , —q°) ра qi 2 42% 1-9, —q*) 
fC-4) f(-«a —4*) fig, –4) 
(vi) eC ICE + e (HEE p aH) c, 


(v) 


e^ (—q^) (а) V^(—4) 
PROOF OF (i). Given q, define Q by the equation 
5 Log(1/Q)Log(1/4) = 


Letting x = 4 Log(1/q) and f = 4 Log(1/Q?) in Entry 27(iii) of Chapter 16 and 
noting that aß = z?, from above, we find that 

q'7* Log'^(1/9)f(—4) = Q*?* Log!^(1/05)f( — 05). (12.6) 
Replacing q and О by q!^ 
respectively, we deduce that 


4 20 Log'^(1/g)f( — 4:5) = J5 02524 Log!^(1/05)f( — Q?5) (12.7) 


and Q^, respectively, and then by q? and Q'^, 


and 
q*?* Log'^(1/35)f( — 4?) = Q!?^ Log!^(1/9)f(— О). (12.8) 
Dividing (12.6) by (12.8) and then (12.7) by (12.8), we deduce that, respectively, 
f ( —4q) ex 1/6 f (— Q? ) 1 
пе) S9 е 
апа 


fa") 70—025) 
q'^f(-q) f(-Q) 
Now suppose that we can show, for certain positive functions и and v, that 


f(-4^) s 


(12.10) 


IRA M ESI 12.11 
qf" co 
where 
uv=1 (12.12) 
and 
6( . 
E Bis д; (12.13) 
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Then, from (12.10), 
ПЕТ 70—02°) 
~z- = 1 4+ 5 3 
А504) 94 
and from (12.9), 
f*(—4) /°(— 05) 
-a = 1250—-————-. 
af(—a) 9 ECO 


Thus, we see that (12.11)-(12.13) translate into (12.1)-(12.3), respectively, and 
so it remains to prove (12.11)-(12.13). 
From Entry 10(ш), 
qoc ае quta 
q^f(-q) «q^f(-af(-aà)  f(-af(-a) 
This dictates to us the choices 
iud eee) _ 4/'°(—4, —4°) 
4/°(—4д)/°(— 4°) /*(—4/(—°)' 
and so (12.11) is established. Second, formula (12.12) is an immediate con- 
sequence of the second part of Entry 9(vii). Lastly, divide both sides of Entry 


10(viii) by qf ?(— q)f ?( — q7), and we arrive at (12.13) at once to complete the 
proof. 


PROOF or (ii). From (12.10) and Entry 11(іу), 
f-9*) fa) 
f(-Q)  Sq'5f(—q?) 
1+ lu*i5 = 1y*15 1/3 
E | 25 ) i 
where we have replaced и and v in Entry 11(iv) by џ* and v*, respectively. 
Thus, и* and v* are defined in (11.10). Therefore, by (12.4), we are compelled 
to define и and v in Entry 12(ii) by р = 1,4*!5 and v!5 = 1y*!5, This 


establishes (12.4). 
Now by Entry 11(iv) and (12.9), 


and v 


Q 


= 1(5 + pris — yriisyus 


1/5 _ 1 (py _ 3f °(—4) = 7%-0°) 
(uv) 25(и*у*) l+ 547945) 1+ 150 f*-9 
and 
у= р= 5 Җу* — u*) 
З /°(— 05) 
= 575| 55.1 2.63 
5 (s 1+ 75 Ооу 
2.56 ›/1?°(— 0°) m 59 CS 
PEUT sg ^ Hg 


which finishes the proof of (ii). 
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PRoor or (iii. In Entry 27(i) of Chapter 16, let a? = Log(1/qg) and f? = 
Log(1/Q°). Thus, 


Log**(1/q)p(q) = Log"^(1/05)g(Q*), (12.14) 
where 
5 Log(1/q)Log(1/Q) = z?. 


Replacing q and Q by 4!5 and Q, respectively, and then by 4° and Q'^, 
respectively, we derive 


Log"*(1/q)9(q"5) = 4/5 Log!*(1/05)o(Q?5) (12.15) 
and 
Log'^(1/45)o(q?) = Log'^(1/0)o(Q), (12.16) 
respectively. Thus, (12.14) and (12.16) yield 
ola) z 9 (Q^) 
ota) Y 5 og) А. 
while (12.15) and (12.16) imply 
(q^) .e(Q^) 
$05 5 oO" one 
By (12.18) and Entry 11(i), 
(029) _ nh уне 
ФО ^o) 04%) o» 


where we have replaced и and v in Entry 11(i) by и* and v*, respectively. Thus, 
(12.5) is established if we define 


TA prs TUR у*1/5 
H euo "5 " “(зу 
By Entry 11(i) and (12.17), 
(utv*yP _ 9°) o? (Q^) 
us — er hai RU 
(n Ga) ef) oO) 
and 
* 2( 275 
uty zB t =) дү. 492(q)9(Q°) + 119*(q°)} 


9*(q*) Ф°(а?) 


(99 JWMota _,ее?@ ) 
"(e Jy 4) ^ ww 


Upon employing (12.17), we complete the proof. 


PROOF OF (iv). We proceed as we did in Section 24(vii) of Chapter 18. Thus, 
we transcribe the formulas involving y into formulas involving 9,. We then 
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use classical transformation formulas for theta-functions, which apparently 
are not found in the notebooks. The transformed formulas are now given in 
terms of ф. Appealing to (iii), we then complete the proof. 

Put О = exp(zit), where Im(:) > 0. In the notation of Whittaker and Wat- 
son [1], 9,(0, t/2) = Q4 (Q). Thus, transcribing Entry 12(iv), we want to 
show that 


2\M5 
where 
32(0, 51/2) 
YS aq 52h 7 707 
(w= 1 — S ia 
and 


92(0, 5/2) ( 32(0, 51/2) 94(0, 51/2) 
— v =| 1— 5-5 | 11 – 20 25 . (1221 
di | 320, т/2) 340,42 +7? 90у] (1220 
We further replace т by 2т/(25т + 1). Now, from Rademacher's book [1, p. 182], 
we may readily deduce that 


25 
9, (o. =) = (25x + 1)!29,(0, 257), 
T = 12 
9, (o. 25:41 ) (25x + 1)'29,(0, т), 


апа 


25т + 1 


Hence, replacing т by 2x/(25x + 1) ір (12.19)-(12.21), employing the three 
equalities above, and using the fact that 94(0, т) = (Q), we find that (12.19)— 
(12.21) are transformed into the equations 


9, (o. a ) = (25t + 1)^34(0, 5). 


25 
Im = 1 — pls + yl, (12.22) 
2 5 
ч 59 (0) 12.23 
(ду) o^) ( ) 


and 


° (Q) ° (Q) ф“(0) 


We now apply Entry 12(iii), but with и replaced by — и. Then (12.22) 
(12.24) follow immediately. Examining (11.4), which gives rise to the values of 
и and v in Entry 12(iii), we see that v is always positive for real q but that д 
takes on both positive and negative values for real values of q. However, the 


TEN ( = s) (i1 — 02 , 2; we". (12.24) 
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positivity of v and the formulas for (ру): and и — v in Entry 12(iv) clearly 
imply that и > 0 for Q sufficiently small and positive. 


PROOF or (v). By Entries 10(iii) and 9(vii), 
AF) a 06 90) fat foal) + AY 
f(-4@ —4°) 7—9, -4@°) f(—a^, —4?)/(—4, -a*) 
FED) + 47(—95)} 
fC-2f(—4) і 


from which (v) is apparent. 


In fact, Entry 12(v) is a special instance of a more general theorem which 
has been established independently by Ramanathan [8] and Evans [1]. Since 
Entry 17(v) in this chapter and Entries 6(iii), 8(1), and 12(i) in Chapter 20 are 
also particular case of this theorem, we state and prove it here. 


Theorem 12.1. Let n be a natural number with n = +1 (mod 6). If n = 6g + 1, 
where g 2 1, then 


f(-q"") = (— 1yq?- 4» 


fa) 
+ pe (— 1) tag% -D 3k-39- 0), (12.25) 
while if п = 6g — 1, where д > 1, then 
i = (— 1yq?-DiG4» 
+ c [jeg eene" men C a —— ta (12.26) 


Before proving Theorem 12.1, we note that setting n = 5 in (12.26) immedi- 
ately yields Entry 12(v). 


PROOF. Let U, = а 0/260710/02 and y, = gk&-D25k&*02. From (31.2) in 
Chapter 16, if n is odd, 


W үү CQ Vu Un- 
fU, V,) = f(U, i V,) + u Te ntk. n ) Б у raf atk n 3! 
k=1 U, ' U, k=1 и V, 


Putting U, = a = —q'" and V, = b = —q?", we find that 
7—9") = f(—49"-02. – 43"+02) 


Ж 1)/2 
Pe (— 1)*q k(3k— Dm f(... gant 2, —4%"-6*+Э”, 


eX — 1) q Ga» үү _ (3"+66+002, — 43" 6- өзү (12.27) 
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We now assume that n = +1 (mod 6). Suppose first that n = 6g + 1,g > 1. 
The gth term in the second sum on the right side of (12.27) equals 


(s Die rst) 


We partition the remaining terms in the two sums on the right side of (12.27) 
into six subintervals. Note that the first term on the right side of (12.27) is 
equal to the term when k = 0 in the second sum on the right side of (12.27). 
Accordingly, we find that 


а) — (— Dag nas f — ge) 
4 2g 39 
= ($+ y+ o + m Jc 1g ag ont orn. —qUn- eer) 
KEI k=gt1 =2g+ 
61 29 d __— үк 3Кк+1)/(2п) г  ,(Gnt6ktly2 | ,(3n-6k-1)2 
+ + у Y КК-1 f(—4 , —4 ). 
к=0 к= 9+1 к= 29+1 
(12.28) 
We now combine the first and sixth sums above. Replacing k by 2g + k in 
the latter sum, we find that the sum of the kth terms equals 


(— Dias yt -q'* 3k+ 39 2938-80) 


—4 
+ 4+9 (0—47 3639, — q?" 3+3) 


f(- — q?** 29, — gr 7k- 28) 


ft 1Y k(3k-1)/(2n) n 
(—1)'q П) а-аа 


1<&5<9, 


by an application of the quintuple product identity (38.8) in Chapter 16 with 
x = 4**# and А = q" 3*-34, Replacing k by k — g, we conclude that the sum of 
the first and sixth sums on the right side of (12.28) TM 
a Jiu cw) 
(—1Yf( — q") (— Гуа (k—g) (3k-- 3g-1)/(2n) = . 
k= P fi~, qt) 


Next, we combine the fourth and fifth sums together on the right side of 
(12.28). Replace k by —k and k by 2g + k, respectively, in these two sums. 
Then by identically the same argument as above, these sums equal 


f(- q'*, —-q' 2k) 
ETAT 
Third, we combine the second and third sums on the right side of (12.28). 


In the third sum, we replace k by 4g + 1 — k. Upon simplification, we find 
that the sum of the kth terms equals 


(12.29) 


(—1)#/(— Ф) DX — 1479633000028) (12.30) 


(— jg ту үү __ ((3п+6к—1)/2, = qO- eram) 
uti (д), —973*%1+3)), g+ 1 < k < 2g. 


Applying the quintuple product identity, (38.2) of Chapter 16, with B = 
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4%1-202 and q replaced by —q"?, we deduce that the expression above 


equals 
(— gioi ne» Фу — 42**2%) 
f(-q**, -gr t)" 
Replacing k by k — g, we conclude that the sum of the second and third sums 
on the right side of (12.28) equals 


ЕА 28 —-3g- f(-q*, —q?*) 

—1 — q” —1 k (0—9) (Gk-3g—1)/(2n) . 
( Yf( q ON ( ) q fC— 4*5, -q"*) 

Finally, substituting (12.29)-(12.31) in (12.28), we readily deduce (12.25). 


Now suppose that n — 6g — 1. The gth term in the first sum on the right 
side of (12.27) equals 


д+1<К< 29. 


(12.31) 


(— Legit 70/249 f( — а"), 


The remainder of the proof of (12.26) is parallel to the proof above with the 
roles of the two sums on the right side of (12.27) reversed. This concludes our 
proof. 


Evans' [1] version of Theorem 12.1 is more general because it holds for all 
odd n. His proof is different from that of Ramanathan and will be given in 
Chapter 20. 

The proof of (vi) that we give here is very difficult. Ramanujan must have 
had an easier proof. Before proving (vi), however, we establish a “rational” 
version of (vi), namely, 


p (=g) (oe " 55 _ 
e(-23)*" yg Fea)” 39 


which will be used later іп this chapter. We first prove a needed lemma. 


Lemma. f( — 9)f(q) = f( —4?)e(— q?). 
Proor. By Entry 22 of Chapter 16, 
= ФУ) = (4; 4, (—4; Doo = (4; 4), (—4; 4^). (4^; 4) 
= (q; 4?) (q^; P-a; 4), = (a^; 97)3,(47 4). 
= /(—42)ф(—4?). 


PROOF or (12.32). By Entries 10(v) and 9(vii) in this chapter, Entry 25(iii) in 
Chapter 16, and the lemma above, 


- (#9 Е есе) 
V уа) 
Fx Fey Pn) ‚ (4?) 2(— 4°) 
-( Ty y (-3) 1 Vaca 
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Е 9(—45)f(—5)o(q5)f(q?) ig V^(q?)y?(—45) 
х(— axy (aU^( — a) V^ (Qu^ (— q) 
_ 9*(-a )f(—a5)f(q*) gt e Ca) 
xC- a^^ (q*)e?(— 4?) V^(a^)o*(— 4?) 
go кым Gre fa") 
x(—a^?^(q*)o^(— 4?) V*(q?)e^(—q?) 
= ф2(—4'°) (2-0) 242 D 
PCAN (ау (150) 
A" 9^ (—4') 2 48 4 46 2,,2,,10 
o g ‚ q')Mf(a*, a°) + a^v*(q'?)) 
e^(—-q! 
- eX- m^ i 2) 
2 ф2(— 4°) 
ф2(— 42)” 
which completes the proof of (12.32). 


(V^ (a?) — q?J? (q19) + 42? (q!9)) 


PROOF OF (vi). Unless otherwise stated, all references in this proof are to results 
in Chapter 16. 


Using the third equality of Corollary (ii) in Section 31, Entry 25(iv), Entry 
30(i), and Entry 25(iii), we deduce that 
"T (a J Hoe ea) 
V^ (a) V^(—q) 
_ Wa?) + a? (q*)f (q^, а?) + а?а), q*) 
V^ (a) 
9020—95) - a ^y(—-a*)f(g^, — 4%) + a 9(—a5)f(—a, 4°) 
V^(—4) 
_ 90(а'%)ф(а°) + a^? f(q^, PSG a7) + 9°, a*)f(a*, 4%) 
V(a^)o(a) 
_ W ola?) — a?" f(a’, q*)f(—a?, —a?) + a?^f(—q, — q?)f (a^, 4%) 
V(a^)e(— a) 


1 
= Tao agy VG )Ф#@)Ф(—4)— Ф(—4°)е(4)} 


+ q^? f(q^, PKA, a')f(—a, —4) + /(—4°, —a?)f(a, q)) 
+ q” f(q*, a?) { 79, a?)f(—a, —4) — f(—a. —a?)f(a, 4))). (12.33) 
To simplify this expression, we first apply (36.2) with A = 1, B = —1,4 = 3, 


278 19. Modular Equations and Associated Theta-Function Identities 


and v = 2. Using also Entries 18(iii), (iv), we find that 
3 {9(4°)e(—4) — Ф(—4°)Ф(4)} 
= 4°/(—4°°, =°) f(a, aq *) - aq?! f(- q^, -1)f(- g^, -q7) 
+q f( —g99, 94729) f(— 992, —4720) 
= —2af(—4*, —4°)/(—4?°, — 4°). 


Second, we apply (36.1) with A = q?, B = — 1, р = 3, and v = 2. Again using 
Entries 18(iii), (iv), we arrive at 


Fè, gSa, —a) + 7—9, —a?)f(a, a) 
= 2{/(—4°%, —q?*)f(— q*, —a*) — a*f(—a??, —a*)f(—q!$, —q7*) 
+° f(a”, -q1*f(- 4^, 97?) 
= 20—49°, -a*) (f( —4??, —4?%) + a*f( a??, —4°)}. 


Third, utilize (36.2) again with A = qf, B = —1, и = 3, and v = 2 to realize 
that 


fa q?)f(—a, —4) — f(—4, —4°)/ (ч, a) 
= 2g* (q?f( —a**, —a!9)f(—q?9, ~q °) 
—4°5/(—4%, —q *)f(-q?*, 4715) 
+ qU f(-q**, -q ?*)f( - g?$, —а 2*)} 
= 24/(—4°, —a*) ( —f(—a**, —4!°) + a*f(—q*, —4°°)}, 


by Entries 18(iii), (iv) again. Using the last three calculations in (12.33) above, 
we deduce that 


| f(-4) 
кт (42) 2(— 42) 
+ 24% f (q^, 4%){ 70—92°, — 42) + 470—9, —45??)) 
— 24% f(q*, q9) ( f( —q! 5, — 9) — 470—9, —459))). (12.34) 


We now simplify this expression by making several substitutions. First, by 
Entry 24(iii), 


(—4q^y (q!9)f( — 42°) 


f(—4*) = V(a^?)x — 4). (12.35) 
Second, applying Entry 25(iii) and Entry 24(iii) twice, we see that 
_ WPNP- 4°) f(—4°) 
ү(—4'°) 


20) ( — 920 10 
Med = fqq 0239 


V (a 9)f(— 47?) 
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Third, in (38.6), replace q by —4!? and let B = 1/q?. We accordingly deduce 
that 


f(— a*, —4?9)f(q*, 9°”) 
= f(—4*°, —q*9)( f( 315, —a**) — q*f(—q*, —459)). (12.37) 
Similarly, replacing q by —4!? and putting B = q°, we find that 
А-9, –9 "Slat, q's) 
= /(—4°°, —4%°){/(—4%, —47*) — 4270—92, —4?%)). 
By Entry 18(iv), 
1—9, —4°?у= -g f(- pP, – 4°) 
and 
fig”, –9%) = —q %(—9°°, —4°). 
Using these two equalities in the foregoing equality, we find that 
f(—4?^*, —q'?)f(a*, 4%) 
= f(-4*^, —q*?)(f(-4?5, —4°?) + a*f(—q*, —4°?)}. (12.38) 
Substituting (12.35)-(12.38) into (12.34), we arrive at 
24?" f(a’, q*)f(—a'?, —q?*)f(a*, q'9) 
f(-4*?) 


x(—a?) ( 247,10 40 
Y= —4 = + 
_ 24% f(q*, a?)f(—a*, —a?9)f(a*, шу 
/(—4°°) 
By the Jacobi triple product identity, Entry 22(1), and (22.4), 
f(-4*, —4'%)/(4°, 4 *) _ (419; 4*9), (475; q*9), (q75; 42%), 
e(— q^?) (92°; 479), (q7^; 4%), 
= (q^; q*9), (q?*; 4%), (q?9; q??),, (— 479,47? ),, 
= (q!?; q^?) (q?5; q*?) (q*; 4%) 
= f(—q'?, — 4%). 


(12.39) 


Similarly, 
f(-@, —q'®)f(q’, q'8) 4 36 
= (—4 › ”@ ). 
e(— q^?) | 
Thus, (12.39) above may be written in the form 
х(— 9°) ( 
Ф = — 4 2 10 _ 440 
ear M SENS — at’) 


249? f (q*, q*) f( — a, — 4®)/(4®, q!*) f (4°, 419) 
f(—a*?)o( — 42°) 
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_ 24% flat, 4°)/(— 4°, —a' *Mf (q^, aSa, 2) 
f(—a*9)o(— 49) 
( 
-4 so- 4g fi f - a) 
„24 f(a*, 4")70—а°, — a fta, 4®)у (41°) 
f?^(-4^9) 
_ 24% fiat, q*)f(—a^, —а'®)/(4°, a wea), 
/?(—4°°) 
where we have employed Entry 24(iii) and Entry 30(i) twice, first with a = 4° 
and b = q^ and second with a = q? and b = 4°. 
Invoking next Entry 24(iii) of Chapter 16 and Entries 9(vii), 9(iii), and 10(ii) 
of this chapter, we deduce that 


_ 2 
-4 I (=a) 


ge q19)f( 41?) (q!?) 
х(—4?)/*(—4°°) 


(escam 


(24?5 f(— 4%, — 41^) — 2495 f(— q?, -e9)) 


^ sco 
+ 9(— 49) (2475 f(— 4%, —4!*) — 24°" f(— q?, -e5)) 


1 
sica Ac dee а 19 7) 
2p еа еса?) 
e(-4) "' 
which, at last, is the proposed formula. 


We come now to a panoply of fifth-order modular equations, some of which 
we have already utilized in Section 8. 


Entry 13. The following are modular equations and formulas for multipliers for 
degree 5: 


O p+ {(1 — о)(1 — B)? + 2(1608(1 —)00 — B)} = 1; 
" o\ fü amm _ а5(1 — a)? i2 
ш (7) (SF) т |с) 


T (1 — py 1/8 f^ 1/8 " f^ — py ai 
ECCE c 
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TM Ра - gyp 5 an (5 (= 2). 
(iv) n-ieze( х8 and = =1+2 Ж — B) : 


ns (c E Y = (E 
1—« х Г 


(9) “T+ (a apd — By 7 1 (apy 
5\ 1/8 (1 = a)? 1/8 
(5) ES ) 
(vi) E : ae 


m l-(xPy* 1-0-40- pP 


(vii) («B*)* + {(1 — o)(1 — BP P8 = 1 — 215 (a =r) 


= (58)^ + {1 ат — py 


" ( + (ap)! + (0. — à) — ү 
2 , 


(viii) if a and b are arbitrary complex numbers, then 
pau __ В)? 1/24 p (1 c p» 1/12 
ici »( ad — a) Ж. неъ a(i — a) 
a — b(16af(1 — a)(1 — By} 
pa 7 py 1/24 pu г py 1/12 
(8) Bcc 
=a — 3(16af(1 — a) (1 — B)} + {16081 — a)(1 — psy 
f^ — py 


(ix) reeo( dicm 


m = 


1/12 
ШЕЕСЕТ 


СЕЗЕТ 
б) {a(t — B + (80 — 3)" = 489 (орт — 1 8) 


= mfal — 2) + {да Вр 
= («t 9) + 5{д1 — D) 


(xi) (E — D, n i а a 
2 ; 


1—«x @ = 


eu Е ie T _ 5 ( + («}8)!? ES {1 = a)(1 UN өү, 
Ж, Aaa). т 2 ; 


: Е В 14 1-8 1/4 Ba — p) кй 
= n sz) coq) 
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Sc G) n Е = T _ (30 = 2): 
m \B 1—8 В(1 – В) ’ 


(xiii) mc 3. 4((«8)' — {(1 — о)(1 — B))!2) 


2 
m+ 5-20 + (49)? + (1 — 30 — BYP 
(xiv) if P = (1628(1 — a)(1 — 8)}* and 0 = (BA — Ву — аў)'®, then 
о+о+2(р-р)=6 
(xv) if P = (ap)! and 0 = (B/a)**, then 


1\3 1 1 
(о o j ic o) «(o p) 

The formulas (i)—(iii) do not appear to be translations of any simple combi- 
nations of formulas given in Sections 8—12. It is likely that Ramanujan's 
method of attack proceeded along the following lines. He first discovered 
(iv)-(vi), and then when he had deduced (i)- (iii) from (iv)-(vi), he decided to 
give (1)- (iii) priority in placement because of their elegance and simplicity. This 
conjecture is supported by an apparently similar rearrangement in Section 15. 


PROOF OF (iv) Transcribing Entry 9(iii) via Entries 12(ii) (iv), and (v) in 
Chapter 17, we obtain the formula 
4-216 212 
25 = {a(l EE o)] i24 216 
Dividing both sides Бу 2, and simplifying, we deduce the first formula of (iv). 


The second formula is the reciprocal of the first, in the language of Entry 
24(v) of Chapter 18. 


212 
2, — (1 = py еВ S M pyia2gu. 


PROOF OF (v). Replacing q by —q in Entry 9(iii), we may deduce the formula 


e(-q-o(-4)  x-2f(«) 


p’) — 97(4°) x(a)fC— a?) 
Utilizing Entries 10(i), (ii) and 12(i), (ii), (v), (vi) of Chapter 17, we translate the 
formula above into 
z,(1 — a2 — z,(1 — gy? 2/61 — a) 121/247 1729-116 ( g(1 = prs 
Zi a m 2!5(a(1 _ a) } 12471227 e(1 — fyeguzs ° 


which reduces to 
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m(-ax^-ü-—pg _ t = Ju 
m—1 = Ee ` 


On solving for m, we deduce the first part of (v). 
From Entries 9(iii), (vii) and 10(v), 
V^?) - а202(4'°) _ Ф(—4'°)/(—4!°) 
9^(q) — o*(a) 49х(—42)(7(— 45)70—4°°) 
By Entries 11 (iii), 10(iii), and 12(ii), (iii), (iv), (v), (vii) in Chapter 17, the formula 
above transforms into the equality 
m a = JB fa 1/8 
m—1 WM" 


after simplification. Solving for m, we obtain the second formula of (v). 


PROOF OF (vi). The formulas of (vi) are simply the reciprocals of the respective 
formulas of (v). 


Before proving the remainder of the formulas in Entry 13, we derive 
parametric representations for m and various radical expressions in « and f. 


Put 
5N 1/24 5N 1/24 
u = (5) апа v= (2) ; 
В a 


Then, from (v) and (vi), respectively, 


1—43 5 1+ 


m = ———-— an i 
1 — u?v m 14 uv? 


(13.1) 


To eliminate v, we rewrite the first equation as 
m — 1 = v(mu? — v?), 
square this, and then substitute the value 
2 m(-cw)-5 
0 = —————————, 
5и 


given by the second equation of (13.1). Accordingly, we obtain the cubic 
equation in u*: 


125? (m — 1)? = (ти? + m — 5)(4mu3 + 5 — my. 


It is easily checked that u? = — 1 is one root of this equation. Upon dividing 
out the extraneous factor u? + 1 and performing some tedious algebra, we 
arrive at the quadratic equation in u? 


l6m?u$ — (8m? + 40т?)и? + m? — 15m? + 75m — 125 = 0. 


The roots of this polynomial are 
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цэ т + 5т + 5р 


dm (13.2) 


where 
p = (m? — 2m? + 5m)”. (13.3) 


If q tends to 0, then m tends to 1 and v approaches 0. Thus, from (13.1), и? 
tends to 4. Thus, we are forced to take the plus sign above in the determination 
of иЗ; that is, 


E | m? 5m + 5р 
Б 4т? ` 


We next want to determine v?. This is most easily accomplished by first 
realizing that if u, v, and m are replaced by —v, —u, and 5/m, respectively, in 
the equations (13.1), they are invariant. Thus, using (13.2), we find, after a brief 
calculation, that 


—m—1+p 
d : 


3 


Since v tends to 0 as m tends to 1, we must take the plus sign above, and so 


3—p-—m-—l 
AF чах 


We now summarize, in terms of « and fi, the formulas that we have derived, 
namely, 
q5MP 50+ m? + 5m ВВ p—m-1 
DI] ылу кше eS) ese ec 4 
( a im? and x 4 (13.4) 


Their reciprocals are, respectively, 


( ү" рата "T (r „=з 


U 


1-а 4 1- В 4m? ud 


1—2a 
We are now in a position to prove (i)-(iii). 


PROOFS OF (ii), (iii). By (13.4) and (13.5), 


5\8 — ((1 — a LUE 1, 5 
IV 1-8] mw 2 2m 
Using the formula for 5/m from (iv), we complete the proof. 


Formula (iii) is the reciprocal of (ii). Alternatively, (13.4) and (13.5) can be 
employed once again. 


It might be noted here, that by Entries 10(i), (iii), 11(i), and 12(i) in Chapter 
17, Entry 13(ii) is equivalent to the formula 
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ea) , o(—4), f°) _ 


Ja 
ei) Aa * ^f) E 


for which no direct proof has been constructed. 


PROOF OF (i). Multiplying the equalities of (13.4) and those of (13.5), we deduce 
that 


(8? + (1 — 91 — £j? 


. 1002 —2n? — 12m? — 10m т? — 4m + 5 
i 16m? Е 2т 


= 1 — jm = Те = ) = 1 — 257 {aB(1 — a)(1 — By}, (13.6) 
by part (iv). This completes the proof of (i). 


It might be observed that, by Entries 10(1), (ii), 11 (iii), and 12(iii) in Chapter 
17, (1) is a translation of 


olap (q^) — e*(—a)o?(— a5) — 1649? (a?) J^ (q'?) 
= 8472(—42)72(—4), 
of which a direct proof has not been given. 
We now derive some parametric equations for further radicals that will be 


useful in the proofs of the remainder of the formulas of Entry 13. 
From (13.6), 


(restera в mee (omes в qs 
2 4m 2m 


by (13.3). Furthermore, from (13.6), 
{1608(1 — a)(1 — p) 5 
-qn-o(2-1)- 9 m- v (138) 


m 


Now substitute for m — 1 from Entry 13(iv) and deduce that 


jen (0 - ig _ в es xe 
Е a(l — a) a(i — a) 
м Пера) 7 089) 
Next, by combining (13.4) and (13.5) with Entries 13(v), (vi), we may easily 
derive the formulas 


ER E. 5 
(o p)! ae pomo. (a T а)3(1 = p^ = ponte 


10 
4m o 
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2 2 
3/8 _ pm —3m Rm _ Rynus. p-m' + 3m 
(u^) du , and {(1— (1 — f)*} - | 
(13.11) 
Hence, by division, 
aV^ — 2m4 p 1—a\"*  2m- p 
(5 © m(m — 1) ang ( £ а) Tm (13.12) 
and by inversion, 
By^  2m—p 1—8 "^ imp 


Multiplication of (13.10) and (13.11) yields 
4m? — 16m? + 20m + p(m? — 5) 


(ap)? = mes (13.14) 
and 
{(1 — a)(1 — p} = кезш: +207 WE 3): СҮ 
From (13.4) and (13.5), 
(ay =a a (6n? — 4m? + 30m — p(m? + 10m + 5)} 
= —Ó + 8m? — p(p? + 12т2)} 
_ От — py 
^— lem ' 
Therefore, 
x = 1 213 (aye (13.16) 


PROOF OF (vii). If we properly combine (13.10), (13.11), (13.7), and (13.16), we 
deduce all of the equalities of (vii). 


PROOF OF (viii). Multiply the first equality of (iv) by a and multiply the 
numerator and denominator of the right side of (13.9) by b. The first formula 
for m in (viii) is now easily verified. 

To prove the second, first observe that 


5—m\? (54m ЕРЕ бт – т -5 3\2 5 
4m ] \ 4m 4 4m 2 4 


Hos бт m? — 5 n бт — т? — 5V 
Е 4т 4т ` 
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Therefore, by (13.8) and the equality above, 
m(1 — 3{16aB(1 — o)(1 — 8))!5 + (16«8(1 — o)(1 — 8)!}1? 
= (5 — m?) = 1 — $m — 1) ~ т — 1)? 
ee a та 2 156s (FG = x 
a(l — a) a(l — a) 2 
by Entry 13(iv), and so we obtain the second equality of (уш). 
PROOF or (ix). Again, from Entry 13(iv), 


jan (0 E P M ios = p Е m? M 2m? + 5m _ р? 
all — ә) 


The desired result now follows from (13.7). 
The second formula follows from the first by reciprocation. 


PROOF OF (x). Rewrite (13.16) in the form 
f5(1 — о)5\12* Е 2m — p 
a(l — В) T Bm € 
Using the process of reciprocation, we derive the companion formula 
a*(1 — py 1/24 Е 2m + р 
B — a) (298m 7 


Upon adding the last two equalities, we readily derive the first part of (x). 
From (iv) and (13.8), 


m{a(l — а))'* + {80 — B)j'* 


_ Ln Е пу — 1)^ + (m — 15^ G " JN 
ee 


= 4'^ 0801 — a)(1 — 8)", 
which is the second equality of (x). 


The last equality follows from the second equality, reciprocation, and the 
invariance of хВ(1 — «)(1 — $). 


PROOF OF (xi). The first formula follows immediately from (13.4), (13.5), and 
(13.7), while the second is the reciprocal of the first. 


PROOF OF (xii). The first equality follows from (12.32), the rational version of 
Entry 12(vi), by the use of Entries 10(iii) and 11(i), (ii) in Chapter 17. An 
alternative proof can easily be constructed with the aid of (13.13). The second 
part is simply the reciprocal of the first. 
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PROOF OF (xiii). The former formula is apparent from (13.14), (13.15), and (13.7). 
The latter formula is obtained from squaring (13.7), substituting for p? via 
(13.3), and then rearranging the terms. 


Pnoor or (xiv). Let P and О be as defined in (xiv). Then from (13.8) and (13.13), 
respectively, 


iP = m - (2-1) nee =. 

m 5 
Ses] 

m 

Hence, 
2P 5 
2PQ =m— 0 
Q=m-—1 and 07m 1, 


from whence it follows that 


2P 
(1+ »o(1 Ее 3) = 5, 


The desired result now follows by rearranging the terms. 


PROOF OF (xv). With P and Q as defined in (xv), we write parts of (v) and (vi) 
in the forms 


_1— РОЗ 
n —1- P/O 


respectively. It is now obvious that 


P P 
1- PQ|19- —]- — 
( e za ха + Po(1 С), 


whence (xv) follows upon rearrangement. 


m + P/Q? 


and 3 
m 1+PQ’ 


Entry 14. 


(i) Let В be of the fifth degree in a. If а = sin?(u + v) and В = sin?(u — v), 
then 


sin(2y) = sin v(1 + cos? v). 
(ii) If p is defined by 
m = 1 + 2p, (14.1) 
then for 0 < p < 154/5 — 11), 


2— 5 
4a(1 — a) = (22) 


and 


2 ,í[ 2-7? 
4p(1 — p= 3 P) 
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(ш) If p is defined by (14.1) and 0 « p « 2, then 


1 — Пр p? /1 + p?\!2 
TUN p (5) 


(1+ 2р)? \1 + 2р 


and 


1+ а 


1-2 = +p- PIS 


(iv) If a and В are given by the equalities immediately above, then 
2F, (3, 5 Ца) = (1 + 2p ;FiG, 3; 1; f). 
(у) If 0 < p < XS /5 — 11), then 


2—p 3 2—p 
2Ё, (а 43 T )- (1 + 2p);F, (+ eL „(5 T2 


) 
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Observe that (i) is an analogue of Entry 5(xiv). Formulas (ii) and (v) are 


more accurate versions than those stated by Ramanujan. 
Pnoor or (i). Substituting in Entry 13(i), we find that 
sin( + v)sin(u — v) + соѕ(и + v)cos(u — v) 


+ 2{4 sin(u + v)sin(u — v)cos(u + v)cos(u — v))!? = 
or 
cos(2v) + 2{sin 2(u + v)sin 2(u — у)}:? = 1, 
or 
sin^(2u) — sin?(2v) = (1 — cos(2v))%, 
or 


sin?(2u) = 1(1 — cos(2v)) (3 + cos(2v))? 
= sin? v(1 + cos? vy?, 
and so (i) is established. 
Ркооғ or (ii). By Entry 13(iv), 
1/5 ы 
4a(i а) = | —– – 1 — 1). 
a(1 — a) aG ) (m — 1) 


Using (14.1), we find that the foregoing equality takes the shape 


ES 5 
4a(1 — a) = (2-2) =: Јр). 


1, 


(14.2) 


(14.3) 


Using elementary calculus, we can easily show that f increases as p goes from 
0 to 4(5 5 — 11), and then decreases back to 0 as p varies from 1(5 J/5 — 11) 
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to 2. Hence, for each value of a between 0 and 1, there are two values of p such 
that (14.3) is satisfied. Now, as « tends to 0, m approaches 1. By (14.1), p then 


tends to 0. Thus, the appropriate value of p is that with 0 < p < $(5./5 — 11). 
By Entry 13(iv) and (14.1), for p as above, 


su-n-am-r(i-i-P(2-5) a 


and this completes the proof. 


Proor OF (iii). For brevity, set 


If p = 0, then m = 1 and « = 0. Thus, we must take the minus sign above. 
Hence, 


2—p SN 1/2 1—11p- p? 1+р? 1/2 
«ge. Jl gel lp = ge ee, 
T ў ( (y) (i+ 2p? M 2p 
Denoting the far right side by g(p) and employing elementary calculus, we 
find that g decreases monotonically from 1 to — 1 as p goes from 0 to 2. Thus, 
for each value of a, 0 < a < 1, there exists just one value of p, 0 < p < 2, such 


that 1 — 2a = g(p). Clearly, this representation for х is valid for 0 < p < 2. 
The proposed formula for 1 — 2f follows in the same fashion. Thus, 


2—pWP2 1 + p?\12 
an = — р5 2= -pM E 
1 — 2f (1 (=?) (1+р Р)\т+эу ; 


PRoor or (iv). By (14.1) and part (iii), we observe that (iv) is simply a version 
of the equality z, — mz;. 


PROOF or (v). By (ii), the proposed formula reads 
Fi, 45 1; 4a(1 — a)) = ;FiG 3; 5 4801 — В)). 
The proof of this is exactly the same as that for Entry 6(ii). 


In Section 15, we assume that f is of the fifth degree іп х and y is of the 
fifth degree in £, so that у is of the 25th degree in a. Let m denote the multiplier 
connecting х and f, and let m’ be the multiplier associated with f and y. Put 
(see (13.3)) 


p = (m? — 2m? + 5m)? and р = (m? — 2m’? + 5m'y?. (15.1) 


Ramanujan's formulation of Entry 15 is in terms of hypergeometric series; for 
simplicity, we employ the notations m and m’. 
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Entry 15. If o, B, and y are as defined above, then 


o Q3" Q3) G3) me 
ыз AGS) umm 


B pa РАН py | (Er ( (1 EN В)? ү 
(t zal- 4 wg. i.egr 


pda n p? y- 
1 B| " V P7 — 
14410 (Ge = 
B^ — py 


It seems likely that, in arranging these formulas, Ramanujan gave (i) and 
(ii) priority over (iii) because they involve « and y only and not the intermediate 
modulus JB. As we shall see, (i) and (ii) arise from (iii). 


PROOF OF (iii). Replacing q by q° in Entry 12(vi), we find that 
(— 4)ф(— 9%), ,(V(a(a^*) , v(-au(-a?) _ i 
iio) +0 Zi tae FL 
9e'(—q^) V'(q^) (4) 
Employing Entries 10(iii) and 11(i), (ii) in Chapter 17, we translate the formula 
above into 


Ра ap yt аву 
z5(1 — В)‘ z,p'^ 
& 212 (a — a)} P1 {y(1 — y))!* = 
zs( B — В) 
Multiplying both sides by z5/(z;z5.)!7 = (m’/m)'”, we finish the proof. 


PROOF OF (i). We first derive, from (iii), two equalities connecting m, m’, p, and 
p’ by using the trivial equalities 


ay m. а 1/8 bags ye (1)" 
(2) (5) (Ву) ^ = (08°) B 
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and a corresponding set for ((1 — a)(1 — у)/(1 — В)2}:®. First, by (13.4) and 


(13.10), 
«y sus. P + 3m —5 
(Fs) Game, 


Second, by (13.5) and (13.10), 


t-e)" a-pa- = 
(1 — B5 
Upon multiplication, we obtain the equality 
«у(1— 9)(1— у). (т – 1) (5 – т)? 
В2(1 – В)? с m?(n—1? " 
where, of course, (15.1) was utilized. Thus, Entry 15(iii) now assumes the form 
p t3m 5 | p —3m' +5 (т – 1)(5 – т)? (тү? 
m'(p—m-—1) т(р+т+ 1) m"(m—1p \m/) ` 


p—3m'45 
m'(p -- m 4- 1) 


Combining terms together, we obtain our first new form of Entry 15(iii), 
namely, 


2mpp' + 2m'(m + joue 3 tm- 5 = mip _ (=). (152) 


Similarly, by (13.11) and (13.4), 


V5 m’?(p + m? — 3m) 
311/8 = 
(28) (4) ~ m(5p' + m? + 5m’)’ 


By (13.11) and (13.5), 


1/8 12 2 
= 3118 — y Qm (p — m^ + 3m) 
c D ti =) т(5р' — m" — 5m'y 
Upon multiplication of the two equalities above, we deduce that 
ay(1 — a)(1 — ) ^ m?(m — 1 (5 — m) 
В2(1 — By’ |. т-ту ` 
Hence, Entry 15(iii) may be written in the form 
m"(p- m? —3m) т?2(р — т? + 3m) К m^? (m — 1)2(5 — m) (m 1/2 
m(5p' + m? + 5m) m(5p' — m^? — 5m’) m(5 — т”)? m] ' 


which simplifies to 


10m'pp' — 2mm"? (m — 3)(m' + 5) + m?(m— 1)2(5 – т) (m'y? 
m(5 — т”) үлү Ue 


the second desired new form of Entry 15(iii). 
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We remark that (15.2) and (15.3) make it evident that pp’ and (m'/m)!? are 
expressible as rational functions of m and m"; this fact will be useful as a guide 
in proving (iv). In fact, in the proof of (i), only (15.3) is used, but the foregoing 
work should provide some rationale for the seemingly unmotivated proof of 
(iv). 

By (13.4) and (13.5), 


y 1/8 1—y Hot y 1/8 p 1/8 1-7 18 (1 — py 1/8 
B (=) (fs) (2) * (agp) E) 


_m?(p—-m—1) т2(р+т+ 1) 
So’ + m? + 5т Sp — m? — 5m' 


_ 10т'рр' + 2т'2(т + 1)(т' + 5) 
Е (5 — т)? | 
Непсе, Ьу (15.3), 


ү\!® 1—у\!% T 
C) чт) cem 


a sap nm + Dm + 5) + 2mm" (m — Зу(т' + 5) 


( 
— m? (m — 1)2(5 — m)) 
_ 12 
- sg (отат + 5) — m^(5 — т) 
= 2, (m? (m — 1) — 2(m? — 5m’?)} 
(m — 1)° (m — 1)? 
= +2 
а) 
т т 
Jf on у) А 
E e = 2) ace 2) | T 


by Entry 13(iv). Hence, formula (i) is established. 
PROOF or (ii). Formula (ii) is simply the reciprocal of (i). 
It might be remarked here that, with the help of Entries 10(iii), 11(1), (ii), 


and 12(iii) in Chapter 17, it can easily be shown that Entry 15(ii) is a translation 
of the formula 


yo — y-a 6—42) _ E Ф(—?) 
Va?) ya’) f(-49) " olay 
for which no direct proof has been constructed. 


= 54° + 24 
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Formula (iv) appears to be more recondite than the preceding three for- 
mulas, and it is not obvious how it can be deduced from them in any simple 
manner. Undoubtedly, Ramanujan had some ingenious method of obtaining 
it, for it is inconceivable that it could have been discovered by the process of 
verification given below. 


PROOF OF (iv). We first express m and m' as simple functions of a parameter t. 
By Entry 13(iv), 


(m — 1 G — ) = 288(1 — В) = (m' — Je — jJ. (15.5) 


Now put 
— 1 
pue (15.6) 
5 
—-1 
m 
so t approaches 0 as m tends to 1. It is also evident from (15.5) that 
5 m-i 
C= 5 . (15.7) 
— — 1 
т 
Moreover, from Entry 13(iv) again, 
ya — » y^^ 
= . 15. 
i) ud 


When we substitute in (15.6) the value of m' obtained from (15.7), we obtain 
the quadratic equation in m, 


m^ (t? — 1) + m((t — 1)(Ó — 1) — 5(66 — t)} — 515(@ — 1) = 0. 
Solving this quadratic equation, we find that 
2m(? — 1) = —(t — 1)(5 — 1) + 5(t5 — t) 


+({(t — 1)(5 — 1) — 5(6 — 2)? + 20t5(t — 1)((5 — 1)”. 
(15.9) 


In order to simplify the radical, we write 
(t — I(t — 1) — 5(6 — 9)? + 2065(t — 1)(t5 — 1) 
= ((t — (6 — 1) + 5( + t))? — 100/5 
= ((t— 1)(P — 1) + S(t? + t) — 1013) {(t — 1) (5 — 1) + 5(65 + 0) + 1013) 
= ((t — 1)(05 — 1) + 5i? — 1} }{(t — 1)(t° — 1) + St? + 1) 
= (t — 1? (t? + 3t + 1)? (t$ + 45 + 10? + 4¢ + 1). 
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Substituting this in (15.9) and letting t tend to 0 in order to determine the 
proper sign on the radical, we conclude that 


A + BR 


where 
A= —(t — (6 — 1) + 5(6 — t) 
В = (t — 1) (t? + 3t + 1), 
R = (t$ + 4 + 1013 + 4t + 1)”, 
B?R? — A? = 20t*(t — 1)(t5 — 1). 


(15.11) 


We now determine mm’ in terms of t. From (5.6), m' = 5t/(m + t — 1). Also, 
from (15.10) and (15.11), 


iue B?R?— А2 1015: — 1) 
205 —1(BR—A) ВЕ-А ` 
Непсе, 
Ка м _ 5t E 50:6 
 ,..t—1 , BR-A ВЕ (А – 1015) 
1+— 1+ 5 
т 10{ 


|. SOt*(BR + A — 108°) 
— BPR? — A? + 20А15 — 100° 


" St(BR + A — 10:5) 
~ 2(t — 1)(6 — 1) + 2A — 1065 


= 4(10¢° — A — BR), 
by (15.11). Thus, by (15.11) again, 
4mm' = 2t$ + 815 + 8t + 2 — 2BR 


and 
2 /mm' =R — (t — 1)(t? + 3t + 1). 
From this, (15.10), and (15.11), it follows that 
m(t? — 1) = 5(1° — t?) + B(mm'y^?. (15.12) 
Combining (15.12) and (15.7), we find that (mm’)*? satisfies the quadratic 
equation 
mm' + B(mm')!? — 51° = 0. (15.13) 
After these preliminary calculations, we are now in a position to establish 


(iv. Multiplying (iii) by 2(8?(1 — B)?/{ay(1 — &)(1 — y)}) and using the 
proposed formula (iv), we see that we are required to prove that 
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T ( (1— 8)? | (1- (=)" p(t — py )- m 
(5 tasaa- U ANa) mü-30-3) "^w 


which can be rewritten in the form 


_ (шү Гао) т Гау ада -N 
"e (z) ( a-p? ) ese f - By 


-- (y) m 
m 


We now prove (15.14) by using several previously derived formulas to 
reduce the left side. Employing the following formulas in turn: (13.12) and 
(13.13), (13.10) and (13.11), Entry 13(iv), (15.4) and (15.6), (15.12), (15.13), 
(15.11), and (15.11) and (15.12), we find that 

Qm + p)(2m' — p) Qm – р)(2т + p’) 4 20 — DG – m 
m(m —1)(5—m) |. m(m—1)5—m) (т – 1)(5 – т) 
. 2pp' + 2m(m — 3)(5 — 3m’) 
i m(m — 1)(5 — m’) 


(p + m? — 3m)(p' — 3m' + 5) + (p — т? + 3m)(p’ + 3m’ — 5) 
m(m — 1)(5 — m’) 


"cops css OP = pra - »y* 


+ {(1 — a)(1 — В) )5(85y)8) 
. 1óm'(a(1 — о)33(1 — B)*}** (t ~ D (^ 
7 (n-DG6-m) ner? led v 


_ m'(5 — m)(m — 1) ie — гү" (1 
UU бт) p-ab 739 


_ 5 —m) 
eee E 


(13 + 202 + (mm'y?) 


= „рту = 1) — B(mm')? (3 + 2t? + (тт)? 


t ni 
= me po — (P + 212) + {5(t? — 1) — B(t? + 2t7)} (тт)? 
— 5B + B2(mm’)) 


= B5 МА t?) — (2{® — 22 — 4t 4 4) (mm')? 


= 2 (m s (mm)? , 


and this completes the proof of (15.14) and hence of (iv). 
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PROOF OF (v). By Entry 13(iv), the left side of (v) is equal to 


5 
bmw 1) | mam’ 4(n- )6-m) m 


which completes the proof. 


Entry 16(1). Let В be of the fifth degree in a. If 


A do ES B do 
o (1— «sin? 9)? Jo (1— fi sin? g)?* 
for some pair A, B, with O < A, B < n/2, then 


p tanB 
1+ X + p+ {(1 + 2р)(1 + p?)}*?)tan? B’ 


where т = 2p + 1, as in (14.1). 


tan{3(A — B)} = 


Pnoor. Entry 16(1) gives the general transformation of the fifth order, which 
is due to Jacobi [1, pp. 26-28], [2, pp. 77-79]. As in the corresponding 
analysis of Entry 6(iii), it seems sufficient to derive Ramanujan’s formulation 
from that given by Jacobi. Converting Jacobi’s result into our notation, we 
see that 


1 t aie d "cin? 
шики 080 
where 
1 + b' sin? В + b" sin*B + (a sin B + a’ sin? B + a" sin? B) 
= (1 + sin B)(1 + p sin B + q sin? By, (16.2) 
where q is the positive root of the equation 
2g(q + p + 1) =p’; 
that is, 
2g - pt 12 ((1 + 2р)(1  p?)]?7. (16.3) 
Moreover, a = m, a’ = 24 + p? + 2pq, а" = q?, b' = 2p + 29 + p^, and b" = 


2pq + q?. 
We first prove that 


1 — p sin В + q sin? B 
1 + p sin B + q sin? B 


By the “half-angle” formula, tan(in — 4A) = cos A/(1 + sin A). Thus, (16.4) 
can be written in the form 


tan(in — 1A) = tan(4x — $B) (16.4) 
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cosA _ cosB 1-—psinB +q sin? B 
1+sinA 1+sinB1 + psin B +q sin? B. 


Squaring both sides and simplifying, we determine that it now suffices to show 
that 
1—5ілА _1-— sin B (1 — p sin B + q sin? В)? 
1-sinA 1+ sinB (1 +p sin B + q sin? В)? 


(16.5) 


Now substitute (16.1) for sin A on the left side of (16.5). Simplifying while 
employing (16.2), we immediately ascertain the truth of (16.5), and hence of 
(16.4). 

Hence, by (16.4), 


tan( (4 — B)} 
_ tan(ZA — 4л) — tan(B — 1n) 
~ 14 tan(1A — in)tan(1B — іл) 


1 — p sin B + q sin? B 
1 + psin В + q sin? B 
1 — psin B + q sin? B 
1 + psin В + q sin? B 


-tan(ġn — $B) + tann — 48) 


1 + tan?(1x — $B) 


E 2p sin B їап(іл — $B) 
— 1+ psin B + q sin? B + tan?(ix — 1B)(1 — p sin B + q sin? B) 


P 2p sin В ѕіп(іл — 1B)cos(3x — В) 
соѕ2(1л ~ 1В)(1 + p sin В + q sin? B) + sin?(1n — 1B)(1 — p sin B + q sin? B) 


Е р sin В cos B 
"l-qsin? В + p sin? B 


_ ptan B 
— b (qp Dtan? B’ 


and, because of (16.3), this is Ramanujan's formula. 


Ramanujan begins Section 16(ii) with the following geometrical construc- 
tion. Let O be the center and AP a diameter of a circle € of radius a. Let G 
denote the point of medial section on AP; that is, AG/GP = 1 + J5. Let 
T be any point between G and P. Draw a perpendicular line segment RR, to 
AP at T, where К, К, e €. Form PR, AR, and AR,. Letting M denote the 
midpoint of TP, draw MN parallel to PR, with N on AR. With B e € on the 
same side of AP as R, draw BD perpendicular to AP such that BD = MN. Let 
Q € € be such that the arcs BQ and BP are equal. Form AB, QR, and QR,. 

It appears, at first glance, that the introduction of the point of medial 
section G is irrelevant. However, it can be shown that the condition that T be 
to the right of G is necessary to ensure that MN <a, which, in turn, is 
necessary for the construction of BD. In fact, if T = G, MN =a. 
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Entry 16(ii). Let t, and t, denote the times required for a pendulum of length 2 
to oscillate through the angles АВАК, and 4BAR, respectively. Then t, = тї, 
where m is the multiplier of degree 5. Furthermore, 


20R 
E ыган 16.6 
1+m RT’ (16.6) 
5 2QR, 
1+—= 16Л 
ta RTO (16.7) 
and 
5 OD 


Pnoor. Let v — / PAR. Then AR - 2a cos v. Since also cos v — AT/AR, we 
see that AT = 2a cos? v. Now, 


AT = AO + OM — TM =a + OM — (a — ОМ) = 20M. 


Thus, 
AM =a+0M =a+$AT = a(1 + cos? у) 
and 
MN = AM sin v = a(1 + cos? v)sin v. (16.9) 
Now define џ to be the angle between 0 and z/4 determined by the equation 
sin(2y) = (1 + cos? v)sin v. (16.10) 
Then, by (16.9), (16.10), and the fact BD = MN, 
sin(2p) = m = 23780 = 2sin / РАВ cos / РАВ = sin 2/ РАВ. 


a 2a BP 
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Hence, и = / PAB. By the converse of Entry 14(i), we conclude that 
a = ѕіп2(и + v) = sin? / BAR, 
and 
В = sin?(u — v) = sin? / BAR. 
Furthermore, В is of the fifth degree in a. 
The equality t, = mt, now follows just as in the proof of Entry 7(iii), but 


now, of course, Entry 16(1) is utilized in place of Entry 6(1). 
By pna 13(xiii) 


4{соѕ(и + v)cos(u — v) — ѕіп(и + v)sin(u — v)} 


Ы" + sin(p + v)sin(u — v) + cos(u + v)cos(u — ay" 
2 


4cosQu) ^  4cosQy) 
[E + Dg COS Y 


zd e ш D. (16.11) 
AR/Qa) AR 
which is (16.8). 
From Entry 13(xiii) again and (16.10), 
4 sin(2 
2 +т+2 = 6 + 2 соѕ(2у) = 4(1 + cos? у) = тш); (16.12) 
т sin v 
Subtracting (16.11) from (16.12), we find that 
ida sin(2y) M cos(2y) 2 4 sin(2p — v) (16.13) 
sin v COS Y sin(2v) 


Since / ВОР = 2u, / ROP = 2y, and arc ОВ = arc BP, it is not difficult to 
see that / OQR = іп + v — 2y. Thus, by the law of cosines, 


риса б +а а _Q 


2aQR 7 2a’ 
Hence, from (16.13), 
. 4QR/Qa) QR 
m+1=4 RT/a =2ют° (16.14) 
which establishes (16.6). 
Adding (16.11) and (16.12), we find that 
5 +1=2 со$(2и) " sin(2u) = 4 sin(2u + v) (16.15) 
m COS v sin v sin(2v) 
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Since 2 ООК, = 4р + 2v, we find that / ООК, = іл — 2и — v. Thus, by the 
law of cosines, 


QRi+a*—a’ QR, 


sin(2u + v) = соѕ(л — 2u — v) = 


2aQR, ^ 2a 
Hence, by (16.15), 
5 КА ОК, /(2а) | QR, 
mt) * кта ^^ RT’ 
which is (16.7). 


Example (i). If AP = 1, then 
ТР = {160B(1 — a)(1 — B)}**, 
DT = (28)", 
OD + OT = {(1 — ә)(1 — B)}*”, 
and 


(x8)? + {(1 — a)(1 — B)}*? + 2(162f(1 — a)(1 — 8)}1% = 1. 


The last equality above is a trivial consequence of the first three, since 
AP = 1. Thus, Ramanujan has found an interesting geometric derivation of 
the fifth-order modular equation Entry 13(). 


In our proof below, we proceed without the assumption AP = 1, which 
yields only a trivial simplification. 


PRoor. First, by (16.10), 
ТР = RP sin у = 2a sin? у 

= 2a{sin? v(1 + cos? v)? — 4 sin? v cos? у}! 

= 2a{sin?(2u) — sin?(2v)}¥ 

= 2a{sin(2p + 2v)sin(2y — 2у)}!% 

= 2а{4012(1 E a)!2 81? (1 Кр, В)! ype 

= 2a(16af((1 — а)(1 — В). 
Second, 

DT = OT — OD = acosQv) — а cos(2y) 
= 2a sin(u + v)sin(u — v) = 2a(ap)?. 
Third, 
OD + OT = a со$(2и) + a cosQv) 
= 2a соѕ(и + у)соѕ(и — v) = 2a((1 — a)(1 — B)}??, 


which completes the proof of Example (i). 
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Example (ii). Let Q = A. Then D = O, m= m. and T divides AP in medial 
section, that is, T = G. 


Pnoor. Since the arcs BP and BQ are equal, it is clear that D = O. Thus, from 
(16.11), 5/m — m = 0, that is, m = 4/5. 
Lastly, from similar triangles, 


AT | AT АЕ? – ЕТ? 
TP ЕТУЈАТ RT? ^ 
From (16.14), with m = 4/5 and Q = A, we conclude that 


An (SY anm 
TP \ 2 == 


that is, T divides AP in medial section. 


Our formulation of Example (ii) is somewhat different from that of Rama- 
nujan (p. 238). 

The last three sections of Chapter 19 are devoted to modular equations of 
degree 7 and associated theta-series identities. 


Entry 17. 
(i 
ala?) = —. 


3 5 9 


q q q q q 
q 1-4 pg qc te 1— q”? 


where the cycle of coefficients is of length 14. 


2 3 4 5 
(ii) ^ e(qgo(q) E leg l-r i- peg 
i 4% А 4% 4° qi? 
1 — 4 1— д? 1—4? 1— q}? 
11 12 13 15 
Ыл ш a s 
4% gi? q!’ q? 
"T4857 71—47 1-48 1-9” 
q?° 42? 423 q^ 
1 — 429 П тел” 1—45 


427 
tet oe et 


where the cycle of coefficients is of length 28. 
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(ii) ^ pq) — eq’) = 2q'" f(g, q?) + 24° f (q^, а) + 24” f(a, q!?). 
Gv) — v(q'7) — 4977) = FÈ, 4%) + "FG, 4°) + a" f(a, 4°). 
(v) 

f(-4") f(-45—-49)  f4.—49 | 


- sr f C74, 4^) 
747) f(-4-49 ? f(4,-4) 


f(-@, —a*) 


4°" +4 


The first two formulas are of extreme interest, since they appear to indicate 
that Ramanujan was acquainted with a theorem equivalent to the addition 
theorem for elliptic integrals of the second kind. Although it would appear to 
be very difficult to prove (i) without this addition theorem, it is apparently not 
found in the notebooks. 


Pnoor or (i). In the notation of the notebooks, the addition theorem assumes 
the form 


qf(—a, —q?/a)f( —b, —q?/b)f( —ab, — q?/ab) 
abf(—aq, —q/a)f(—bq, —q/b)f(—abq, — q/ab) 
_ Фф(—4) ў q" (a E 
© f*(-q?) —1— а?" а” а Ww 


A direct proof of this theorem has been constructed by Glaisher [1] who wrote 
the left side of (17.1) as a product of three Laurent series and multiplied them 
together. It does not seem worthwhile to give the details here. 

To deduce (i) from (17.1), replace q, a, and b by q’, q?, and 4°, respectively. 
Thus, 


ta +" – ev). (17.1) 


© q" = а?" = а?" + а?" + 4" ET qo 
ру 1 qi 
StA f(-q^, — 4? M(—a*, —4'?)f(—q$, — 4%) 
e(—q) f(—a^, -a?Mf(—a^, -aSa —4?) 
LU P Ca fC-a)xC- a7) 
e(—4^)f(—4!*)x(— 9 
= qý (yq). 


In the analysis above, we expanded six of the theta-functions by means of the 
Jacobi triple product identity (Entry 19 of Chapter 16), simplified, and then 
employed Entry 24(iii) in Chapter 16 to obtain the final form. 

Now take the summands in the series on the left side and expand them into 
geometric series. After inverting the order of summation in the resulting 
double series, we obtain the series displayed on the right side of (i) to complete 
the proof. 


= 4 
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We remark that, in more classical notation, (17.1) is equivalent to the 
identity 
E(u) + E(v) — E(u + v) = k? sn u sn v sn(u + v), 
where E(u) denotes the incomplete elliptic integral of the second kind. 


PROOF or (ii. In order to prove (ii, we appeal to a modular equation 
of the seventh order given in Entry 19(i. Multiply both sides of it by 
{(1 — a)(1 — B)}** to put it in the form 


tà — 90 — j^ — (4 — 90 — B)} = (B — 90 — y^. 


Transforming this equality by Entries 10(ii), (iii) and 11(ii) in Chapter 17, we 
obtain the theta-function identity 


e(—4)e(—4^) — e(—4?)e(—41*) = —2qav(— a) (— 47). 


Replace q by 4?" and sum both sides on n, 0 < n < oo. Using part (i), we arrive 
at 


ө(—00(—4) - 1 = -2 Ў Wa") 


= -2( Жон RU ANC HUE, m 
1+9 1+4 1+ọ 1+q* 1-44 
E q? " q? " q? Е gt n q" 
1+4 1+4 1+8? 1-449 1-44! 
RNC GANE РР (Ж 
1+4? 1 +q? 1 4 45 2 


where the cycle of coefficients is of length 7. Replacing q by — 4, we deduce that 


2 3 4 5 


4° qÈ 4° qi? qii qi? 


Tia Peg i-p leg! tog 1+? 


"E gis Pe 
faqs pg , 


where the cycle of coefficients is now of length 14. For each even value of n 
above, write 


We now readily see that the right side of (ii) is obtained, with a cycle of 
coefficients of length 28. This completes the proof. 
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o(a) = e(q*?) + 2af(q?*, 4%) + 2q*f(q?", 47’) + 2a? flg", q?!) 
Replacing q by q!", we complete the proof. 


ProorF or (iv). In Entry 31 of Chapter 16, let a = 1, b = q, and n = 7. Using 
Entry 18(ii) in Chapter 16 and the definition of y, we find that 
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PROOF OF (iii). In Entry 31 of Chapter 16, put a = b = q and n = 7. Then 


yla) = 


Sa, q?*) + aflat, 4°) + ауа", q*?) + ay (a?) 
Replacing q by q!", we complete the proof. 
PROOF or (v). Set n = 7 in (12.25) 


Entry 18(1) below serves as the basis for a septic algorithm for calculating 
л that has been devised by J. M. and P. B. Borwein [6] 


Entry 18. 


(i) There are positive functions u, v, and w such that 


1/7 
а x AC PUBL (18.1) 
where 
f*-a9 , f*(-9 
= = jp qp ur on 18.2 
u—v+w=57+ 27447) + Pf Ca (18.2) 
f*(—4) f*(—4) cd ed) 
= = 1 , 
uv — uw + vw = 289 + 126 aa) 9 df Dno 2571047) 
(18.3) 
and 
uvw — 1. (18.4) 
(ii) With u, v, and w as above 


f(—*?) 
1 + 74? =u" — 01 4 wil, 
4 7С 
where 


4 
u—v+w=57]+2 Tq UB Grat) 


Tq f (-4) 
? f*(-a 7%(— 9) 
and 
uv — uw + vw = 289 + 18:73 аба) 4) + 19:7 erit q’) 
+ 7% afa) q’) 


f"(-9' 
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Gi fla, ONË, afi. a = A 13-р) 
iv) f(-a -a9fC- €. —49Л(—4, — 4") = 7-72-47). 
(у) f(a а!) Ја?, a! f(q*, a?) = x(au(—a7)f?(—4!* 
(vi) If 
f*C-4 а) 


=—,— and у= 55—59, 
Hn 474—4) Ф774?) 
then 
2и = 7(? + 5v? + Tv) + (v? + Tv + 7) (AP + 21v? + 28v}. 
PROOFS OF (i), (vi). Our primary aim here is to establish (1), but, along the way, 


we also prove (vi). 
In view of Entry 17(v), define a, f, y, v, u, v, and w by 


«= ul "^ f(-@, —q?) – в = рї! A /(— 49, —4°) 
| aP fa —9°)’ | fe, – 45) 
y- ww = 437 f(— с Ба = f(-q"") 


IEE, y and. ve ORE qi) 


Thus, from Entry 17(v), we deduce immediately that v + 1 = a + f + y, which 
is (18.1). It is also clear that (18.4) is trivially satisfied. It remains to establish 
(18.2) and (18.3). 

Let the cubic equation satisfied by o, f, and y be given by 


23 — pz? +sz—-r=0. 


Thus, p = v + 1, by (18.1). It also follows from (18.4) that r = —1. 
For brevity, we let Jo, Ј,,..., Jg denote power series in q. From Entry 24(ii) 
in Chapter 16, it is easy to see that v? has the form 


уЗ -J4,44597J, + 47573,  qU,. (18.5) 
But on the other hand, 
= (0+8 +7 1) = +4 2, +47 + qd; 
+ QI, +9275 + de, (18.6) 
where 
Jg = —1 + баву = —7, 
q ^J, = 3(y — a? + a”), 
q 7"J, = 3(a — f? + By’), (18.7) 
q Je = 3(B — у? + ya"), 
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By comparing (18.5) and (18.6), we find, from (18.7), that 
у — а? + af? = 0, 
a — f? + By? = 0, (18.8) 
В — у? + уо? = 0. 
That these three formulas are equivalent to a single relation may be seen 
by multiplying them by у, а, and f, respectively, and observing that, since 
aßy = — 1, they merely undergo a cyclical interchange. To obtain this relation 


in a symmetrical form, multiply them by a, f, and y, respectively, and add them 
to get the equation 


> By Уо — у В?у? = 0, (18.9) 


where each sum is over all cyclical interchanges of the summands. Easy 
calculations show that 


Уа? = p? — 3ps + 3r (18.10) 
and 
У By? = s? — 2pr. (18.11) 
Thus, (18.9) becomes 
0 = s — (p? — 3ps + 3r) + 52 — 2pr 
= 52 + (3p + 1)5 — p? — 3r — 2pr (18.12) 


= 52 + (Зу + 4)5 — у? — 3v? — у + 4, 
since p = v + 1. Solving (18.12) for s, we find that 
2s = — (3v + 4) — (A? + 21v? + 28v), (18.13) 
To see why we chose the minus sign on the radical, observe that, from the 


definitions of o, f, y, v, and s, 


7 and s~ =q”, 


vq? 
as q tends to 0. 
Next, replace q by ба 


v-atfty-li 


1/7 where С is any seventh root of unity. Then, since 


f(- G7) 
ga” f(—q’) 
Taking the product of each side over all seventh roots of unity and using an 
argument analogous to that used in the proof of Entry 10(vi), we deduce that 


f'(-4) П /(—&'") 


= (3а + UB Oy — 1. 


q'f*(-a) е (24277-9) 
We now face the challenging task of calculating the product on the right side 
above. For brevity, in the sequel, we put s, = o" + fi^ + y". 


ПС 08 + 0—0. (1814 
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First, replacing $ by 1/¢, we determine the product 
(Ca + еВ + Cy — 1)(C?a + CB + Cy 1) 
= 1+ s,—(a—ya)(C? + C) — (B — a) 0) — (у — By) (C+ С). 


There will be two additional products of this type. Multiplying these three 
equalities and the equality х + f + y — 1 = p — 1 together, we deduce, from 
(18.14), that 


AP = (р D( + 82)? + (1 + s2) X (@ — ya) 
— 2(1 + 55)? (а — ya)? + 3(1 + 5,)У (8 — aB)(y — By) 
— Уа — ya +4) (8 — ab} O — By) 
— 3» (B — aB)(y — Ву)? + (x — ya)(B — ab) — By)}, (18.15) 


where the summations are extended over all cyclical (not symmetrical) inter- 
changes of х — ya, B — af, and y — By. We now are presented with the task 
of evaluating all terms on the right side of (18.15). 

First, since 


s, = p? — 2s, (18.16) 
(1 + 5; = 1 + 3(p? — 2s) + 3(p* — Ap?s + 4s?) 
+ pê — 6p*s + 12p?s? — 8s? 
= —8s? + 12(p? + 1)52 — 6(p? + 1)25 + (p? + 1}. (18.17) 
Second, by (18.16) and the definitions of p and s, 
(1 +s, Y (x — ya) 
= (1 + 2(p? — 2s) + (p? — 23?)(p — s) 
= —4s? + 4(p? + p + 1)s? — (pt + 4р? + 2p? + 4p + 1)s 


+ (р? + 2р? + p). (18.18) 
Next, by (18.8) and (18.16), 
Yay = Уа? – Ya = р? – 25 – р. (18.19) 


Thus, by (18.19), (18.16), and (18.11), 
—2(1 + 55) Y: (a — yay? 
—2(1 + p? — 25) У (a? — 202у + ay?) 
—2(1 + p? — 2s)(p? — 2s — 2(p? — 2s — p) + s? + 2p) 
= 4s? + (6 — 2p?)s? — (8p? — 16p + 4)s 
+ Qp* — 8p? + 2p? — 8p). (18.20) 
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With the help of (18.19), it can readily be verified that 


Y, В2у = ps — 3r — p(p — 1) + 2s. (18.21) 
Thus, by (18.16) and (18.21), 
3(1 + 52$, (8 — ap) — By) 
= 3(1 + =) У (Ву — «бу — B^y + o^) 
= 3(1 + p? — 2s)(s — 3r — ps + 3r + p? — р — 2s + pr) 
= 6(p + 1)s? ~ Gp? + 9p? — 9p + 3)s + 3p? + 1)(p? — 2р). (1822) 
By (18.19), 
Уау = (ра? — sx + r)y + (pB? ~ sB + r)a + (py? — sy + n0 
=p} ay — s? + rp 
p(p(p — 1) — 2s) — 5° + rp 
= —s? — 2ps + p? — p° — р. (18.23) 
By (18.11), (18.21), and (18.16), 
Y азу? = (pa? — sa + ryy* + (pf? — sB + r)a + (py? — sy nf? 
=p} а?у? —s) ay? +r} a? 
= p(s? — 2pr) — s(ps — 3r — p? + p + 2s) + r(p?° — 2s) 
= —2s? + (p? — p — 1)s + p°. (18.24) 
By (18.10), (18.23), and (18.24), 
У, а?у? = (py? — sy + r)a? + (pa? — sa + r)B? + (pf? — sp + т)у? 
= рулу = SS ay +r? 
= p(—2s? + (p? — p — Ds + p?) 
— s(—s? — 2ps + p? — p? — р) + rip? — 3ps + 3r) 
= s? + 3ps + 3. (18.25) 
Hence, by (18.10) and (18.23)-(18.25), 


Н 


—Y (a — yap = Уо? + 3 У а?у – 3 У о?у? + У озу? 
= — (рз — 3ps — 3) + 3(—s? — 2ps + p? — p? — p) 
~ 3(—2s? + (p? — p — Ms + р?) + s? + 3ps + 3 
= 535 + 352 — (3р2 — 3p — 3)s + (2р? — 6p? — 3p + 6). 
(18.26) 
Next, by (18.21), 


УВ? = Y vof? — sB + 7) 
= p(ps — 3r — p(p — 1) + 2s) — s? + pr. (18.27) 
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Thus, by (18.21), (18.27), (18.16), and (18.19), 
45 (B — aBY'G — By) 
= 4), (By — В?у — 2uf^y + 2af*y + a? B^y — a? ^y) 
= 4» (^y — B*y + 28 — 2p? — «B + ар?) 
= 4{ps — 3r — p(p — 1) + 2s — p(ps — 3r — p(p— 1) + 2s) + 5? 
— pr + 2p — 2(p? — 2s) — s + p? — 25 — p] 
= 4{s? — (p? + p — 3)s + (p — 3p? + 3)}. (18.28) 
Now, by (18.11), (18.19), and (18.16), 
Xy = Di (pB? — sp + ry? 
= рУ æ p? E sy By? __ Уа? 
= p(s* — 2pr) — s(p? — 2s — p) — (p? — 2s) 
= 52(р + 2) — s(p? — p — 2) + р2. (18.29) 
Hence, by (18.19), (18.11), (18.29), and (18.21), 
—3 (B — aB)(y — Ву)? 
—-3» (By? — аву? — 28^y?  2aff^? + By? — af?y?) 
-3Y (87? + y — 282ү? - 28у + В?у? + By) 
—3(p? — 2s — p + p — 2(s? — 2pr) — 2s + (p + 2s? 
— s(p? — p — 2) + p? + ps — 3r — p(p — 1) + 25) 
—3(ps? + (2p — p?)s + p? — 3p + 3). (18.30) 


Lastly, a direct calculation gives 
(a — ya)(B — aB)(y — By) = p—s—2. (18.31) 
Substituting (18.17), (18.18), (18.20), (18.22), (18.26), (18.28), (18.30), and 
(18.31) into (18.15), we at last derive the formula 
249, = (р — 1) {— 75° + (14р? + 7p + 35)s? 
— (7р* + Tp? + 35р? — 14p)s + р + p? 
+ 8р“ — 6p? — 13р? — 6p + 8} 
= —7(p — 1)5 + (14р? — 7p? + 28р — 35)s? 
— (7p? + 28р? — 49р? + 14р)ѕ 
tp + 7р? — 14р“ — Tp? + 7р? + 14р — 8. (18.32) 
Since р = v + 1, (18.32) may be written іп the form 
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f*(—4) 
t= —Tys3 + Tlv? + 5у + 8)52 
a f*(—q’) ( 
— Tv(v* + 5? + 14у? + 15v + 5) 
+ у? + 76 + 28у° + 56у + 42 — 7у2 — W. 


Using (18.12) to reduce the right side to a linear function of s and then 
employing (18.13), we find that 


2f*(—q) 


"uerum 2( —7v(v* + 12v? + 49v? + 84v + 49)s 


+ у? + 21v® + 126? + 322v* + 294v? — 147v? — 343v] 
= 2y! + 63v® + 532v? + 2009v* + 3724? + 3087у2 + 686v 
+ 7v(v* + 12v? + 49у? + 84v + 49) (4v? + 21v? + 28v)". 
Taking the appropriate square root of both sides, we deduce that 

= f*(-49) ы”, 3 2 2 3 2 1/2 
= 2a = T° + Sv* + Tv) + (У + Tv + T ((4v* + 21у + 28v) ^, 
af*(—q’) 
(18.33) 


2и 


which is formula (vi). 

We next calculate s,. To do this, we employ a general formula for s,, which 
may be found in Littlewood's book [1, p. 83]. Omitting the rather tedious 
algebraic details, we deduce that 


p 10000 
25 p 1 0 0 
àr s p 1 0 

1 


$4 = 


~ 
с 


0 

0 
р1 0 
1 


r sp 


=. о ооо 5 


0 
0 0 

0 00 r s p 
0 0 Or s 


"3 


= —7ps? + (7r + 14p?)s? — (7p? + 21p?r)s + p? + 7р“ + 7pr?. 
(18.34) 
Hence, from (18.32) and (18.34), 

f*(—4) 3 2 2 
——3.— ^. — $4 = 75° + (— Tp^ + 28p — 28)s 
Фуа) 

+ (— 28р? + 28р? — 14p)s 


+ 7р5 — 7р — 7р? + 7р? + 7р — 8. 
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By (18.2), it remains to show that 


ЕС ЖИЕ. 2 з 2 
—p-tp4p-p--p-]. (18.35) 


With the use of (18.12) and (18.13), it is a straightforward, but laborious, task 
to reduce the right side of (18.35) to the right side of (18.33). This concludes 
the proof of (18.2). 

Examining (18.3), we are led to calculate У ^y". To do this, we can use 
(18.34). Thus, in (18.34), suppose that х, В, and у are replaced by af, By, and 
ya, respectively. Then r, p, and s are replaced by r?, s, and rp, respectively. 
Hence, 


> By = s? + Tps> + 7s* + 14р25 + 21ps? + 7(p? + 1)5 + 7р2. (18.36) 
By (18.3), we want to show that the right side of (18.36) is equal to 
—289 — 126и — 194? — p’. (18.37) 


To do this by hand would be a superhuman feat. Therefore, we employ 
MACSYMA. In (18.36), we set p = v + 1 and substitute the value of s given 
by (18.13). In (18.37), we substitute the value of u given by (18.33). Both (18.37) 
and the right side of (18.36) then reduce to 


— 1(21v1? + 595v? + 6468v5 + 37229v7 + 127421v6 
+ 270445y5 + 355103v* + 2757239? + 113484v? + 19208v + 578 
+ (v? + 63v8 + 910v7 + 5929v® + 21007у5 + 43099у* + 51107? 
+ 32907v? + 9800v + 882)(4v> + 21v? + 28у)! 

Of course, the proof that we have given is quite unsatisfactory, because it 
is a verification which could not have been achieved without knowledge of 
the result. Ramanujan obviously possessed a more natural, transparent, and 
ingenious proof. A proof of (18.2) via the theory of modular forms can be found 
near the end of the introductory material in Chapter 20. 


Compared to our proofs of (i) and (vi), the proofs of the remaining four 
parts are almost trivial. 


PRoor or (ii). Applying Entry 27(iii) of Chapter 16 with х = 1 Log(1/Q") 
and В = 4 Log(1/q), where q and О are chosen so that 


7 Log(1/Q)Log(1/4) — 4z?, 
we find that 
4'7* Log'^(1/4)f(— 4) = Q"?* Log!^(1/90?)f(— 07). (18.38) 
Replacing q by 4: and О by Q^, we find that 
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4368 LogV^(1/9)f(—4!7) = 4/7 Q*9?^ Log!^(1/0")f(—0*?). (18.39) 
Lastly, reversing the roles of q and Q in (18.38), we deduce that 
472% Log!^(1/97)f( — g^) = Q'?* Log'^(1/0)f( — 0). (18.40) 


Dividing (18.38) by (18.40) and then (18.39) by (18.40), we deduce that, 
respectively, 


1/4 7) 
СР 5 а 2- Eon 
and 
A) _ 070—0) TN 


qUf(-qa) 1-0) 
Thus, by (18.42) and part (i), 
fí SF Q^?) РА "LU 


702 n 1/7 
PIE 0) ad 
Furthermore, by (18.41) and part (i), 
7—07) 78-07) 
= = 57 + 14:72 TQ! ——. 
u—-v+w=574+ Tec + Q FCG 


The formula for uv — uw + vw is proved in the same way. 
Pnoor OF (iii). By Entry 19, (22.4), and Entry 22, all in Chapter 16, 
Ја, F(a", a^) F(a", a*) 
= (~q; 4')„(—4°; a"), (— 5; 4 ol a5 4"), (7 5; 4) 
х (—4°; a'),(— 4^; q^ 
_ (74:4). (45; T o me ae СЕ E _f(-@) 


which completes the proof. 


PROOF OF (iv). The proof employs Entries 19 and 22 of Chapter 16 and is 
even easier than the proof of (iii) above. 


Proor or (v). With the aid of the Jacobi triple product identity, it readily 
transpires that 


f(q. a ?)f(a?. VS", 9°) = 


oy 
00 


(—4; Plas 
(—q’; 7"), 


= x(aW(—-a^)f?(— 4^), 


by Entry 22 in Chapter 16. 


Chapter 19 ends with a battery of modular equations of degree 7. 
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Entry 19. If В is of the seventh degree in а, and m is the multiplier for degree 
7, then 


(i) (n8)? + {(1 — a)(1 — 5 = 1, 
(201 + (38)7 + (1 — 90 — p) = 1 — (801 — a) — BY}, 


pu = py 124 
Ow) 


{(1 = a)(1 — pi^ — TA 
7 7\ 1/24 
-4 09 
LR CS 
m (ap)** __ {01 ES a) = py 
— py7\1/8 7N 1/8 
(iii) (S E ) | -(E у = т(1(1 + (a8)? + {(1 — «(1 — B)}42))12, 


(ii) т = 


a 1/8 (1 7 
(5 ium T = 001+ 68) + {0 — 30 — 2^, 
А (1 = py 1/8 ae (1 _ py 1/8 p 1/8 
(iv) (па) =e (E97) -(F) К 
is a (1 — a)’\** 
"ncm mG) -GE 
3 B 12 f= p 1/2 Ba = B) 1/2 pa E В) 13 
" 5 ( = г) - (= = 2) - :(20 = 4 
49 " ar " ( -— 3 Е | = 2r _ (20 " Jy 
т WM "M-B  Ma-p pa-p ' 
{ (1 = py 1/4 p 1/4 pa íi py 1/4 
(vi) (e «(£) - (£522) 
-— ( + (x8)? + (1 —a)(1 — да, 
2 > 
(6 _ a n eM K (50 = y 
1—8 В pa — p) 


= e + (p)? + ((1 — o)(1 — 2 


m? 2 


" (4 Уз By’ 1/8 p 1/8 p n By 1/24 А 3 + m 
ix en «(C ez) 47 


(1 Заң a) 1/8 a M8 a7(1 = a)? 1/24 _ 3 49 
к Una) T4 ат 


Ш 


(у) 
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and 
(viii) 
ü = = 2(ay^ — {0 — 2) — B)}**)(2 + ap) + (01 — 9 — p). 
(ix) If 
Р = {162p — ә)(1 — B)}"* and Q= Є =й)" 
then 
O45 +7=2y3(P +5) 
Q PJ’ 
(x) If 
Р = (ap)? апі 0 = (B/a)"?, 
then 
P+ E =Q+ т + (P18 — Р-18)8 
P Q i 


(xi) If a = їп (и + v) and В = sin?(u — v), then 
cos(2u) = (2 cos v — 1)(4 cos v — 3). 
The seventh-order modular equation given in the first equality of (i) is due 
to Guetzlaff [1] in 1834. Fiedler [1] in 1835 and Schróter [1], [2], [4] in 1854 
also proved this modular equation. More complicated modular equations of 


degree 7 have been discovered by Schlafli [1], Klein [1], Sohncke [1], [2], 
and Russell [1]. 


PROOF OF (i). Let и = 4 and v = 3 in (36.8) of Chapter 16. This yields the 
equality 


(4 (47) = ea^?) (q*) + qu (a! yla) + qa hla ola), — (19.1) 
where we have used the equality 
q*f(a'^, а7%) = f(a", 4) = ola’), 


deducible from Entry 18(iv) in Chapter 16. Transforming (19.1) by means of 
Entries 10(v) and 11(1), (iii), (v) in Chapter 17, we deduce that 


Кар) = (1 — (1 — 95) {1 + (1 — ^) + ap) 
+1 + (1 — a} (1 ~ (1 — 9). 


Simplifying, transposing, and taking the square root of each side, we arrive at 
the first equality of (i). 
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Second, square the first formula of (i) and transpose. Then square the result 
and transpose again. This gives, in succession, 


(«В) + (à — (1 — 8))'^ = 1— 2{aB(1 — а)(1 — B)}** 
and 
1 + (a8)? + {(1 — a)(1 — f)? 
= 2 — 4(af(1 — a) — B)}* + 2{aB(1 — о)(1 — В)". 


Dividing both sides by 2 and then taking the square root of both sides, we 
deduce the second equality of (i). 


In order to derive further modular equations, we need to obtain expressions 
for х, f, and various radicals іп х and fi in terms of a positive parameter t, 
which we define by 


«В = 18. (19.2) 
Hence, from part (i), 
(1 -—a)(1 — В) = (1 - 9. (19.3) 
It now follows that « and f are roots of the quadratic equation 
x? — {14+ (8 —(1— 08)x +t = 0. (19.4) 


Now, 
(1 +t — (1 — 25)? — 44° 

= (14108 —(1— 08 + 214) {1 + t — (1 — 08 — 2°} 

={1+ 47-9} {0-47 - 1-99} 

= {(1 04) — (1 — DÐ + 4) + (1 — 9} {1 — 15) 

= (1 — H} — 4) + (1 — 94} 

= 16t? (2t? — 3t + 2)(1 — t + CY. — t + Ê) — t? (10 — t + 212). 

Hence, solving (19.4), we obtain the roots 
a, B = 4(1 + t8) – 4(1 — 08 + 2(1 — t)(1 — t + 2) 
x {0202 — 3t + 2)? — t + 12)(1 — t + 2), (19.5) 


Clearly, from the definition of a modular equation, « is the larger root. For 
brevity, we then write 


= А + ВЕК and B=A-— BR, 
where 
= +0) – 1-09, 
В = 241 — )(1 — t + 2), 
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and 
R = (Q — 3t + 207) — t + 12)(1 — t + 2). (19.6) 
From (19.4), 
(x tF = {(1 + e+)? — (1 — 053a, 
and so by the same factorization process as used above, 
a + tt = 2(1 — t + 12) (at(2 — 3t + 22)? 
and 
a — tt = 2(1 — t)(at(1 — t + 22) — t + (02)) 7, (19.7) 
for clearly, by (19.2), « > t*. Consequently, by addition, 
Va = (1 — t4 t?){t(2 — 3t + 22))12 
+ (1 — t){t(1 — t + W) — t + 0))7, (19.8) 


If æ is replaced by £, the only change in the preceding argument is that the 
sign of the second radical must be changed, since В < t^. Hence, 


JB = (1 — t4 0?) {t(2 — 3t + 202) 
— (1 — t) {t(1 — t + 2t7)(2 — t + P). (19.9) 


It is quite obvious from (19.2) and (19.3) that expressions for ./1 — х and 
~/ 1 — В can be obtained by replacing t by 1 — t and choosing the appropriate 
signs of the radicals. Therefore, 


JA -a-2(-tr)0(-01 + 22) 
-t((1—0)(2—3t-202)0 —:4 0)!? (19.10) 
and 
JA -B-(-t-(-—2)-—t-2/2)7 
+ t{(1 — t)(2 — 3t + 20) — t + t?)} 1”. (19.11) 


To calculate ./a(1 — а) in its simplest form, it is perhaps wise to let 
t = 1(1 — и). Thus, replacing t by 1 — t has the effect of changing the sign of u. 
Under this change of variable, (19.8) and (19.10) take the shapes, respectively, 


8/a=(3 + и?){(1— ur и + uw)? 
+ (1+ u){(1 -u9e-ucrw) rwv)? 
and 
8./l—a=(34+u7){(1 + u)(2 — u + u*)}¥? 
— (1 — u) {(1 + u)(2 + u + u?)(7 + u?)} 1. 


Hence, 
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Р @ с 2. = {G +u?) — (a!) + u?)} {4 + 3u? + и}! 


1—u 
+ (3 + u?)(7 + u?) {(1 + u)(2 — u + u?) 
—(1—u)(2+u+u’)} 
= (2 + 12u? + 2u*) {4 + 3u? + ut)? 
+ 2u(3 + 4u? + u*)(7 + и?)!? 
=4{(4 + 3и? + u*)!? + u(7 + и?)!? 3. 


- = ОҢ 
t(1 — t) 
Similarly, from (19.9) and (19.11), 
(80 – p)y^ 
t(1 — t) 


On squaring (19.12), we deduce that 


a(l — «)\'% 
(1—49 
iQ — 7t + 1t? — 8t? + 44 + (1 — 2t)R}, (19.14) 


where R is defined by (19.6). It is seen from (19.13) that an analogous analysis 
yields 


(20 = y 
t(1— t) 
= 1{2 — 7t + 11t? — 8t? + 4t* — (1 — 20 R). (19.15) 
Hence, by (19.14) and (19.15), 
“(1 — a) V^ — g)\18 
aa)" = (zd 
are the roots of the quadratic equation 


x? — iQ + 5и? + u*)x + (1 — и?)? = 0, (19.16) 


Therefore, 


I 


1004 + 3u? + u*? + u(7 + и?)!?\. (19.12) 


il 


l((4-- 3u? + ut)" —w7--wy^) —— (1913) 


1{2 + 5и? + ut + u(28 + 25u? + 10u* + u5)2) 


412 + 5u? + ut — u(28 + 25u? + 10u* + u5)!?} 


or 
x? — (2 — Tt + 1102 — 8P + 4t*)x + (1 — t? = 0. 


In the proofs of Entries 13(iv), (v), we derived formulas for the multiplier 
m from Entry 9(iii). In the absence of any formula analogous to Entry 9(iii), 
we must proceed differently here. Thus, in order to find a parametric rep- 
resentation for m, it seems necessary to use Entry 24(vi) of Chapter 18 with 
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п = 7, namely, 


В(1 — В) do 
a(l — а) dp 


By differentiating (19.4) with respect to t, we find that 


т? = 7 (19.17) 


(2а — {1 +18 — (1 — у = 8((€ + (1 — 01a — 27), 


with a similar equation involving В. Hence, from (19.17) and (19.2), 
з Bü — В) {27 + (1 — yt 
m* = —7 pets ыш» eee кыз 
a(1—o) {17 -(0—0')g-—- c 
_ 1- В: -t1—0'—B 
1-19 -t(1— 97 —a 
"i —ty — B(1 —0* + c1 — 07) 
t(1 — t)! — af — 98 + 41—97) 
where in the last step we multiplied out the numerator and denominator and 


then substituted for f? and о? by (19.4). Hence, upon cancellation and the use 
of (19.2) and (19.4), 


2 _ EL — p 
t—a 
"E (t — В)? 
t? — (а + B)t + af 
= —7 t- py 
2 01+2-0— 0+ 
= (t В)? 
 &ü-yü-tiry (19.18) 
Consequently, 
еш (19.19) 


m= A-904 A 


We have, indeed, chosen the proper square root, because from the first equality 
in (19.18) and the fact that « > $, it follows that f < t. 
We are now in a position to easily prove (ii)- (iv). 


PROOF OF (ii). By (19.5), (19.6), and (19.19), 


_t— A0 +t?) e à — 0? + 2501 — (1 t + (0)R 
m= ~o ADA 
= —3 + 8t — 6t? + 4t? + 2R. (19.20) 
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(1 — 2t)m = —3 + 14t — 22t? + 16 — 81^ + 2(1 — 20R. 
Hence, from (19.15), 


(1 — 2t)m = ит = 1 — «(t i — D. (19.21) 


and from (19.2) and (19.3), 
pea n py 1/24 pau 25 m 
tre) E i «(1 — а) 


(1—0)-t {(1 — 9 — B)}** — (ap) ^" 


and this is the first formula of (ii). 
The second formula of (ii) follows from the first by the process of 
reciprocation. 


PROOF OF (iii). Observe that, by (19.2), (19.3), and (19.19), 
' - ix Е es 1-8 B гв 
1—a а) i-t t l-9 
=m{1 — t(1— 2) 


= m(1 — {aB(1 — (1 — 8))*). 


Employing part (i), we readily deduce the first formula of (iii). 
The second formula of (iii) is simply the reciprocal of the first. 


PROOF or (iv). The first formula in (iv) is achieved by substituting for t and 
1 — t from (19.2) and (19.3) in the obvious identity 


The second part of (iv) is the reciprocal of the first. 

PROOF or (v). Let 
T:- (t* — (0 — B) - (1 — 9*). 

First, by (19.3), (19.10), and (19.11), 

1-8-0-9*-/1- ВЛ В 1 —a) 

= A - B2t((1 — 0o —3t + 207)(2 — t + 0). 

Using an analogue of (19.7) and the identity above, we deduce that 

T = 2(1 — t){Be(1 — t + 272) — t + 1?)} 1? 
x 2t((1 — B)(1 — 9) — 3t + 27) — t + 12)}:2 
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= 402601 — r?Q — t + PY (0 — £4 2/0) 3t + 27))12 (29 = py" 
= dl — PY (T + и2)(4 + 3u? + uS)? e = Эн 


a(l — a) 1/6 pa ES В 16 pa = p) 1/2 
= kk —1iuy + ex = 2) ‚(О E P ya - 2) | 


where, as above, и == 1 — 2t and where we utilized (19.12) and (19.13). Re- 
arranging terms, we arrive at 


ва - y^ |, (ва - y^ 
T= 40 ya «vla - (209) +4(M 9) | 


= u2)2 В(1 – В) а? 2 2 В(1 — В) ue 
= A(t — P {22(20—0 TIER P) кожи (08) 


ttn 
APRES arose eost) 
cea) ety) 
DM e _ du nes fia -aey 
ааб") 
by (19.16). Now, from (19.21), 


Ba — gy Ba—8V^ . " 
-( =) мы а. 


Hence, 
0429 = 2/3 x 
-àmuw-iu) 
-wF (a = AY " (1 — м2) 
= 2 t(1 — t) 256 


(т? — 1) 


= 80201 — p ( T =f" + t*(1 — D*(m? — 1). 
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Solving for m?, we deduce that 


Е gy 1-B в ува – py 
т =1+(1- AJ y -1)- za 72) 
£ 1-8 fü-p (да-юу" 


“atay Pü-y °\г (1—15 


_ (8)? (1 вр _үва-вү” _ „ва – вух 
Ха 1 а a(1— о) a(1—2a)) ' 
which is precisely the first formula of (v). 
The second formula of (v) is the reciprocal of the first. 


We remark here that Entries 10(iii), 11(i), (ii), and 12(iii) in Chapter 17 can 
be employed to convert the former equality of (v) into the theta-function 
identity 


Ф\(—4!4) | (Mw ааа uiu e 


Ф°(—4?) р) 0—9) Sa) 
No direct proof of this fascinating identity has ever been constructed. 


PROOF OF (vi). By (19.18), 


-8 _1-B В В1- В) 


1—t4 tym = = à 
( Ts tg t*(1— 0? 


(1—0)? (1—40? 
Hence, by (19.2), (19.3), and part (i), 
(mr " E- СЕ Эн 
1—@ х (1 — о) 
=m {1 — 41 — 0)? 
= m*($ + (x8)? + ((1 — a)(1 — p) PN”, 


which is the former formula of (vi). The second is the reciprocal of the first. 


PRoor OF (vii). From (19.20), 
m= —(1 — 20)(3 — 2t + 212) + 2R, . 
and so 
= (3 — 8t + 612 — 4%)? + AR? — AR(1 — 2t) — 8R(1 — 20)(1 — t + 12). 


Using (19.5) and (19.15), we deduce from the foregoing equality that 


:(20 = D" 4(1 — 20)B 
aA) t4-1£) 
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= (3 — 8t + 6t? — 413)? + AR? — 4(2 — 7t + 1112 — 80 + 4%) 


2—4t 
us a eqs) 
3t 
Bm 


after a rather tedious calculation. Hence, from the equality above, (19.2), and 
(19.3), 


v esca( fe m)" 40 caen 


(1—1 (1—7 
_„(В1-В)ү% 48 41—В8) 
(=) кл ү, 


7(1 — gy'Ni24 7N 1/8 1 — g)7\18 
= $ B — By’ +4 В. +4 (1 — By’ 3 
a(l — a) a 1—a 
which yields the first formula of (vii). The second is the reciprocal of the first. 


PROOF OF (viii). From the analysis leading to (19.20), it is clear that similar 
reasoning yields the companion formula 


— 1 = —3 + 81 — 6t? + 413 — 2R. (19.22) 


Adding this formula to (19.20), we find that 
7 
i= = —6 + 16t — 1212 + 823 


= 2{t-(l-—p)} {24+ P + (1 — 92). (19.23) 
Formula (viii) now follows at once upon the use of (19.2) and (19.3). 
In the notebooks (p. 240), Entry 19(viii) contains two misprints. 
PROOF OF (ix). By (19.2) and (19.3), P = t(1 — t) Vi and by (19.16), 
| (Bü—BV^ (а-ә) V^ 
arc 


24 50 202 + (1 20)* 


4t(1 — 1) 
2 —It(1 — t) + 4C(1 — 0? 
Е t(1 — t) 
22423 45 ap, 


P 
which completes the proof of (ix). 
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Ramanathan [10] has given a different proof of (ix). 


PROOF OF (x). From part (i), 


(1 - P^? = (1 — («8)'8)% = (1 — a)(1 — В) = (1 5 al — PQ). 
Dividing both sides by P, we find that 


1 1 
-1/8 _ руву [| ^. _ 
j к) (s Q 


which immediately yields the desired result. 


ya — PQ), 


PROOF OF (xi). From the second formula of part (1), 
1 — {sin(u + v)sin(u — v)cos(u + v)cos(u — у)}!# 
= (1(1 + ѕіп(и + v)sin(u — v) + cos(u + v)cos(u — v)))!? 


= (4(1 + cos(2v)))"? = cos v, 


and so 
sin(2y + 2v)sin(2u — 2v) = 4(1 — cos у)“; 
that is, 
cos?(2v) — cos? (2u) = 4(1 — cos у)“. 
Hence, 


cos?(2u) = (2 cos? v — 1)? — 4(1 — cos v)* 
= 16 cos? v — 28 cos? v + 16 cos v — 3 
= (2 cos v — 1)*(4 cos v — 3), 
and so the proof of (xi) is complete. 


Employing the theory of modular forms, Raghavan [1], [2] and Raghavan 
and Rangachari [1] have proved several results in this chapter. 


CHAPTER 20 


Modular Equations of Higher and Composite Degrees 


In this chapter, we continue to examine Ramanujan’s discoveries about modu- 
lar equations. In the previous chapter, modular equations of degrees 3, 5, and 
7 were derived. Modular equations of degrees 11, 13, 17, 19, 23, 31, 47, and 71 
are established in this chapter. Also, modular equations of composite degree, 
or “mixed” modular equations, are studied. Most of the equations of the latter 
type involve four distinct moduli, and so we begin by defining such a modular 
equation. Let K, К”, L,, Li, La, L5, L4, and L} denote complete elliptic 
integrals of the first kind corresponding, in pairs, to the moduli Ja, JB, Vy 
and ,/6, and their complementary moduli, respectively. Let n,, п,, and n, be 
positive integers such that n4 = n,n;. Suppose that the equalities 
K' Р K L K L. 
Tp y Tp and "Y TI (0.1) 


hold. Then a “mixed” modular equation is a relation between the moduli ,/a, 
JB, Jy ‚апа ,/6 that is induced by (0.1). In such an instance, we say that f, 
y, and д are of degrees n,, nz, and пз, respectively. Recalling that 2, = q?(q"), 
we define the multipliers m and m' by 

m -—z,/z, and m'-az,/z,. 


Amazingly, in this chapter, Ramanujan derives modular equations for 
twenty distinct sets (n,, n3, n4) of degrees, namely, 


3, 5,15; 5, 27,135; 
3, 7,21; 7, 9, 63; 
3, 9,27; 7, 17,119; 
3, 11,33; 7, 25,175; 
3,13,39; 9, 15,135; 
3,21,63; 9, 23,207; 
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3, 29, 87; 11, 13, 143; 
5, 7,35; 11, 21, 231; 
5, 11, 55; 13, 19, 247; 
5, 19, 95; 15,17, 255. 


Hardy [1, p. 220] recorded, without proof, two modular equations for the 
triple (3, 5, 15} of degrees. Otherwise, none of Ramanujan's work on “mixed” 
modular equations had been published until Berndt, Biagioli, and Purtilo 
[1]- [3] published proofs of a small portion of Ramanujan’s modular equa- 
tions in Chapters 19 and 20. 

In Chapter 19, we employed the theory of theta-functions and elementary, 
but often complicated and tedious, algebra to prove Ramanujan's modular 
equations. For many of the modular equations of this chapter, we have been 
unable to establish them by these techniques. Instead, we have had to invoke 
the theory of modular forms. In some ways, this approach is the best of the 
three methods of attack. The first two methods become rapidly more difficult 
as the degree of the modular equation increases, while the complexity of the 
approach through modular forms increases only slightly as the degree in- 
creases. Because a modular equation is always equivalent to an identity among 
theta-functions of several arguments, the theory of modular forms provides 
the theoretical backdrop explaining the raison d'etre for such identities. The 
primary disadvantage of this method, as well as most elementary algebraic 
approaches, is that the modular equation must be known in advance. Thus, 
the proofs are perhaps more aptly called verifications. 

In order to avoid a lengthy diversion later in the sequel, it seems advisable, 
at this juncture, to present the theory of modular forms that will be necessary 
to establish many of Ramanujan's modular equations. General references are 
Rankin's book [2] and Petersson's notes [1]. 

Let # denote the upper half-plane, that is, # = {t: Im(t) > 0}. Put q = 
е“ where т € J£. For each M = (2 *) e М} (R), the set of real 2 x 2 matrices 
with positive determinant, the bilinear transformation M(t) is defined by 


at+b 


Мт:= M(t) = ced d. 


It is easy to see that composition of bilinear transformations is compatible 
with matrix multiplication; that is, M (St) = (М5)т, for any M, S є M; (R). For 
M e Mł (В), it is well known that M(t) maps # onto Ж and Ru {co} onto 
itself. 

For each real number r, we define the stroke operator of weight r by 


(ЛМ) = (det MYP (M : т) "f(M?), 


where (M :т) = (ст + 4) and the power is determined by taking —л < 
arg(M : x) < п. We usually suppress the index and write the left side above as 
f|M. This operator satisfies the equality 


JIMS = o(M, $) |М, (0.2) 
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which Knopp [1, p. 52] calis the consistency condition, where 


c(M, 5) = Crees 
and where 
2nw(M, S) = arg(M : St) + arg(S : т) — arg(MS : т). 


The value of w(M, S) is either 1, 0, or — 1 and is independent of т. It is not 
difficult to see that if either M or S has the form (§ 5), with a and d positive, 
then w(M, S) — 0. Hence, 


JIMS = f|MIS, 
a fact that we shall use without comment many times in the sequel. 


We shall usually write f |n and f |" as abbreviations for f|(% 9) and f|(3 9), 


respectively. Similarly, f|? 5 is an abbreviation for f|(2 5). 


If A = (? 5) and n is a positive integer, we define 
m,—( 4 nb (na b 
A (. jd and „А a. ae (0.3) 
which have the properties 
1 
fI A|[n = f|n|A = Sol? (0.4) 
The modular group I'(1) is defined by 


Г(1) = T | є Mł (Z): ad — be = i 


We shall be concerned with certain subgroups of the modular group, namely, 


b 
T(2) = (C ;) er(üy 6 | E (о ` aod э}, 


D = C | ЄГ(Ї):а + c= b + d(mod a}, 


r?(n) = iC i) e T (1): b = 0(mod п}. 
с d 
апа 


ryan) = (t ;) e T (1: с = 0(mod nt, 


where n is a positive integer. The index of Г(2) in Г(1) is 6. The subgroups 
Г,(2), Г(2), and Г, form a conjugacy class in I (1), and their intersection is 
T (2). Each of them has index 3 in I (1) and index 2 over I (2). Also, 


(Г(1): I'5(n)) = п П ( + 3! 
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where the product is over all primes p dividing n. See the books of Rankin [2, 
рр. 26, 29] or Schoeneberg [1, Chap. 4, 883.2, 4.2] for proofs of these facts. 

We always denote by F a subgroup of I'(1) with finite index. Such a group 
acts on J£ U Q о (oo) by the transformation V(t), for V € Г, and this induces 
an equivalence relation; the equivalence classes are called orbits. We call 
F € X UQ о {со} a fundamental set for Г if it contains one element of each 
equivalence class, and 2 ^ (Q v {со }), which is always a finite set, is called a 
complete set of inequivalent cusps. 

A function f: J£ — € is a modular form if there is a subgroup Г = I (1) of 
finite index, a real number r, and a function v: Г > {z e €: |z| = 1) such that 
the following three conditions hold: 


(i) f is analytic on #. 
(ii) ДУИ = o(V)f, for all V eT. 
(iii) Let A € I'(1) and U = (3 1). Define 
N =min{k > 0: + A !U*AeT) 
and 
fa = c(A, АТ!) А". 
Then there exist an integer то, complex numbers b,, with m > mo, and a 
real number x with 0 < к < 1, such that f, has the expansion 


со 


fili) = Y Bog PHI 
m= то 
in some half-plane (1: Im t > h > 0}. 
The weight of f is r and the multiplier system for f is v. The set of all modular 
forms on Г of weight r and multiplier system v is denoted by {Г, r, v). The 
positive integer N = М(Г; ©) is called the width of Г at the cusp ( = A oo. 
The cusp parameter к = к(Г; С) is defined by 


e?" = (АТАА), О<к<1. 
If bm, # 0, then we write 
Ord-(f; 6) = mo + к, 
which is called the order of f at 6 with respect to T. We also write 
mo +K 
N^ 
which is called the invariant order of f at ©. For each z є Ж, ord(f ; 2) denotes 


the order of f at z, as an analytic function of z. The order of f with respect to 
Г is defined by 


ord(f; ©) = 


ога; 2) = 500467; 2, 


where 7 e (1, 2, 3} is the order of z as a fixed point of T. 
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We are now in a position to state the valence formula (see Rankin's book 
[2, Theorem 4.1.4, p. 98]), which is the most important fact for us as we employ 
modular forms to establish theta-function identities. If f € (T, r, v) and F is 
any fundamental set for Г, then, provided that f is not constant, 


2. Ord,(f; 2) = rpr, (0.5) 
where 
ог = 35(F (1): Г). (0.6) 


If f e (Tj, ri, v} and ge (T5, r2, v2}, then fg e (T4^T5, r, +, 0102} 
and f/g e (T, ^T, r, — р, 01/02}. Observe that f + gis a modular form only 
ifr, = r}, in which case it is a form on the subgroup Г € Г, ^ T, determined 
by v, = t5. 

If f e (T, ғ, v] and M e M; (Z), then by (0.2), 

o(MVM™, M) oF 
f|MIV = MT) fIMVM^|M. 
Thus, f|M is a modular form on M^!T'M with multiplier system v| M defined 
by 
с(МУМ”!, M) 
o(M, V) 

Let M = (5 1) and V = (? 5). Then MVM“! = "У, in the notation (0.3). 
If f e {Г, r, v}, then f(nt) = n^"? f|n has multiplier system v[n(V) = v(?V), 
by (0.7, since o(M, *) = 1. Thus, f(t) and f(nt) are modular forms on 
Ta МГМ. In particular, if T = Г(1), then (1) M ! T(1)M = T(n), and 
S(t) and f(t) are modular forms on Го(п). 

We shall need to determine the multiplier systems for the various theta- 
functions that appear in the identities to be proved. To determine these 
multiplier systems, it will be convenient to introduce some notation. Let 
neg(c) = 1 or 0 according as c « 0 or not, respectively. We define a pair of 
symbols closely related to the Legendre-Jacobi symbol (4). Let (c, d) = 1 with 


c odd. Define 
d\* d 
(97 - (5. i 
бнт) = 


0 
(5) чел: (0.10) 


These symbols possess properties analogous to those of the Legendre-Jacobi 


(v»|M)(V) = v(MVM ). (0.7) 


and for d z 0, 


Finally, define 
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symbol, and we summarize those that are needed in the sequel. If c and d are 
odd, with (c, d) — 1, then 


E 29 (с-~1)(4—1)/4 d * 
(2. (—1) B : (0.11) 
С1С2 Е. сі үс \* 
ау CAP Xd 
c \* с \*[ cM 
A -() (8) | 
Similar properties hold for (§),. 


Recall that the Dedekind eta-function y(t), тє J£, is defined by (т) = 
e™!12 (4°; а?) „ where д = e™. (See Section 22 of Chapter 16.) Now define 


Also, 


and 


; 1 
folt) =n (3. ЛО = е7 e) falt) = 29), 


5 (5) И ( + ) 
TAG Ti 2 n?(2t) 
n(t) ' n(t +1)” qc) ' 
q^() -rig ED n° (t) 


» М0) =е ‚ №) = 
T т+1 n(2t) 
(s) (2) 


Note that if t is replaced by т + 1, then q is replaced by —gq, and if 21 is 
substituted for t, q is supplanted by q?. Thus, from Entry 22 of Chapter 16, 
we obtain the relations 


420—4 = 0), 42409) = f(x) 7270—94?) = (т), 
ф(—9 = 9000), Ф(9 = 912), 4/0042) = (т), (0.13) 
4!8() = holt) — q'y(—q) = hy, (0), ф(— 42) = h,(2). 


We shall need to determine the multiplier systems for f;, gj, and h;, 0 « j « 2. 
From the definitions of these functions, it is clear that we should employ the 
multiplier system of y(t). From either the books of Knopp [1, p. 51] or 
Rademacher [1, р. 163], (2) is a modular form of weight 4 on the full modular 
group I (1) with multiplier system v, given by 


(0.12) 


90(7) = gi(t) = 92(7) = 


ho(t) = 


| eril -3c-bd(c?-1)*c(a-4))/24. ifcis odd, 
a b c 
[2 2) (0.14) 


C : . . 
(5) g27il340—1)-acd?-1)*d(b7c))/24. if d is odd. 
* 


(Recall that the definitions of (§)* and (§), are given by (0.8)-(0.10).) Setting 
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Mo = (5 2. M; = ($ 1, and М, = ($ ©), we may readily verify that f;, g;, and 
h, are modular forms of weight 5 on I; = Г(1) M; ! T'(1)M;, 0 < j < 2. Note 
that ГУ = Г(2), Г, = Гу, and Г, = Г,(2). As observed earlier, I; ^ I, AT, = 
Г(2). Thus, all nine functions are modular forms of weight 4 on Г(2). For 
А = (2 $) e T (2), their multiplier systems are given by 


2c id- i 
71 А) = (2 е1 —1)14 priu 1b 4992 pon. (0.15) 
* 
c da. i = = 
4 gtild—1)/4 27i (acd? - 1) (b 4/2124, (0.16) 
ж 
2с zi(d-1)/4 „211 {ac(d2—1)+(4b—c)d/2}/24 
А 7 i (0.17) 
erild-1)/4 9 —тісаја, (0.18) 


( 
( 
0 
v, (4) = (5) ИЛА, (0.19) 
() 
( 
( 


с 2 2 
v, (A) = j erie Dios. (0.20) 
ж 
2, І 
Vh (4) = < pP oribd/8 (0.21) 
* 
v, (A) = A gr DM oO QUE. (0.22) 
* 
and 
2 : В 
v, (A) Z (2) eg 071/465 7nicd[8. (0.23) 
* 


To prove these formulas, we first note that 


1 a b/2\}1 
2|A = |242 d = =. 
1214 = 117412 and ni, s al 
Thus, (0.15) and (0.17) follow upon observing that 3(42 — 1) is a multiple of 
24. From the identity 


A= 


(4; 4дь(4°; q*)(—4; — дь = (a^; PÈ, 


n G) "Qon e9 = eM yr), 


we deduce that 


Thus, 
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and (0.16) easily follows. Since до(т) = fë (1)/n(1), ho(x) = n? (x)/fo(1), and so 
on, the multiplier systems for g; and h;, 0 < j « 2, can readily be derived from 
those of f; and у. Hence, (0.18)-(0.23) readily follow. 

Each of the nine multiplier systems may be written in the form vp = 


$96162, Where 
2 
&-(), « 2). 


i(d71)/4 
5 = grid-1) : 


and 


t = g2ti@(a,b,c,4)/48 
= > 


where Ф is a polynomial in а, b, c, and d with integral coefficients. 
If F(t) is any of the functions f;, gj, or hj, 0 < j < 2, then, when n is odd, 
F(nt) is a modular form on 


о\-! 0 
ran(? |) ro( ) = Г(2) ^ D (n), 


as seen after (0.7). Since (2, n) = 1, the index is multiplicative (Rankin [2, 
Theorems 1.4.2, 1.4.3 ff ]), and so 


(Г(1): F2) ^ Tg) = 6n П ( 28 3! (0.24) 


pin 


Also, from discourse after (0.7), the multiplier system of F (n?) is (рь|п)(А) = 
vp( A). If (6, п) = 1, then 


= nc(mod 48), 


alo 


and since every (nontrivial) term of ® has exactly one factor of b or c, it follows 
that 


orma = (5) аа. (0.25) 
* 
By (0.25), the multiplier system of F(nt)/F(z) is equal to 
(vpln)(A)_ (n| pn- 
vial = (a), о 


and the multiplier system for Ё(т)Ё(пт) equals 


sso = (5) а", (027) 


We now offer a few remarks on orders and poles. The following lemma 
allows us to calculate the orders at the cusps of a transformed function f|M. 
The conditions permit oo as a cusp, in the form r/s — 1/0. 
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Lemma 0.1. Suppose r and s are relatively prime integers, М = (* 5) є М} (Z), 
m = ad — bc, and д = (ar + bs, cr + ds). If f is a modular form, then 


ora( fim; | = ord G м(2)), 


ProoF. If A є Г(1), then from the definition of order, 
ord(f; А7! оо) = ord(f|A 5; оо). 
If M = (8 $), then Мт takes e?"* into e?"'f/*g2rie*/k Thus, 


ord(f|M; оо) = сог f; оо). (0.28) 


More generally, if M = (2 5), we choose A = (*, £) e T(1) so that A !oo = 
r/s. Then 


ord (лм: ) = ord(f|MA"!; oo). (0.29) 


Observe that the first column of MA“ is (2+2) Thus, there exists B € Г(1) so 


that, for some h, 
h 
ВМА" = (7 =: M. 
f a Mi 


Hence, by (0.28), 
ord(f|MA~*; со) = ord(f|BM,; oo) = ord(f|B|M,; oo) 


ord(f|B; oo) = Z отау; Boo) 


FE 


2 


© 


З | 


2 
ord(f; BM,oo) = = ord( f; MA) 


(вч) 


which, by (0.29), completes the proof. 


з |$, 


Applying Lemma 0.1 to М = (2 9), (4 1), and (2 9) and recalling (e.g., see 
Rankin’s book [2, Theorem 4.1.2(i)]) that ord(n; $) = 4 foreach ( e Q u {оо}, 
we obtain the following expressions for ord(F; r/s): 


Table 1 
48 ord(F; r/s) 24 ord(F; r/s) 48 ord(F; r/s) 


Thus, for each of the nine functions, ord(F; r/s) > 0 for every r/s e Q u { оо). 
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From the definition of у, it follows that y(t) has no zeros or poles on Ж. 
This and the conclusion above show that if F = fj, g;, or hj, 0 < j < 2, and 
M e М; (2), 


Ord-(FIM;z)>0, zeHuUQu{o}, 


for any group Г on which F|M is a modular form. 

Suppose now that F is a modular form of weight r without poles on 
Г = I2) Г,(п), for some odd integer n > 3. If the coefficients of 4°, 4',..., q” 
in F are equal to zero, then, since the width of Г at oo is 2, it follows that 
Ord, (F; oo) > и + 1. Suppose further that и + 1 > грг. Then 


Y, Ordr(F; 2) 2 Ord-(F; oo) > р + 1 > rpr. (0.30) 
ZEF 
We conclude that F = 0, for otherwise we have a contradiction to the valence 
formula (0.5). In our applications, generally F will be a linear combination of 
products of functions f;, gj, and hj, 0 < j < 2. 

We now obtain what is known as the reciprocal relation by applying a 
stroke operator and show how this helps in reducing the amount of computa- 
tion needed in proving a modular equation. 

Let n be odd. Choose В = ( 5) e T (1) such that d = 0 (mod п), and set 
M = B(% 9). In the present situation, we assume В є Г(2), and, to aid in 
computation, we require that b = c = 0 (mod 16), (7) = 1, d = 1 (mod 8), and 
ac = cd = bd = 0 (mod 3). 

For each modular form F of weight $ on Г(2) with multiplier system vp, 


F(t)|M = v; (B)F|n = п!!*0,(В)Е(пт) (0.31) 
and 
F(nt)|M = n"! ^F|n|M = nF |" 3 SE 
оиа, ( b 
n or( c d a (т). (0.32) 


If F = 1, fj, дь or һ„ 0 € j < 2, then the conditions that we imposed on В 
imply that vp(B) = (4), and also that 


an b Y (co zi(djn-1J4 _ [9| (V nimis 
"(s armor 


where со = c or 2c and where we have used the facts that (2) = 1 and д/п = n 
(mod 8). Hence, by (0.31) and (0.32), 


F()|M = n! (5) Е(п), ifF=n, frg h, 0<j<2, (033) 
* 


and 
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- c ni(n— 1 
n uH e ( 1/4 (т), if F = n, fi. go: 91, 92; hi, 
* 


F(nt)|M = ; 
e (2) emer mittes 
* * 


since (2) = 1. Combining these, we deduce that 


eri D^ F(t) F (nr), if F =n, fis до, 91, 92, hy, 


F(t)F(nt)|M = (5 еч") F(t) F(nt), if F = fo; Р, ho, h;, 


and 
: F 
p Marini EO if F = 1, fi. gos 91> 92. Ву, 
F(m)|, F(nt) 
Ес) | 2\ F(z) 
-1/2 | ^ | ,xi(n-1)/4 ИЕ = ho, ho. 
n (5. F(t)’ if F So. Р, 0» M2 
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(0.34) 


(0.35) 


(0.36) 


For n = 11, 19, we shall also be considering g,(2t) and g,(2nt), j = 1, 2, in 


the sequel. First, by (0.33), 


a 2b 
(91209)1М = g; "I 2 
= н (2) g;\2(nt). 
ж 
Second, by (0.34), 
(g;|2(nt))|M = n^! "^gj2In|Bln 
=n i^g, па b 1 
ECL с dín|n 1 
L pa, |а 2b 
dc S 


= —1/4 c/2 ni(n—1)/4 ; 2 
n (2 ES g;(1)|2. 
Hence, if n = 11 or 19 and j = 1 or 2, 

(9;12(7))`9;12(п7)1М = —ig;|2(c)g;|2(n7). 


(0.37) 


Applying this operator M to an equality involving modular forms yields a 
new equality that is either valid or invalid together with the original. This new 
equality can also be obtained from the theory of modular equations and is 


known as the reciprocal relation. (See Section 24(v) of Chapter 18.) 
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Lemma 0.2. Let F and M be as above, and let Г = Г(2) Yg(n). Then 


Gd А A А 
(i) = M(oo) is a cusp that is not equivalent to oo modulo Г; 


(ii) Ord,(F|M; со) = Ord, (в 2), 


Pnoor or (i). If А є Гапа Aœ = r/s, then n|s. Since В = (4 $) e Г(1) and п|4, 
then n } с. Hence, r/s # а/с, and the proof of (i) is complete. 


PROOF OF (ii). Recall that U = (1 1). Ifke Z*, 


1—ack Ка? 
BU*B^- 
( —-ck 1 es 


if and only if 2n|k. Thus, М(Г; a/c) = 2n. Since M = (7? 5), an application of 
Lemma 0.1 with r/s = 1/0 and g = n yields 


Ord, (F|M; oo) = N(I; oo) ord(F|M; oo) 


2 
= 2 ora(F; Э 
п с 
= м(г, : ord (в j 
c с 
= Orde F | 
c 


As before, suppose that F is a modular form of weight r without poles on 
T =T (2), (n), where n is an odd integer, п> 3. If Ord (F; а/с), Отаг(Е; оо) > 
u+1> грр, then 


This completes the proof of (ii). 


У Ord;(F; 2) > Ота (Е; oo) + Ordr (в 2) 


zef с 
> 2u + 2 > трг. (0.38) 


By the valence formula (0.5), this is a contradiction unless F = 0). In conclu- 
sion, by Lemma 0.2 and (0.38), we only need to show that the coefficients of 
4°, q!, ..., q“ are equal to 0 in both F and F|M to conclude that F = 0. 

In summary, the number of terms that must be computed without using 
the reciprocal relation is generally equal to the total number of terms that 
must be computed using the reciprocal relation. But in the latter approach, 
half are in one identity and half are in the reciprocal identity. This produces 
a considerable savings of time, as lower order terms are much easier to 
compute than higher order terms. Moreover, if the modular equation, or 
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theta-function equivalent, is self-reciprocal, then the number of terms to be 
computed is actually halved. 

Another approach, based on the theory of modular forms, to proving 
certain identities in Chapters 19 and 20 has been devised by R. J. Evans [1]. 
His elegant methods are more analytical and less computational than the 
methods described in the preceding pages. Instead of working on the subgroup 
Г,(п), Evans employs I'?(n). Evans’ ideas are especially valuable in proving 
identities in which the quotients 


amie A qV ?") 


- fa 
G, (2) = G, p(2) = (7 gna 4 „© 
i f(—q™?, -qi^mr) 
appear, where m is a positive integer, p is an odd positive integer (usually a 
prime), and q = е2". 
Let z € Ж and y є €. The fundamental function employed by Evans is the 
classical theta-function 


(0.39) 


9,0,2 = Y, ехр(ліг(п + 3 + 2ni(n + 3) — 3) 


= ече (едт) де 3%) (g),, (040) 


by the Jacobi triple product identity. 
So that we may eventually relate 9, to modular forms in z of arbitrary 
weight, following H. M. Stark [1, Eq. (10)], we set, for u, v e € and z e #, 
3, (uz + v, 2) 
qc) C 
The function дф is analytic in each variable, for z e J£ and u, v e €. Further- 
more, put 


niu(uz v) 


plu, v; 2) =e 


F(u, v; z) := n(z)o(u, v; 2), (0.41) 
and, when v = 0, 
F(u; z) := F(u, 0; z) = n(z)o(u, 0; 2). (0.42) 
Combining (0.40), (0.41), and (0.42), we find that 


F(u, v; z) = eT *?9. (uz + v, 2) 


= –і У (— 1)" exp(ziz(n + и + 4)? + niv(2n + и + 1)) 


ы. ie" {z(u+1/2)2+v(u+1)} (piri (е E 2nivg u) (4). (0.43) 


In particular, for v — 0, 


—i у ( —1yqe mn 


n--—o 


F(u; z) = e"""*9. (uz, 2) 


= igt DR gt (qo) (д. (044) 
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From the series in (0.43), it is easily seen that, for arbitrary integers r and s, 
F(u + r, v + s; z} = (—e""y(—e ""y(—ySF(u, v; 2) (0.45) 
and that 
F(—u, —v;z) = — F(u, v; z). 

In particular, when v = 0, 

F(u + 1; 2) = — F(u; 2) (0.46) 
and 

F(—u; 2) = — F(u; 2). (0.47) 


By (0.44), for fixed z € J£, the zeros of F(u; 2) are the points u in the lattice 
Z + 2271, and these zeros are simple. Thus, F(2u; z)/F(u; z) is an entire func- 
tion of u. The following lemma shows, in fact, that F(2u; z)/F(u; z) is a linear 
combination of F(4 + u; 3z) and F(4 — u; 3z). 


Lemma 0.3. For z є X and u e €, 


F(2u; 2) 
F(u; z) 


in(z) = F(4 + u; 32) + F(4 — и; 32). (0.48) 


Proor. Replace all the functions in (0.48) by their triple products, found in 
(0.44) above and Entry 22(111) of Chapter 16. Setting a = q” and simplifying, 
we find that 
(—aq; a). (—a 5; q)«(a?a; q^). (a а; q?)..(a; Dio 
= a^! (a?q; q?), (a ?q^; à?) (a5; 4?) 

+ (aa^; a?),(a За; d?) (a^; 9°). (0.49) 
However, (0.49) is just a version of the quintuple product identity. To see this, 
apply the Jacobi triple product identity to each theta-function on the left side 


of (38.9) in Chapter 16 and then replace z by — a in (38.9). This completes the 
proof. 


We focus on the quotients F(2u; z)/F(u; z) when u is a rational number m/p, 
with p odd. Thus, if m and p are integers with p odd and p > 1, define 


F(2m/p; 2) 
F(m/p; z) ` 


By (0.46), for fixed p and z, G(m; z) depends only on the residue class of m 
(mod p), since p is odd. By (0.47), 


G(m; z) = G(—m; z) = G(p — m; 2). (0.51) 


G(m; z) := (— 1)" (0.50) 


By the product representation of F(u; z) in (0.44), G(0; z) = 2, and so 
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С(т; 2) = 2, ifp|m. (0.52) 
Ву the Jacobi triple product identity, (0.44), and (0.47), 
0-9% —4*) = —ig PPP Fu; z). 


Thus, 
F(2u; z) = u(3u—1)/2 1—4“, ~q”) 
F(u; z) f(-a^ —4")' 
and so 
-pien / 4 —q* ?") 
G(m; pz) = (— 1)™gmGm PP) = =. (0.53 
VP f(-4", -9"") 
This shows that 


G,(z) = G(m; 2), 


where G,,(z) is given by (0.39) and G(m; 2) is given by (0.50). 
We need one additional fact before we prove some theorems about G,,(z). 
From (0.41), (0.14), and Stark's work (1, Eq. (17)], 


F(u, v; Vz) = vj (V) ez + d F(uy, vy; 2), (0.54) 
where u, v € €, z € Ж, V = (2 5) eT (1), and (uy, vy) is a row vector defined by 
(uy, vy) = (u, р) = (au + со, bu + dv). (0.55) 


Theorem 0.4. Let p be an odd integer exceeding 1, and let ¢,, В, (1 < r < 5) be 
nonzero integers with 


£ B2 -- + е,В2 = 0 (mod р). (0.56) 
Then 
g(2):- Y J | Gm; zy» e (1?(p), 0, 1}, (0.57) 


where the sum is over all m (mod p), and the product is over all r with 1 < r < s. 
Moreover, g(z) has no poles on # or at the cusp 0. 


Proor. Let V = (? 5) є T? (p). We first prove that g satisfies the transformation 
formula 


g(Vz) = g(z), z e X, (0.58) 
of a modular function. By (0.42), (0.50), and (0.57), 
T mp, (2mB,/p, 0; Иг) (* 
wo EI" ара 959 


Ву (0.52), the expression within braces in (0.59) is to be interpreted as 2 when 
p\mB,. Applying the transformation (0.54), with the notation (0.55), we find that 
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av) - XTI | (1) F (2mB,a/p, 2mB,b/p; a (0.60) 


Е(тдВ,а/р, mB,b/p; 2) 
Since p|b, mB,b/p is an integer. Thus, by (0.60) and (0.45), with r = 0 = v, 
F (2mB,a/p, 0; z)|* 
= Lye ree eee .61 
go) D П Е DUE (mB,a/p, 0; 2) | i en 

where 

E,(m) = (— 1)"2-a+1+b/p) g3riabm?Brlp?. (0.62) 
Using (0.50), we may rewrite (0.61) as 

g(Vz) = У [T G5, (m)G(mf,a; 2)". (0.63) 


Now, by (0.62), 


3niabm? 


П Ет)” = exp (rini + 1 + b/p) У ef, + г? Leb ) (0.64) 


The sums У’, e, f, and У’, e, f? clearly have the same parity, and the latter sum 
is a multiple of p by (0.56). Thus, if a is odd, the right side of (0.64) equals 1. 
If a is even, then b is odd because ad — bc — 1, and so again the right side of 
(0.64) equals 1. Thus, (0.63) reduces to the equality 


g(Vz) = У [| G(f,a; zy. (0.65) 


Since ad — bc = 1 and p|b, (a, p) = 1. Thus, am runs through a complete 
residue system (mod p) when m does. Thus, (0.58) follows from (0.65). 

If m/p € Z, then G(m; 2) = 2 for all z e Ж, by (0.52). If m/p € Z, then since 
т/р is not half of an integer, both F(2m/p; z) and F(m/p; z) are analytic 
functions of z on # that never vanish оп # by (0.44). It follows from the 
definition of g in (0.57), that g(z) is analytic on #. It remains to show that g(z) 
is meromorphic at every cusp Loo (Le Г(1)) with no pole at the cusp 0. 

By (0.50), (0.54), and (0.55), for each integer m and L = (* $) e T'(1), 


F(2ma/p, 2mB/p; 2) 
F(ma/p, mB/p; z) ° 
where, by (0.52), the right side of (0.66) is to be interpreted as 2 if p|m. By (0.43) 


and (0.66), for each pair of integers m, e, G(m; Lz} has a Fourier expansion of 
the form 


G(m; Lz) = (—1)" (0.66) 


oo 
С(т; 127 = У ае", a, € €, 
n=N 


where N is finite. Thus, g(Lz) also has a Fourier expansion of this form and 
therefore is meromorphic at every cusp. This completes the proof that g(z) € 
{1°(p), 0, 1}. It remains to show that g(z) has no pole at the cusp 0. 

To prove this, we show that, for each integer m, G,,(—1/z) has a Fourier 
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expansion of the form 


60-19 = Y, eq (0.67) 
n=0 
where 
Со = 2(— 1)" cos(xm/p) = 0. (0.68) 


If pim, then (0.67) and (0.68) are true because G,,(—1/z) = 2, by (0.52). Suppose 
that р} m. Then by (0.66), 


F(0, —2m/p; 2) 


GC 1/2) = CD o m 


(0.69) 


Now, from (0.43), 


li 


© 
q -1/8 FO, n m/p; z) —i 2 (— 1)"е CER TUN PQUESQUIS 


-2 bi (— 1) sin (pta) q^, ^ (0.70) 


From elementary trigonometry, we see that (0.67) and (0.68) follow from (0.69) 
and (0.70). 


Corollary 0.5. Let p be a prime such that p > 5 and p = 1 (mod 4). Let R denote 
the set of quadratic residues (mod p) between 1 and p/2. Then 
h(z) :- [] С) + (DP TT Ge) (0.71) 
BeR ВєЕ 
is in (T?(p), 0, 1} and has no poles on Ж or at the cusp 0. 


Proor. In Theorem 04, let s = (p — 1)/4, let e£, = 1 (Er x s), and let 
B,,..., B, denote the members of R. (Note that {+ fj: 1 <r < s} isa complete 
set of quadratic residues (mod p).) Set В = p? +--+ + f2. If g is a primitive 
root (mod p), 


р-1 
2Y B +2 у (gy = Y, т =0(пойр) 


and therefore В(1 + 92) = 0 (mod p). Since p > 5, 1 + g? Æ 0 (mod р), and so 
В = 0 (mod p). Thus, (0.56) holds. For g(z), as defined by (0.57), 
g(z) = У, T] G(mB;z) 207^. Y П оо + Y Ц Ge, 
т Век m ВєЕ BEN 


(> E- 


by (0.52), where N is the set of s quadratic nonresidues (mod p) between 0 and 
p/2. Therefore, 


g(z) = 29 1»* + 1(p — ц П 6,0 + У 9). (0.72) 
BeR BeN 
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By (0.50), 


NL — (ways #1}? ЕОт/р; 2) 
Д S TT G,(z) = П G,(z) = (—1)® 0 П "F(mjp; 2) 


= (— 1)е?-0/8, 


since F(u; 2) = F(1 — и; 2) by (0.46) and (0.47). Using this calculation in (0.72), 
we deduce that 
g(z) = 2714 + $(p — Ih(2), 


where h(z) is defined by (0.71). The result now follows from Theorem 0.4. 


Corollary 0.6. Let p be a prime = 1 (mod 4), and let В be a primitive fourth root 
of unity (mod p). Then for £ = 1 or — 1, 
k(z:- у, G'(m;z)G'(fm; 2) 


m(mod p) 


is in (I9 (p), 0, 1} and has no poles on # or at the cusp 0. 
Proor. Apply Theorem 0.4 with s = 2, £; = £; = ё, f, = 1, and fj, = f. 


Corollary 0.7. Let p be odd and greater than 1. Then 
g(z):= Y GRC) 


m(mod p) 


is in (V9(p), 0, 1} and has no poles on Ж or at the cusp 0. 
Pnoor. This follows from Theorem 0.4 with 5 = 1, г, = p, and f, = 1. 


If p is an odd prime, Theorem 0.4 provides a method for proving identities 
of the type 
g(z) = E(2), (0.73) 


where g(z) is given by (0.57) and E(z) is a relatively simple function in 
{Г9(р), 0, 1}. The idea is to construct a function E(z) є {T°(p), 0, 1} with no 
poles, except possibly at the cusp oo, such that g(z) — E(z) has a zero at oo. 
Then since 0 and оо are the only inequivalent cusps (mod Го(р)) when p is 
prime (Schoeneberg [1, pp. 87—881), it follows from Theorem 0.4 that g(z) — 
E(z) has no poles at all. But the only entire modular functions in (I (p), 0, 1} 
are constants (Rankin [2, p. 108]), and so g(z) — E(z) is a constant, which, of 
course, must be zero. Thus, (0.73) follows. 

To examine g(z) at oo, we need the Fourier expansion of g(z). Thus, we must 
determine the Fourier expansion of G,,(z). This can be obtained by utilizing 
Lemma 0.3 in conjunction with (0.44) and Entry 22(iii) of Chapter 16. Thus, 
by Lemma 033, which we saw was equivalent to the quintuple product identity, 
and (0.44), 


n(z)(—1)"G(m; z) - у, (<1 Gear? + qe mle e 2) (0.74) 


n=- со 
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Since G(m; 2) = G(p — m; z), by (0.51), we may assume that 1 € m < (p — 1)/2. 
Isolating the terms in (0.74) with n = 0, +1, we find that 


n(z)(— 1)" G(m; 2) 
= glee gm? pp) (1 + а"Р— gq? 2m» = qP +p = qU? mi» n 0(q?)). 
(0.75) 


By Entry 22(iii) in Chapter 16, 
n(z) = q'?*(1— q — q? + О(д?)). (0.76) 
Thus, by (0.75) and (0.76), for 1 < m < (p — 1)/2, 
(—1)"G(m;z) = qe" (1 + qm? 25, д2" = g?tsmip 
—qUr-5mip +9 + 9 +"/р Же Д??-?> н gSP- sme + O(q?)) 
= 43" тр + 4"? c" 472" + О(а?!Р)). (0.77) 


To first illustrate the usefulness of the theory developed above, we give a 
second proof of (18.2) in Entry 18(i) of Chapter 19. Recall that our first proof 
was laboriously tedious. We reformulate (18.2) in terms of G,,(z) and (т) before 
proving it. 


Theorem 0.8 ((18.2) of Chapter 19). If p = 7, then 


7у\* 7 
GI) + G1) + Gi(2) = —57— ue Ш 2 (e 2) . (078) 


Proor. With 


ID= Y 60, 


we see that (0.78) is equivalent to 


g(z) = 14 — 28 (e oy 279 ed 2. (0.79) 


n(z) n(z) 


By Corollary 0.7, the left side of (0.79) belongs to {ГО(7), 0, 1} and has no poles 
on # or at the cusp 0. 
Now, for V = (¢ 5) e T°(p) and p = 1 (mod 6), 


vale (9 Ps + artt 


= va (V)(cz + dn*(z/p). 
Thus, for p = 1 (mod 6), 


n*(z/p)/n*(z) e (X? (p), 0, 1}. 


In particular, for p — 7, if E(z) denotes the right side of (0.79), then E(z) is in 
(T?(7), 0, 1} and has no poles except at oo. 
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Since both sides of (0.79) are in (T?(7), 0, 1}, by the procedure described 
above, (0.79) will follow if g(z) — E(z) has a zero at oo. By (0.76), 


E(z) = —24 ?" — 124 1" + 86 + Olg"). (0.80) 
By (0.77), 
Gi) = —q ?" {1 +q" + O(g? y, (0.81) 
G;() = 4?" (1 + O(q? y, (0.82) 
and 
G3(z) = O(g?^)). (0.83) 
Thus, using (0.81)-(0.83), we find that 
g(z) = —24 ?" — 1247!" + 86 + O(g!?). (0.84) 


Hence, by (0.80) and (0.84), g(z) — E(z) has a zero at oo, and the proof is 
complete. 


We close this long introduction to Chapter 20 by proving a generalization 
of Theorem 12.1 in Section 12 of Chapter 19. 


Theorem 0.9. For each odd integer p > 1, 
3 n(z/p”) 
С(т; 2) = 2| - ] ——., 0.85 
2А е (5 n(z) T9) 


where (3) denotes the Legendre symbol. 
p 


Pnoor. By (0.74), 
n(z) У G(m; 2) = У 


Y (— 1)"+"(42—+"/р+1/6)2/2 + q*o7mip*i6y) 
вео 


oo 
=2 ( — 1g? U/e*1evm 


J=— «о 
oo 
=2 у, ( — 1)!4%О*Р/®#/@р?), 
j-7— o 


However, from Entry 22(i1i) of Chapter 16, 


по = Y (1и, (0.86) 


It therefore remains to show that 
Y (-1ygiGtre?m = С) Y (1)'дзи+ө?02, (0.87) 
ј= —o D/ n2-o 
This is easily verified in the cases p = +1 (mod 12) and p = +5 (mod 12), 
3 3 
where B = l1 and — 1, respectively. Suppose that 3|p, so that B = 0. Then 
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the left side of (0.87) equals 


oo 


St Y (spigot, 


ј=-% 


Replacing j by —j — 1, we see that S = —S, that is, 5 = 0. Hence, (0.87) holds, 
and the proof is complete. 


Recall that the functions x(q), Y (q), (q), and f(— q) are defined in Entry 22 
of Chapter 16. 


1/3 


Entry 1. Define v by v :— q!?^y(—qy y? (— q^). The following equalities are then 


valid: 
| 9^ atë +44 Pte. 
() макы qoc qu кааш 
1_ wq?) 
BEBE 
and 
1 _ vq) 
v аф (@?), 
T ү(— 41?) ( v*(—4) Fr 
1+-—#4_/ tul - 
9 MUTET ta.) 
e(—4!^) 
are, 
: e(—q) 
and 
y(—a?) ( oo 
1+3 =(1+9 ; 
Tag m Ru 
1/3 4 1/3 
4. CORE DM 
MN CN 
Ф(д) Ф®(д) | 
cos 40° + cos 80° = cos 20°, 
and 


1 1 1 
cos 40° * cos 80° cos 20° 


; "C47 Jed 
Moo rapea Gn) cin 


+ 6; 
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and 
f*(—4?) ( D 
1 + 94——— = {1 + 279 ——5-——— ; 
A PETN ed neg 
oa) Зп+1 3n+2 
() PCe yhp fich +6 $ (а-у ions) 


The introduction of the continued fraction in (i) appears adventitious, for 
it seems to have no intrinsic connection with the remainder of the results in 
Entry 1. Entry 1(i) was communicated by Ramanujan [10, p. xxviii] in his 
second letter to Hardy. 

The first equalities of (ii) and (iii) are, respectively, (24.28) and (24. 29) i in 
Chapter 18. A. J. Biagioli [2] and J. M. and P. B. Borwein [2, pp. 142-144] 
have given proofs of these interesting identities. The proofs provided below 
are in the spirit of much of the material of the present book. 

We are unable to relate the trigonometric equalities in (iii) to any other 
material in Entry 1. 


PROOF OF (i). By (22.4), Entry 24(iii), Entry 19, and Corollary (ii) of Entry 31, 
all in Chapter 16, 
1 (-44.09(-4) _ (—9°; а?„/ (а, gola’) 
v q'Py(q?) q "^y (q?)(a5; 4°)» 
2 1/3 
"A =) 
ауа) агу) 
Thus, the second equality of (i) is apparent. 
In the result just proved, replace q!/? by wq'/? and c?q!^? in turn, where. w 
is a primitive cube root of unity. Note that v is сыл by ор апа o?v, 
respectively. Multiplying these three equalities together, we find that 
i3 1 _#@ (og bog’) 
"NN qV^ (q^) 
Now using the product representation for y given in Entry 22(ii) of Chapter 
16, we find that (1.2) becomes 
1 (9°; 4?) (4:4 ).(45a), 1 үа) 
v qala; g’) (aia^).(45; a9), W) 949?) 
This establishes the third part of (i). 
Lastly, Watson [4] has shown that the continued fraction of (i) is equal to 
qi ^y (q?)/f(q, q?). By (1.1), the truth of the first equality of (i) is evinced. 


21/3 ; 


(1.2) 


This continued fraction also appears in the third notebook [9, p. 373] in 
the form 
А-а —-4) 1 q+@ qq 


f-g,-g) 1+ 1 + 1 +? (1.3) 
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which, by the Jacobi triple product identity, is readily seen to be equivalent 
to the formulation in (i). Proofs of (1.3) have also been found by A. Selberg 
[1, p. 19], [2, p. 17], Gordon [2], Andrews [1], and Hirschhorn [6]. See also 
Ramanathan's papers [1], [4]. The convergence of (1.3) on |q| = 1 has been 
thoroughly examined by L.-C. Zhang [1]. In fact, Ramanujan has recorded a 
considerable generalization of (1.3) in his “lost notebook” [11]. For proofs 
and discussion of this more general theorem, see papers by Andrews [10], 
Hirschhorn [3], and Ramanathan [4]. 


PROOF OF (ii). The last two equalities of part (i) yield two expressions for v, and 
when these are equated and the sign of q is changed, we obtain the first equality 
of (ii). 

From (1.1) above, (22.3) of Chapter 16, and Example (v) and Corollary (i), 
both in Section 31 of Chapter 16, we find that 


jy = 24 x7 (a^). 247 f(—a, —a7) Ф(—4') 
Ф(— 4) Ф(—4) ф(—4) ' 
and so the second part of (ii) is established. 
The third equality of (ii) follows from the first equality of (ii) by elementary 
algebra as follows: replace q by q?, cube both sides, cancel 1 on each side, 


multiply both sides by 94%/®(— q?)/V*(— 4), add 1 to both sides, and finally 
take the cube root of each side. 


PROOF OF (iii). In Section 24 (vii) of Chapter 18, we showed the equivalence of 
the first equalities of (ii) and (iii). 

Alternatively, a proof dependent on the second equality of (ii) can be given. 
In the aforementioned equality, replace q!/? by c4! ? апа w?q"/ in turn, where 
о is a primitive cube root of unity. Multiplying the three equalities together, 
we deduce that 


igp 2 #(9'2)0(—04"3)ф(— 02418) _ et(—- à) 
4°(— 4) e*(—q?) 
where the last equality is readily ascertained from the product representation 
of ọ given in Entry 22(i) or (22.4) of Chapter 16. Hence, 


EE Ium Ж 
= (S$ ) | 


Equating this expression for —2v with that from part (ii) and changing the 
sign of q, we deduce the first equality of (iii). 

The second equality of (iii) follows from the first by very elementary algebra, 
completely analogous to that outlined in the proof of (ii). 

To prove the first trigonometric equality, we employ the elementary 
identity 


cos 30 — 4 cos?0 — 3 cos 0. 


By taking 0 = 20°, 40°, and 80° in turn, we see that — cos 20°, cos 40°, and 
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cos 80? are the three roots of 
4x3 — 3x 1-0. 
The first trigonometric equality is now evident. 


Replacing x by 1/x above, we deduce that the reciprocals of — cos 20°, 
cos 40^, and cos 80? are the roots of 


x — 6x? -8-0, 
and the second trigonometric equality follows at once. 


PROOF OF (iv). To obtain one part of (iv), first observe that, by Entry 24(ii) in 
Chapter 16 and parts (i) and (ii) above, 


3(. 41/3 2(. 41/3 1/3 
i Sec al ИСА ы БЫ. МЕТ - 21 +1)=®+1-з, 

q'f(-q) q"e'(—a)V(q) v v 
which gives part of (iv). 

Now replace q!? by wq'/? and w?q’/? in turn, where о is a primitive cube 
root of unity. Observe that v is replaced by wv and w7», respectively. Multiply- 
ing these three equalities together and using the product representation for f 
found in Entry 22(iii) of Chapter 16, we deduce that 


Zu = (4 * I = 3) (ae t - — 3 +1- 2) 


3 
- G $ Э 07 


This easily yields the second equality of (iv). 

The last equality of (iv) follows from elementary algebra. With q replaced 
by q?, cube the first equality of (iv). Cancel 27 and multiply both sides by 
274* f * (— q?)/f !? (- q). Add 1 to both sides and take the cube root of each 
side to complete the proof. 


PROOF OF (у). We employ the series representation for f ?(— q!/?) given in Entry 
24(ii) of Chapter 16 and separate the terms into three subsets according to the 
residuacity of the index modulo 3. Hence, 


f*(-4!5)- $ (— 1y' (6n — 3)q0"-06»72y6 + Y (— 1)" (6n — 1)gn9-02 
n=l n=1 
+ Y (— D'(6n + 1)grentnr 
n=0 
= —341?f*(—g?) 4 f(—4) + 6 Y (— 1)"тд"3"+0/2 
n-i 


со 
+ 6 у, (— 1y 7 1nq"On71Y2. 
n=1 


where we have utilized once again Entry 24(ii) as well as the series representa- 
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tion for f/(— q) given in Entry 22(iii) of Chapter 16. Therefore, 
730—4") + 39! P f? (- 92) – f(—-9) 


=6 у (— I nqren*2 
n--o 


= СА = оуу (Зп+1)2 

i (2 n=—o í ” 4 а=1 
= 6( Č у(—а% –аа?) 

5 да q » q A 


= (ае —ag?) 7. Log f(— djs -чё)) 


а=1 


д 
= 6f(—q)| — {Log(q/a; 4°). + Log(aq?; q?),,] 
да a=} 


= 6/(— -e( 3 c rsen 1 Inti 7 i i-a 


a q 
© 43"! gant? 
= 6f(—4) 2 (6 qui Ta Ps). 


where we have employed the Jacobi triple product identity. Identity (v) is now 
obvious. 


—2 „Зп+1 © 4?"*? ) 


Entry 2. We have 
(i) e(a)e(a?) — pla) = 24Ф(— a^) (a?)x(q?), 
Gi) V) — зей) = T$, 
(ii) ф(а)ф(а°) + pè) = 2W(g)o(—4"*)x(q?), 
(v) (4?) — gya) = Slat, a?) + aP fla, 47) + а? (а, 99), 
(v) f(—4'P) = 509“, —45) — aP f(- a^, – 97) — q?? f(—a, —4®), 


: ула —q’, 47) 0—4, ^q? fi-af*(-4) 
(vi) f(—4, —4°)/(—4°, ^a )f(—- 4*, )- iD 2) 


f(—-4*, foga —4%) f(-4. -9) 
(vt) /(—4°, “ 04, —q) f(-q -q9)' 
(viii f(—4*, —4 PME ,—9') _ miis —4, = ү f*(—4)) 


а -49 47045 —49 4704, 247) fc 97° 9°) 
and 
(ix) (я!) — ola) = 2g* (47, 4) + 29*? (а°, g?) + 2419? (9, 47) 
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PROOF or (i). By Corollary (i) and Example (v), both in Section 31 of Chapter 
16, 
{ф(9:°) — ф(4?)} (а?) = 24! ? fla, 4°)Ф(9?) 
= 241^ (— q?)y(a)o(q?) 
= 24! ^y (q?)o( — q)x (a), (2.1) 


where we have used the equality v(—q)o(q) = V(gq)g(— 42), which is easily 
deducible from Entries 25(iii), (iv) in Chapter 16. Using again the same two 
facts from Section 31 of Chapter 16, we arrive at 


(e(a!?) — ф(9?)}Ф(9°) 
= 24! (a?) (o( — 4?) + 24?P? f(— q?, —4*°)} x(q) 
= 24? y(q?)e( — q??)x(a) + 4qv(a?)u(q9)x(a)x(—a?. (2.2) 
Next, by Entries 11(1), (iii) and 12(v), (vii) in Chapter 17, if f is of the third 
degree in a, 
4qi(q?)v(a*)x(a)xC- 4^) _ (ү EL AC 
^ (q*) a eq) ' 
by Entry S(iii) in Chapter 19. Substituting in (2.2), we deduce that 
9(q!?)o(q?) = 24° (q?)o( — a? ?)x(a) + o^ (a). 
Replacing q by 4°, we complete the proof of (i). 


PROOF OF (ii). Employing Entries 1(i), (ii) above and Entry 24(iii) of Chapter 
16, we find that 


(4?) — 34! (q?) = 


1/3), (43 1/3,5 (43 o ( 9113 
а Ма) a. 2 9 kás 4”) 
v vo(—q`) 
4`/?ф(—4'?) Ф(— 4) 
С vy(-d) xa 
where we lastly used the definition of v. Replacing q by q?, we complete the 
proof of (ii). 


PROOF OF (iii). By Entry 19, (22.3), and Entry 24(iii), all in Chapter 16, 


EE 3. 43 озү 23 ^ ord 
уа, 4) = CEDAT o xC-a C72). oC7a) 


= 23 
(74549), x(— a) x(— 4) e 
Hence, by (2.1), Corollary (ii) of Section 31 in Chapter 16, and (2.3), 
(4! ?)o(q?) — e?(q?) = 24! ^y(q?)o(— q$)x (a) 
= 2(v(q!?) — fla, à?)) e(— q9)x(a) 
озуу 76 
= дуба) (49а) -29 499 C 416) оа 


x(— a) 
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Next, by Entries 10(1)-(iii) апа 12(v), (vi) in Chapter 17 and Entries 5(1), (iii) 
in Chapter 19, 


9C 4)eC-a^ xia) (6 — ey 


97 (q?)x(—4) 1—a 
EP 97(q) 
= — = 1 “э; TE 
2 ( а + 02045) 


Substituting this in (2.4), we deduce that 
e(a!?)o(q?) = 29(a!?)o(—a*)x(a) — o? (a). 
Replacing q by 4° completes the proof. 


PRoor OF (iv). We apply Entry 31 in Chapter 16 with a = 1, b = q, and n = 9. 
Using also Entry 18(ii) in Chapter 16, we find that 


Yla) = f(a?6, a5) + af (a^, q?*) + аа’, 4%) + 4°/(4°, 472) + ayla’). 


Replacing q by q!? and then utilizing Corollary (ii) in Section 31 of Chapter 
16, we complete the proof of (iv). 


Pnoor or (v). In Entry 31 of Chapter 16, set a = —q, b = —q?, and n = 3. 
Hence, 


f(—4) = f(-4'?, —q'?) — af(-a*, a - 47—49°, — 9%). 
Replacing q by q!?, we complete the proof. 
PROOF or (vi). Set n = 4 in (28.1) of Chapter 16. 


PROOFS OF (vii), (viii). With A = f(—q*, —q°), В = f(—4^, —q’), and C = 
f(—4, — 9%), we write (v) in the form 


7—9?) = A — Bq’? — С??, 
which when cubed yields 
f?(—q'3) = А? — B3q — C3q? + 6ABCq — 3(А?В + B?Cq — АС?а)д!? 
— 3(4?C — AB? + BC?q)q?". 
Comparing this with Entry 1(v), we deduce that 
A2C — AB? + BC?q = 0 
and 
А?В + B*Cq — AC?q = f*(— 93), 


which, with the use of (vi), immediately yield (vii) and (viii), respectively. 
Alternatively, (vii) is a corollary of Theorem 0.9. 


PROOF OF (ix). Apply Entry 31 of Chapter 16 with a = b = qand n = 9. Hence, 
ola) = e(a9) + 2af(a9^, a??) + 24°/(4°°, 4:7) 
+ 24° f(q?", 4195) + 24! *f(g?, 41%). 
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Replacing q by q!/? and using Corollary (i) in Section 31 of Chapter 16, we 
complete the proof. 


Using Entries 2(v), (vi), (viii) and Theorem 0.9, Evans [1, Theorem 7.2] has 
established the following beautiful identity. For p — 9, 
E п(2/3) (31 (2/3) + 2/27). 
n(z/9)n°(z) 


G, (2)G3(z) + С(2)64(2) + G,G)G1 6) = 


Entry 3. Let В and y be of the third and ninth degrees, respectively, with respect 
to a. Let m = z,/z4 and т = 23/29. Then the following modular equations are 
valid: 


3 3 1/24 
К i (007) EN. | 
» ii | Ва 5 "i 
(ii) 14418 u 220 = mm, 
um P 3 1 2 1 ay)? \ 1/24 , 
(ш) – 2 i (= 4 ae jj » ) =", 
3 3\ 1/24 П 3 3\ 1/24 
i а == ЙМ (2) _ 
ш) | BB) m ^ VB p К 
(у) (xy)? + {(1 — а)(1 — 5)? + 2{48(1 — 8)}! 
= 1+ 8(f(1 — B)! ^ (ay(1 — a)(1 — y}, 
(vi) (a(1 — y} E + {y(1 — а) = 2/3 { BCL — В))}:2*, 
(" = ay ex T" (Ey 
(vii) 2 т mu 
1 — {(1 —o)(1 — B) 1 — (aß) 
ei) Le (FEL P y"  md( ду + (1 ad — 925^, 


зүр 43N 1/8 
ш 1+(® Зару + t ш - 9), 


ws (1-7 y1—-»V^ — І 

Р G) ace F (53) ү 
f «\!# (1-а a(t — 2) D 

(9 9 P (; = 3 4G —») Jmm 


" p 1/4 (1 = В)? 1/4 Pa S py 1/4 А т 
ЧК аан) (васе) "iw 
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m my 1/4 (1 — a)(1 - 9) b. (25 ~ a)(1 — D w 
i e t | (= py РОВ) Um 


: 215 В(1 С py Е (2 
i fal — a} i= ay - үт" 
(xv) (016—904) (Ly) — (1 — a4 }4 - (a 7)! ^— (0 ә) s 


and 


Gv) — 1-69" (1 — 90 — 9)? + 24401 В)". 


It is not clear why (vii)-(ix) are placed here, because they are third degree 
modular equations. For several other modular equations of degree 3, see 
Section 5 of Chapter 19. 


PROOFS ОЕ (i)- (iii). In order to prove these formulas, we first need to express 
a(1 — а), B(1 — B), and y(1 — y) as rational functions of a parameter t. 
Let q be defined by (5.12) in Chapter 19. Thus, by (5.4) and Entry 5(xv) in 


Chapter 19, 
m = 4/1 + 4q, (3.1) 


2-q\3 = 
a(l =) = (7 i and m -p-e(1 £j (3.2) 


Analogously, let q’ connect f and y. Then 


m =./1 + 4q', (3.3) 


ГА 


25, 2—4 3 Bp" 2 — q' 
pi- pe). and a -»- (2. (3.4) 


Trivially, (3.2) and (3.4) indicate that 


2—4 2-9 V 
3 „К 
4 ( 24.) =< (; =f) ' (29) 


Regarding this as an equation to determine д as a function of д’, we see that 
one solution is q = (2 — q’)/(1 + 44). However, because q = O(a) and q' = 
O(B) = O(a?) as « tends to 0, this solution must be irrelevant. Dividing out 
this root in the quartic equation (3.5), we find that the relevant solution is a 
root of 


ge or Мота. qa а) _ 
1+44' (1 +447)? (1 + 44)? 
Setting q = x + 3q'/(1 + 4q’), we transform this equation into 
з Iag +D — 24'Qq" + 64? + 334 + 2) _ 
(1 + 49’) (1 + 4q’)° 


0. 
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This cubic equation may be solved by Tartaglia's method (Hall and Knight 
[1, p. 480]). Omitting the details, we find that the roots of the original cubic 
equation are 


pe 3q' + 3047)?  o*(1  q')(44') ^ 


1+ 4q' i eo 


where o is any cube root of unity. Of course, the relevant root is the real one. 
Moreover, q is a rational function of (q’)!/. 

Accordingly, if we set q' = 2t°, then «(1 — а), B(1 — f), and (1 — y) are 
expressible as rational functions of t. Thus, from (3.6) and (3.1)-(3.4), we 
deduce that 


| 241 E t C) 
I 1-2rr48g' 


1—: 1— P 
—@) = 3.7 
a(l — a) (a) Ta ee? (3.7) 
А t= p 3 
—fgy- ice 8 
B — В) = 16t (; т | ; (3.8) 
(1 — y) = 1629 il (3.9) 
n M К\з}; | 
(1 + 20)* 
2 _ 
© 148’ ei) 
and 
m? = 1 + 8. (3.11) 
Moreover, from (3.7)—(3.9), 
a?(1 — ay? ( 1- 2n 
———á- = 256| ———— 3.12 
pa — В) 1+ 2t (32:12) 
and 
3 3 
y(1 — y) 24 
= 256224. (3.13) 
Ва — В) 
It is now a simple matter to establish (i)- (iii). By (3.10)-(3.12), 
a(1-— xy 1—1 3 3 
)1445[— ——|] 1 + 2- -——-———. 
E (55-2 ШКЕТ LFA ni 


which is (i). By (3.10), (3.11), and (3.13), 


14 4 ES = 1+ 21 = {/тт’, 
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which establishes (ii). By (3.10)-(3.13), 


1 — 245 а3ү3(1 — ay(1 = y? 1/24 » 1—2t + 412 2 1 + 823 = т! 
Pa- В)? 1+ (1+2) т’ 


and so (iii) is proved. 


J. M. and P. B. Borwein [2, pp. 142-144] have also given a proof of (i). 


Pnoor or (iv). Applying Entries 10(1), (iii), 11(i), and 12(v) in Chapter 17 to 
Entry 2(i), we readily find that it translates into the first equality of (iv). 

Similarly, the same entries in Chapter 17 can be invoked to translate Entry 
2(iii) into the second equality of (iv). 


PROOF or (v). By (5.2), (5.3), and (5.5) in Chapter 19, 
(25? + (17991 5)? 


1/2 _ 1/2 
= (py (2) + {(1-a)(1—p)}? (=) 


(m3 (m— 1)? m'(m' —1) А (т+ 1)2(3 — my. т'(т' +1) 

i 16m? 34m’ 16m? 3—m' 

-— т 

~ 16m^(9 m") 
+(m+ 1 (3 — mf^(m' + 13 +m')} 


Li 


m m 
© 2m^(9 m") 


((m + 3)2(т – 1) (m — 13 — т”) 


(m'(m* — 2m? + 9)—m(m? — 3) (m? + 3)). 


We now substitute (3.10) and (3.11) into the foregoing equality, and, after 
considerable simplification, we deduce that 


(xy) ? + (1 — a)(1 — 9^ 
A-4484 + 8% _ (1—1?) 
(1 + 2t |^ — (0-29 
| 8e(1 — D) = 32e7(1 — (1 — t) 
1 + 8? (1 + 2t)(1 + 815) 
= 1 — 2{4B(1 — B)? + 8{ BO — B) {ard — (1 5), (3.14) 
where we have employed (3.7)-(3.9). Thus, (v) is evident. 


PROOF or (vi). Using (5.1) in Chapter 19, then (3.10) and (3.11), and then finally 
(3.8), we find that 


t= (ө) _ 4m' " 4m' 
B*(1 — By В В  (m-1)8-m) (m+ 1)G- m) 
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__  8m'(m' + 3m) 
~ (m? — 1)(9 — m?) 


148? 
~ 2t(1 13) 
1 


~ Spd — py Ser 


from which (vi) follows. 


PROOF or (vii). By (5.1) in Chapter 19, 


(1 — В) ү! m-1V 
aal NN ES EN 
1-(0-20—57^ , m-Dn8-m- 
B 4m 


The proof of the second equality is similar. 
PROOF OF (viii). By (5.1) in Chapter 19, 


Pa py 1/8 m? +3 
(202) TRUE 


while 
т(5{1 + (48)? + (1 — (1 — 2j? 
(1 т (3 + т)2(т — 1)? y (т + 1} (3 — "ү" z т +3 
2 16m? 16m? 4 
Hence, (viii) follows. 


PROOF or (ix). This formula is simply the reciprocal of (viii), in the sense of 
Entry 24(v) of Chapter 18. 


Proor оғ (x). By (vi) and (3.7)- (3.11), 


(2^ (i A Ju - (Ba By 
а fes (1 — ap 
1+2t 41+ 2t) 


Cc ORE + (1 + 20) 


fpa- ; 
(3) туы 


from which (x) is apparent. 
PROOF OF (xi). This is the reciprocal of (x). 


PROOF OF (xii). Employing once again (5.1) of Chapter 19 and (3.7)- (3.11), we 
find that 
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В? 1/4 (1 = В)? 1/4 
(5) i (с -aü- 5) 
Е p? 1/4 = (1 — py 1/4 Я 
= (Fy е (E- 97)" ta ра - 7 
| m'(m — 1y m'(m 4- 1? 
"(m – (3 + т) (т+1)(3—т) 
_ Am" (m? + 1) — 4mm'(3 — m?) 
B (n? — 1)(9 — m") 
1+2 
~ t(1— t) 
|. «20 -t- 07) — 3(1 + 28) 
 t(1—20(-—2rx-47) 1-482 
_{ Fü-B) V^ „т 
(Әг) iw d 
which completes the proof of (xii). 


PROOF or (xiii). By (3.16) and (3.7)- (3.11), 
ae " (c = a)(1 — 2 Ж [n - 9j — 2 
В? (1 — В)? В2(1 — В)? 


(«4 —90 — y)\"* a-p aut fps 
“| Ра By ) (la — ail = z) у (5) 7 i 
rr d + 2t -1} 

(1+ 20 - t 12) 141—0 


| 1-2t- 4) т 
= 1+ m 


PROOF OF (xiv). As in (3.15), 
( a(1— y) r -( y(i — a) ) Е 4m' - 4m' 
pa — В)? BPA-  (m—-nDn3—m) (т + 1)(3 + т) 
__ 8m'(mm' + 3) 
© (m? — 1)(9 — m?) 
| m'(1 — 2t + 4?) 


2t(1 — t?) 
_ it 8:5 [m 
~ 2t(1 — t3) ү т 


_ 1 E 
Ва Di? Nm 


358 20. Modular Equations of Higher and Composite Degrees 

where we have utilized (3.10), (3.11), and lastly (3.8). Inverting the last equality 
and dividing both sides by (18(1 — B)}*/°, we complete the proof. 

PROOF OF (xv). By (5.3) in Chapter 19, 


(m — 1) + m) Е (m — 1)(3 + т’) _ (m — m')(mm' + 3). 
4m 4m' Е 4mm' ; 


(ав) — (8^ = 


by (5.1) in Chapter 19, 

G—m)(m' +1) _(3—m)(m+1) 
4m' 4m 

_ (m — m')(mm' +3). 

= 4mm’ d 


(1—8)1—9?^ - {(1—)(1—8)}!'# = 


and by foregoing expressions, 
BY (1 — B) — 9)! ^ — (By)'/* (1 — 9 — В) 


_ (m — m')(mm' + 3) 
i 4mm' | 


From these formulas it is evident that 
(1 — 8)(8) ^ — (yy ^Y* + BEO — 0 — 9) ^ — (4 90 — 8j ^** 
= (aB)'^tà — B) — r^ — (By) "4 = 90 — 8^. 
Dividing both sides by (1 — f), we obtain (xv). 
PROOF OF (xvi). By (3.14), (3.10), (3.11), and (3.8), 
| 8(1— t?) 
(1 + 20)? 
8t(1 — t?) m 
1+8 m 


(ay)? + (t = a) (1 = p»? = 1 


=1—2{48(1—)}'%—, (817) 
which establishes (xvi). 


Entry 4. We have 


Ф(—4'%) (POED) 
0) oa) * "Vig v9) 7” 
| ф(—4?) (%0 9-9). 
ш og) qui) Wea) > 


, 


dii) ф(— 42)ф(— 45^) " (Pe) E a) 
e(—a$)o(—4!*) Yla yla)  v(—a*)u(—4?) 
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and 
(v) ldel) — e(—a)o(—4?") = 4qf(—49)f(—419) + 447 (4?) (45^). 


PROOFS OF (i), (ii). If we transcribe the proposed equalities via Entries 10(iii) 
and 11(1), (ii) in Chapter 17, we obtain Entries 3(x), (xi), respectively, and thus 
(i) and (ii) are established. 


PROOF OF (iii). Employing, in turn, Corollary (i), (ii) in Section 31 of Chapter 
16, Entry 4(i), Example (v) in Section 31 of Chapter 16, (2.3), and Entry 24(iii) 
in Chapter 16, we find that 
Ф(—4?)Ф(—4°%) v (ove) © mM) m 
e(—45)e(— q'*) V(a?)v(a?) y-oa’) 
_ fela?) - 24? f(- 45, — 49) o(- ^) 
Ф(—4°)Ф(— 4%) 
«e(t 4%)+ aba?) Aa 4%, -49) -q( - a) v (— -m- i 
V(q?)v (a?) Y-ap’) 
24^ f(— 9, —q??)o(— q5*) rE, 4%) (4?°7) | a?f(—a?, — ai (—4?7) 
e(—49)o(—4!*) V(q?)v(q?) {(—4°)у(—4°”) 
О (P G oW) __ Ф(4?ф(—4?') ) 
e(—49)e(—4'*) | v(a)u(a)x(—a?) w(—a*v(—a?)x(a?) 
_ 4? (oe | щ(—4°)у (4°?) _ es (4.1) 
f(-49)N — o(-4!*) Yla’) y-a) / | 
Now by Entries 10(i)- (iii) and 11(i)-(iii) in Chapter 17, 
2wiq’)o(—4°) e(—aw(a) Ф()0(—4°) 


Ф(—4?) ya) y(—q) 


Ba — p) ee (es )- 
- Va Ж» DI 4G Гр mis 


by Entry 5(1) of Chapter 19. Hence, the far right side of (4.1) is also equal to 
0, and so the proof of (iii) is complete. 


PROOF or (iv). We employ in turn the following results from Chapter 16: 
Corollary (i) in Section 31; (36.2) with A = В = 1, = 2,v = 1, and q replaced 
by 4°; (36.1) with A = 1, B = qf, u = 2, v = 1, and q replaced by 4°; Entry 
18(iv) three times with n = 1; Entry 31 with a= +q, b = +q’, and n = 2; 
(36.2) with A = q?, B= q 5, и = 2, v = 1, and q replaced by 4°; Entry 18(iv) 
three times with n — 1; and Corollary (ii) in Section 31. Hence, 


Ф(9)Ф(9?7) — e(—a)e(— a^") 


= e(q?)o(a?") — e(—a?)o(—4?") + 2q( f(a?, q^) o(q?") 
+ 7—4, -45)o(—-4?)) 
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= 2{47 f(a^*, ES a., q719) + gU f(q?79,q75*) а'?%, q75*)] 
+ 44{/(4°°, 4°) f(q?^, q*?) + q?* f(q**, q1?*) F(a", 455) 
= 44° f(a", q! 9?) f(q'*, q?*) 
+ 2q((f(q?9, q126) + q19 f(q15, 4198)} ( f(q?9, q*?) + 4% (а, q85)) 
+ {/@°°, 4'2%) — q!* f(q!*, 419®)} ( f(g", q*?) — q5f (a5, 4%%))) 
= 4q^y (q?* y (q?) + 2a( f (a! 5, a?5) f (a5, q!?) 
+ f(-4!5, —4°%)/(—4%, —9'?)) 
= 4q? f (q^, 415?) f(q!*, q5*) + 4qf(—4!9, —q?6)f(—q5, —q!?) 
+ 2q( f(a'*, Slas, q?) — f(—q'*, —q?5)f(— a6, —4'?)) 
= 4q^y (q?^)y (a! *) + 4af(—a*)f(— a9) 
+ 4q1? (9? f(q! ©, 4°) (1°, q ??) + q! f(q?7, q ?*)f(q!?5, q $9)) 
= 44? (q?^)y (q!*) + 44f(—q9)f(— 9) 
+ 44" f (a^^, q' 9?) ( f(q?9, q*?) + a? (9°, 4%)) 
= 4q*y (a y (q'*) + 4af(— q!*)f(— a9) + 4a" V (a?*) f (a6, 4?) 
= 4qf(—a9)f(— 9) + 44^ v (a?*)u (q^). 
This completes the proof of Entry 4(iv). 
Entry 5. Let a, В, y, and д be of the first, third, ninth, and twenty-seventh degrees, 


respectively. Let m be the multiplier connecting « and B, and let m" denote the 
multiplier associated with y and ó. Then 


Гобу Еа Сая т" 
9 (5) m * Ub — BY — 5 m 
O BN Гава уу (ва да уу 
a) (2) (AL) (Ba) 
а-а V*f, (By* (a-Bü-»y1 — „т 
E (e) (=т=) Il 
1-(3)*-(q-90-3) _ [n 
2{16By(1 — B1 97? Vm’ 


(iii) 
and 


(1650 — PU —537* + {аб1—(1—6)}!#_ т" 
{16By(1 — В)(1 -»y^* -(a- p»? Nm. 


PROOF or (i). If we utilize Entries 10(iii) and 11(i), (ii) of Chapter 17 in Entry 
4(iii), we obtain the desired result immediately. 


(iv) 
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Ркооғ or (iii). Employing Entries 10(1), (ii), 11(iii), and 12(iii) of Chapter 17 in 


Entry 4(iv), we obtain (iii) with no difficulty. 


PROOF or (ii). Since 6 has degree 3 over y, we proceed as in Section 3 and (see 


(3.11)) define a parameter u by 
m" = 1 + 8u’. 


Thus, we deduce analogues of (3.7)-(3.9), namely, 


1—u\§ 1-и? 
=f) = tbu | с 
ALS Ic t x) 14-8) 
t= u? 3 
1 — y) = 16u? | ——— 
Y — у) = 16и ( Ed) > 
and 
1 — u? 
— = 9 Daniana: 
ó(1 — à) = 16и (5 =). 
Let m’ be as in Section 3. It follows from (3.10) and (3.11) that 
(1 + 2u)* 
3. 12 = 
1 + 8t m i+ 8u?’ 


from which we readily deduce that 
(1 — 2и + 42) = и(1 + u + и?). 
From (3.7), (3.9), (5.2), and (5.4), 
(x — a) ó(1 — ДИ _ w(1 + 2u)(1 — t) 
Y — 7) BO — B) t(1 + 20) — u)? 
while from (3.10), (3.11), (5.1), and (5.5), 
E : EE _142u 
m тт ]1l-«2t. 


Thus, from Entry 5(1), (5.7), and (5.8), 


By (1 — By 1 —») 
_ + 2u)(t — u) 
41+ 200 —uy 


Next, by (5.7)- (5.9), 


(1—a)(1 — -G (s) m (20 — a)(i — 2y“ 
(0 909) *Wy +) +? aü-pd-» 


Ge А (C — a)(1 — 2 142 u(t + 2u(t—2) 
142 t1+200—n) 


(5.1) 


(5.2) 


(5.3) 


(5.4) 


(5.5) 


(5.6) 


(5.7) 


(5.8) 


(5.9) 


1+2u 


| (1+2u)?(t-u)? EPL UL Unt, 1 (ey ү 


PAHAU)  "t(1420)(1—u) 


121+ 20)(1— и)? 
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1 

~ Pü x29! — и)? 
+ 4(t — и) {t3(1 — 2и + 4u?) — (и + u? + иЗ)}) 

| 20-250) — 2 m" 


= rm La 5.10 
1+ 2t m 99 


(21201 — uy + 20)(1 + 2u) 


where we have omitted a heavy amount of tedious elementary algebra to 
obtain the penultimate line, where (5.6) was used in the penultimate step, and 
where (5.8) was employed at the end. Multiplying the extremal sides of (5.10) 
by (Ву(1 — B)(1 — yy/aó(1 — a)(1 — 5))"/4, we arrive at 


(2) " (E — В)(1 — my" m (20 = pls ny" 
ad (1 — a)(1 — ô) aô(1 — a)(1 — ô) 
2 (es — f)ü — a МИСТ 
mAaó(1—2a)(1—5)) — "m" 


Lastly, if we substitute the formula for ./m"/m, given in (i), into the left side 
above, we obtain (ii). 


PROOF OF (iv). Using (3.7)-(3.9) and (5.2)-(5.4), we observe that 


(168y(1 — В)(1 — 531^ 7*  (16x3(1 — a)(1 — 8)} "° 
uégy(t — В)(1 — 5) 7* + (160 — B) — 9) 


a?(1 E a)? ô?(1 = rye 
1 256 — ———— —— 
В +( ВВ 7-7) 
Bü - BP уЗ(1 — D 
1 285--——— 0 
+( X1-» Ba —B) 


1-t 
TFU“ 1+2и m" 
1-и, 1420. m 
1+2и 


142 


1+2 


where we have used (5.8). Thus, the truth of (iv) is manifest. 


Entry 6. We have 
@ ya) — ayla) = f(q?, a9) + aflat, 47) + FFG", 4%) 
+ 4°11 f(q?, q?) + 419) fla, 419), 
(ii) olg") — o(q!!) = 24!!! f(q*, q**) + 24*11 f(q?, 4°) 
+ 29?! f(g", 4:7) + 2479! f(a’, q'?) 
+ 242°: уа, q?1), 
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and 


А-4) LIE q*  —4 7) _ git 4? 3—4 9) _ па, – 4%) 
fa) 5-4, –9) f(—4, —4'°) 7—9, —4°) 
21171-9, —– 4%) = quf te =a") 

7-9, —9) 7-а, – 9%) 
PROOF OF (i). In Entry 31 of Chapter 16, set a = 1, b = q, and n = 11. Using 
Entry 18(ii) of Chapter 16, we obtain the equality 
V (4) = /(4°5, 4%°) + af(q*^, a7") + a? f (q??, 4°®) 

+ q*f (q??, 4°) + q'? f(g, 4119) + q yla?) 


If we replace q by q!/! !, we complete the proof. 


(iii) 


T. g^ +4 


PROOF OF (ii). Putting а = b = q and n = 11 in Entry 31 of Chapter 16, we find 
that 
Ф(а) = ф(4\?1) + 24/(4°°, q!*?) + 24347”, 4%) + 24° f (q55, q197) 
+ 2415 f(g?, 4299) + 242504", 423"), 
1/1 


Replacing q by q 
PROOF or (iii). Set n = 11 in (12.26) of Chapter 19. 


, we achieve the desired result. 


Entry 7. The following are modular equations of degree 11: 


(9 (aB)'* + {1 — a)(1 — j^ + 2(16450 — о)(1 — 8)}!12 = 1 
i m- 2 = 2(аб)Ч* — {(1 — a)l — p) 
x (4 + («8)^  ((1 — (1 — 8))*), 
(iii) m+ п = 2,/2(2 + (В) + (1 — a)(1 — p)} 4) 
x (1 + (a8)? + ((1 — o)(1 — 8)} 2)", 
v) (" = a © кү" _ = “| 
1—a a a(1 — a) 
m 
Tl + (5) + (1. — a) — By}, 
xu. 
б) (5 =) & н e 22 а) 
1 Ba — p) 


| nx + (69)? + (1 — 0 — B)y'?y^, 


Nu 
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| 1 B'a—gyTv?^| т at (1 — a) 124 
(vi) sene ( 76-97 ) pfi paroa (o 0-27 BAB) ) | 
= 2((aB)? — ((1 — a)(1 — B))!?), 


and 


"EA e ay 
Um perm tcs 1а) ) | "nM cee fa- z | 


= 2,/2((«В)'* + {(1 — a)(1 — В)}!) 
x (1 + (af)? + {(1 — @)(1 — 8)}!?)!°. 


These modular equations are followed by two further modular equations 
of degree 11, designated by (viii) and (ix). However, Ramanujan (p. 244) has 
crossed them out. 

The first modular equation of degree 11 to appear in the literature was 
established by Sohncke [1], [2]. The modular equation (i) is due, in 1858, to 
Schróter [3], [4], who earlier [1], [2] had established slightly more compli- 
cated modular equations of degree 11. The remaining six modular equations 
in Entry 7 are due to Ramanujan. More complex modular equations of degree 
11 were discovered by Schläfli [1], Fiedler [1], Fricke [1], and Russell [1], [2]. 

Because of its extensive use throughout the sequel, we record here the 
equality 


f(a, b) = f(a3b, ab?) + gÈ, satt), (7.1) 


which can be deduced either by adding Entries 30(ii), (iii) or by applying Entry 
31 with n — 2, where the cited entries are in Chapter 16. 


Pnoor OF (i). Setting A = В = 1, u = 6, and v = 5 in (36.2) of Chapter 16, we 
find that 


e(Q)o(a) — e(—Q)o(— 4 
=2 S gi m ED EN yugto ca Ои) (97107208. q 98) (7.2) 
n-0 


where О = q!!. Next, in (36.10) of Chapter 16, replace q by q? and set u = 6 
and v — 5. Thus, 


HOP) = У, qni goce, отеу, qna) 


=; Ў ghee (10-4. Q1^*^) f(g2-20". q??*20n, (7.3) 


The last equality can be demonstrated by showing that the terms of index n 
and 5 — n, 0 <n < 2, are equal. In order to do this, we apply Entry 18(iv) of 
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Chapter 16 twice to deduce that 
ЛО 19+" 034-4) = Ое A CO ots) 


and 


а 9820s qe) 25 аа ТО еа ZARON): 


q 
Multiplying (7.3) by 4q? and subtracting the result from (7.2), we deduce that 


Ф(О)ф(а) — Ф(— 0)ф(— 4 — 44% (О?) (a?) 
= 2 y jan +22n+11 | (8 Tour Qt yr qiie 4°**?°") 
п=0 


= qe ge qi mg. 


We next apply (7.1) with a = — 47-9" and b = — 10", The expression 
within curly brackets above is thus found to equal f(—q #19", —41**19") 
Hence, 


Ф(0)ф(4 — e(—Q)o(—4) — 44? (О?) (4?) 
=2 ў ана (010—4, Or) f(g Bion — gittiony (7.4) 
n=0 


Replacing n by n + 3 in the last three summands above, we find, after an 
application of Entry 18(iv) in Chapter 16, that 


ои ро). 0:4+40+3)) ( — q 58-1003), TEM 


—4 
=q! 2E cain EISS euo qon 0?°+4"\(—738-—10пу15ү__044+10п\10 

x f(-4^ 919», —qi**ion) 
25 1047220 102900 2—4 Q26+4n) (279-108. — 4+1), 


Thus, the right side of (7.4) may be rewritten in the form 
2 $ gite (0295 Qtr a ging e gere 
п=0 


X f(-4 9? 19" —qi*ti0n, 


Applying (7.1) with a = — Q^*?" and b = — 0? ?" we find that the expression 
in curly brackets above equals f(— Q^*?", — Q?-?"), Thus, from (7.4) and the 
observations just made, we deduce that 


e(Q)o(a) — e(—9)e(—4) — 44% (О?) (4?) 
=2 $ gir tert ПСЕ ока —Q**7)f(—478719». 2.416108) 
п=0 


= 24 (f(- Qf(-47*, –'*)+4°27(—07°, –0%)7(—47°%, —g?*)) 
= 4qf( — Q?)f(—q?), (7.5) 


366 20. Modular Equations of Higher and Composite Degrees 


where, to obtain the penultimate line, we used the fact that f(—1, — Q9) = 0 
(Entry 18(iii) of Chapter 16), and, to obtain the last line, we employed Entry 
18(iv) of Chapter 16 three times. 

Lastly, we utilize Entries 10(i), (1), 11(iii), and 12(i) in Chapter 17 to 
transcribe (7.5) into the proposed modular equation. 


The theta-function identity (7.5) has also been proved by Kondo and 
Tasaka [1, Eq. (T24)]. 

Before proceeding with the remaining proofs, which utilize the theory of 
modular forms, we observe that (v) is the reciprocal of (iv). Thus, it remains 
to prove (ii), (iii), (iv), (vi), and (vii). Transcribing these modular equations 
via Entries 10(1)—(1у), 11(1)-(iv), and 12(i) of Chapter 17, we deduce that, 
respectively, 


9*(q) — 119*(q!*) = 2(44%ф (4?) (a?) — o(—a)e(— 4!) 


x RE ena с” 


p*(q) + 119*(q"*) = 4(o(q?)e(q??) + 4q°w(q*)W(q**)) 
x Qo(a)o(q!*) + 44?ф(4?)у(4??) + dx E | 


ay 9C a7) ee) а А 
ф(— 4?) yla) y(-a) ' 
(7.8) 


Ф(4?)Ф(4??) + 44° (aV (a 


2(16459? (q^?) 9? (q??) — 9?(— q)9?( — 4! !)) 


11/,11 4 11 11 
soie onan) tare). 09) 


and 


44a Yl yla?) + o(—a)o(—a' lola ola?) + 44% (4*)у(4*%)) 


ic SP) ee fee) 
= 32 ——————=—— |}. 

oa (1+ у ii ЕСС 
7.10) 


Next, we convert (7.6)-(7.10) into equalities relating the modular forms f4, 
90, 91> 92, Ро, һу, and h,, defined by (0.12). Thus, we deduce from (0.13) that 


gi (t)—11gt(11t) = 2(4g2(1)g2(1 11) — go(x)go(111)) 
x (491(7)91(117) + 4g2(t)g2(t1t)+go(t)go(11t)), (7.1) 
gi(t) + 11gt(11t) = 4(9,(27)9, (227) + 4g2(21)g2(221)) 
x (29,(т)9:(117) + 4g2(z)g2(11t) + go(t)go(11t)), (7.12) 
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h(i) hl) — hilo) 


PCDP) + 49,099,029 =F c2 C 2 EU, (3 
2(16g3(2)93(111) — д2()08(119)) 
EN" fiüt)g0Y gi) fi ()g,(11:) 
"tre paa) i 09 
and 
444209920119) + go(e)go(112))(gs(22)g1 (221) + 492 (22)g2(222)) 
m" LU) ste Ou) А 
sto (resa "ut Tang) CI 


We next determine the multiplier system of each term in (7.11)-(7.15). From 
the theory at the beginning of this chapter, fı (т), /,(117), g(t), g(111), ћу), 
and h(11t), 0 < j < 2, are modular forms on the subgroup Г(2) ^ Г,(11). Let 
А = (* P erQ)noT$(11). From (0.16), (0.19), and (0.25), we find that g#(z), 
91017), f1 (1325)g (/051()91! (111)], and f 1' (2)9, (112)/( fi (11:)g1! (1)} each 
have a multiplier system identically equal to 1. Also, g,(t)g,(111), 0 < j < 2, 
has a multiplier system equal to (44), by (0.18)- (0.20), (0.27), and (0.11), since 
b and c are even, where (7) denotes the Legendre-Jacobi symbol. By (0.21)— 
(0.23), (0.25), and (0.11), for 0 < j < 2, һ?(11т)/һ(т) has a multiplier system 


equal to 
3 
Gym (emm) о 
* * 


It remains to find the multiplier system for g,(21)g, (221) + 49,(27)9,(227). 


Lemma 7.1. The function g,(21)g,(221) + 495(1)g; (221) is a modular form on 
T (2) ^ 9(11) with multiplier system (;4). 


By multiplying out, if necessary, in (7.11)-(7.15), we now see that each side 
is a modular form on Г(2) ^ Г,(11). Furthermore, the modular forms on each 
side of each equality sign have the same multiplier system. Except for (7.13), 
each of these multiplier systems is identically equal to 1; the modular forms 
on each side of (7.13) have a multiplier system equal to (44). 


PROOF OF LEMMA 7.1. Note that g,(2t), j = 1, 2, is a modular form on Г’ = 


Г(2) ^ Г,(4). Since 
, 1 0 + 
Г(2) = Г (i Jr. 


it follows that (Г(2): I") = 2. Now g,(22t), j = 1, 2, is a modular form on 
T” су (11). The index of T” ^ Ij(11) in Г(2) ^ Г,(11) equals 2, for by a lemma 
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in Schoeneberg's book [1, p. 74], it can be shown that 
T(2) A ГУ(11) = (Г'Г) AT nT (11), 


where A = (2 5), with a = d = b + 1 = 1 (mod 2), c = 2 (mod 4), апі с = 0 
(mod 11). (The indices of these two subgroups will not be explicitly used in 
the sequel.) 

Suppose first that A = ( 4) e Г(1), with a, c, and d odd. Then 


*Y 3e 2d ) 
E p a+c b+d 9s 
TA d 
=: v,(4)29;, 
where, by (0.14), with c odd, 


* 
v/(4) = (©) е"і2—1)14, (7.17) 


Similarly, 


g2|A = 


«(t b—a 291 
"c d—c 


d Ы ic(a-1)/4 1 
-jJ e 291 (7.18) 


с 


where again we have employed (0.14). 
Now let A e I'(2)^ ГУ(11) with c = 2 (mod 4). Then, by (7.17), 
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(9112: g1122)A = v,( 0 A)v, (€? 4)49,2 22 


d VM ( d \¥ igzsdga2)4-1y4 
= P Jg e 49712: 92122 


d 
- (sina (7.19) 
by (0.8). Similarly, by (7.18), 
d 
(49712: g2122)| 4 = (4) u12-out22 (7.20) 


Let j = 1 or 2 and А є Г(2) ^ Г,(11) with c = 0 (mod 4). Then c/2 is even. 
By (0.4), (0.19), (0.20), (0.25), and (0.11), it follows that 


(412° 0122) = (g; gl DI? A]2 


d 
= (s terni 


d 
- (5) 942° 0122. (7.21) 
Equalities (7.19)-(7.21) imply the truth of Lemma 7.1. 


We now are in a position to prove (7.11)—(7.13). Clearing denominators (if 
necessary) and collecting terms on one side, we can write each proposed 
equality in the form 

F:= Fi + + Е, = 0, 


where F is a modular form of weight r on the group T (2) ^ Г,(11). From (0.6), 
(0.24), and (0.30), if we can show that the coefficients of 49, q!, ..., q^ in F are 
equal to zero, where u + 1 > бг, then, in each case, (7.11)-(7.13) are estab- 
lished. For 0 < j < 2, g; and А, each have weight 4. Thus, we obtain the 
following table: 


(7.11) 12 
(7.12) 12 
(7.13) | 5/2 | 15. 


By employing the computer algebra system MACSYMA, we have, indeed, 
verified that all of the required coefficients are equal to 0. Thus, the proofs of 
(7.11)- (7.13) are completed. 

In principle, the same procedure can be used to verify (7.14) and (7.15). 
However, in each case, r = 10, and so и = 60. Since the amount of computa- 
tion is considerably greater, we show how to decrease the value of и by 
deriving more information about the orders at the cusps. 
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Let T := Г(2) NT (11), and recall that М(Г; £) denotes the width of Г at the 
cusp Ce Q u {$}, where å denotes the point at oo. 


Lemma 7.2. If r and s are coprime integers, then 
r 11 
N(T;- }] =2——. 
| ) (11, s) 
Proor. If we choose В є Г(1) so that 


r 1 
s 0’ 


1 k 1—krs k? 
RU = 
Е: [s |)» ( —ks* 14 x 


Thus, P eT if and only if 2|k and 11|ks?. The smallest positive integer k with 
these properties 15 k = 2: 11/(11, s). 


B 


we find that 


Lemma 7.3. If we set 


_ 2 


4 
11’ ~ 


62 11’ 


0 1 
Є čs ==, and 66 = т, 


1 5 

then 

(1) Ci, ..., Cg is a complete set of inequivalent cusps for Г, and 

(ii) if ri, r2, S1, and s; are integers such that (тү, s,) = (r2, S2) = 1, then r,/s, 
and r,/s, are equivalent cusps modulo Y if and only if 


rı =r, and s, = $, (mod 2) апа (11, s4) = (11, s;). (7.22) 


ProoF. If r, /s, and r;/s; are equivalent cusps modulo Г, we can choose B e Г 
so that 


Then the conditions (7.22) follow, which shows that they are necessary. 
Using (7.22), we easily check that no two of £,, ..., C; are equivalent cusps 
modulo Г. Then an application of Lemma 7.2 shows that 


Y N(T; 6) = 72 = (T (1): Г). 


By a theorem in Rankin's book [2, Eq. (2.4.10)], this shows that ¢,,..., Cg is 
a complete set of inequivalent cusps for I. 

Now suppose that the conditions (7.22) hold. Choose i and j so that 
r,/s, ~ C; and r;/s; ~ C; modulo Г. But then by (7.22) and the definitions of 
Ci, ..., Cg it follows that i = j. Thus, г, /5; ~ r?/s;, and the proof is complete. 
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Recall that for a cusp ¢ and a modular form f, the order of f with respect 
toT at ¢, Ord;(/; ©), and the invariant order of f at б, ord( f; ©), are related 
by the equality 


Ordr(f; 6) = МГ; ()ога(у; C), (7.23) 


where, as above, N(T; б) is the width of T at C. We also recall from Lemma 
0.1 that if M = (? 5) is an integral matrix with determinant m = ad — bc > 0, 
and if (r, s) = 1, then 


rig? r 
ord| РМ; – | =—ord| f; M- |, (7.24) 
$ т $ 
where g = (ar + bs, cr + ds). 


Lemma 7.4. Let Г = Г(2) Г(11) and M = (5 $)g 9) where ô = 0 (mod 
11) and (? $) e T2). Let f denote any modular form on Г, and let C denote any 
cusp of T. Then 


Ordr(f|M; ©) = Ordr(f; ML). 


PROOF. Set 
r llarc-fs r 


where (r', s') = 1. Then, by (7.23), (7.24), and Lemma 7.2, if = r/s, 


Ord (|М; r/s) = N (= j 8 Ord ( f; м!) 
ут S 


_ (11, s')1ar + Bs, 11yr + ôs)? ae 
т 111, s) Ora JiM j: 
It thus suffices to show that, for each cusp r/s, 


(11, s')(11ar + Bs, 11уг + ds)? _ 
11(11, s) B 


1. (7.25) 


By examining each of the inequivalent cusps in Lemma 7.3, we may easily 
verify that (7.25) holds in each case. This completes the proof. 


Lemma 7.5. Let M and Г be as given іп Lemma 7.4, and let 6,,..., Cg be as 
defined in lemma 7.3. Then 
Mi; ~ 6з, 1<1<3, 


where, of course, the symbol ~ denotes equivalence. 
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Proor. Lemma 7.5 follows by direct computation with the aid of Lemma 7.3. 


We are now in a position to find improved values of и in order to prove 
(7.14) and (7.15). 

By (0.33), (0.34), (0.35), and (0.37), we find that both (7.14) and (7.15) are 
self-reciprocal. In particular, if we set 


fi (1т)өу(т) _ F1'@gi (112) 
figi (117) figi! () ° 


then F; — F,|M. Weuse Table 1 in the introduction ofthis chapter to calculate 
Ord, (F;; ©) and Ordi (F;; ©), when ¢ = 06,,0,, 4. We next employ Lemmas 7.4 
and 7.5 to calculate Ord,(F,; ©) and Ord, (F,; ©), when ¢ = 64, 65, Cg. Each of 
the remaining terms in (7.14) and (7.15) does not have any poles, and so we 
just use 0 as a lower bound for the order at each cusp of each such term. Now 
write each of the proposed identities (7.14) and (7.15) in the form F(t) = 0. 
Suppose that the coefficients of 4°, qt, ..., 4“ in F(t) are each equal to 0. We 
now summarize our calculations in the following table: 


Е, (т) := and Р,(т): 


Ord, (F,; ©) 


Ord,(F); ©) 
Lower bound for Ord (F; 


By (0.30), we may conclude that F(t) = 0, provided that 
2(u + 1) — 20 > jSr(F (1; D) = 12, 


where we have used (0.6), (0.24), and the fact that the weight r equals 2. Thus, 
и > 16. 

Using the computer algebra system MACSYMA, we have, indeed, verified 
that the coefficients of 4°, q', ..., 41° are each equal to 0 for each of (7.14) and 
(7.15). This finally completes the proofs of Ramanujan's modular equations 
of degree 11. 


Entry 8(i). Define 
PERS эги н. ЧОЕ. =; 
(сз -ну POEP- 
из = f(-@, —q'") ш, = /(—4°, —4°) 
> H-a, —q"?) ME PEN-a, aY 


Фа, – 49) 


TR qM? 3f(— a, —а!?) 
3 — f(-45-49» "' 


f(-4, =q’) 


and у = 
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Then 
f(-4?) 
аЗ 013) I а Hat a 1— Hs + Hes (8.1) 
i. 
LE RC enm Multa — Hs — шй, (82) 
f^(—4) 1 1 1 
4 – i = — —— ——, 8.3 
af? (— —q'*) HiıH2  H3Hs Ug, $3) 
f?(—4) 
3 + CS H2 Hs Ha — Hats He, (8.4) 
and 


1 = mnzlsalisls- (8.5) 


Pnoor or (8.1). Put n — 13 in (12.25) of Chapter 19. 
PROOF OF (8.2). Using (0.39), (0.51), and (0.52), we first translate (8.2) into the 
equivalent form 


Y" inane c ПЭ) (8.6) 


m(mod 1 3) n?(z) ` 


This, in turn, is a special case of the following theorem of R. J. Evans [1, 
Theorem 6.2]. 


Theorem 8.1. For each prime p = 1 (mod 4), 


У, Gim; z)G(nf; 2) = 2a," @Р), (8.7) 


m(mod p) (2 ) 
where В is any primitive fourth root of unity (mod p), and where 


a, — Y (—1y**". (8.8) 


m,aneZ 
(6m—1)2+(6n—-1)2=2p 


To see that (8.6) follows from Theorem 8.1, let p = 13 and В = 5 and observe 


PROOF OF THEOREM 8.1. By a general theorem on Hecke operators (Rankin [2, 
рр. 289—290, Theorem 9.2.1]), the space of cusp forms {Г(12), 1, 1], is in- 
variant under the Hecke operator T, defined for fe (T(12), 1, 1}, by 


fair, = fip) + 1 (E07), 


Evans [1, Lemma 3.1] has shown that the dimension of (T'(12), 1, 1), is 1. 
Moreover, since (2) is a modular form of weight 1 on I (1) with multiplier 
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system given by (0.14), we easily see that 7?(z) є {Г(12), 1, 1}o. It follows that 
for some complex number a,, 


q^ (pz) + рУ > (m, ES ayn? (z). (8.9) 


Since by (0.76), 47(z) = q!!?(1 — 24 + ---), a comparison of the coefficients of 
412 in (8.9) shows that a, is the coefficient of 4Р1? in the Fourier expansion 
of n?(z). Squaring the Fourier series of n(z) given in (0.86), we see that х, equals 
the expression for a, given by (8.8). 

For a modular form h(z) with a Fourier expansion of the form 


(х= Y 6402, beg, (8.10) 
keZ 
define 


af 
I(h) = У, 6492? = i» h(z + 12n). 
pik P n=0 


Thus, I(h) is the sum of those terms in (8.10) that are integral powers of q!!?, 
Therefore, (8.9) can be written in the form 


n?(pz) + Hn^(z/p)) = apn? (2). (8.11) 
Squaring both sides of (0.86), we arrive at 
"n'(z/p) = i PN {n(pz)G,,(pz)} {n(pz)G,(pz)}. (8.12) 


By (0.74), 
n(pz)G,,(pz) = (— 1)"42* 3 (— 1) (qg Pk tm Pkt 3m- pp 
k 


+ 9% mGrk-3m- p)/(2P)), 


Thus, either all or none of the terms in the Fourier expansion of the product 
{n(pz)G,,(pz)} {n(pz)G,(pz)} will contain integral powers of 411? according as 
m? + n? is divisible by p or not. Now m? + п? is divisible by p if and only if 
n = tm (mod р), for B as defined above, and then there are two such values 
for each nonzero m(mod p). Thus, by (8.12), (0.51), and (0.52), 

I(n?(z/p)) = —w (p) +5 У, ‚ {n(pz)G(m; pz)} {n(pz)G(mB; pz)}. (8.13) 


m(mod p 


In conclusion, (8.11) and (8.13) yield 
У G(m;pz)G(mf; pz) = 2(n?(pz) + I(n^(z/p))/m^(pz) 


m(mod p) 
= 2a,n?(z)/n? (pz), 
and (8.7) follows. 


Proofs or (8.3), (8.4). Transcribing (8.3) and (8.4) by means of (0.39), (0.51), 
and (0.52), we find that, respectively, 
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2 
OOt GG) + бгаа) = 4 + TP в) 
and 
2 
6.060060) — OGA = 3 + Tpm, (8.15) 


where p = 13. By Corollaries 0.6 and 0.5, respectively, the left sides of (8.14) 
and (8.15) are in {T?(13), 0, 1} and have no poles on Ж or at the cusp 0. 

We now follow the procedure outlined at the end of the introductory 
material in this chapter. By (0.77), for p — 13, 


G,(z) = —q ?" {1 + q^ + O(g7)}, (8.16) 

G,(2) = q 7" (1  O(g?")), (8.17) 

G3(z) = —47 9" {1 + O(q??)), (8.18) 

G,(z) = q7?" (1 + О(4?)), (8.19) 

Gs(z) = — {1 + O(g?”)}, (8.20) 
and 

Ge(z) = 4% (1 — q"? + 004). (8.21) 


For p = 1 (mod 12) and V = ( 5) є T?(p), by (0.14), 
n?(Vz/p) = v(e "PYez + d^ (z/p) = v(V)(ez + d)n?(z/p). 


Hence, for p = 1 (mod 12), 7(z/p)/n?(z) e {ГО(р), 0, 1}. Thus, both sides of 
(8.14) and (8.15) belong to {Г°(13), 0, 1} and have no poles except at oo. By 
(0.76), 


n(z/p)/n(z) = q0 {1 — gil? + o(g?)). 
Thus, for p = 13, 
n? (2/p)/n?(z) = q^" — 2 + Olg”). (8.22) 

Finally, from (8.16)-(8.21) and (8.22), both sides of (8.14) equal 

q '? +2+0(q""), 
while both sides of (8.15) equal 

ql? + 1 + 004"). 
This completes the proof of (8.14) and (8.15). 
РКООЕ OF (8.5). The desired result is an immediate consequence of the defini- 


tions of i, ..., He- 


Evans [1, Theorem 7.1] has proved another beautiful identity in the spirit 
of (8.2)-(8.4). For t = 4:3, 
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1 n t и 1 
((2),(3),019), (11), ^ *),09),07),09), Oll Jan” 
which is equivalent to, for p — 13, 
G;'(z)G5! (z) + С,(2)65(2) = 1. 


Entry 8(ii). We have 
Sa -a4?)f(-q?, —4!!)/(—4°, -a?)f(—- a*, —4°)/(— 4°, —4*) 
x f(—q*, —q") 
-f(-af*(-4?). 
PRoor. This identity is just the special case n = 6 of (28.1) in Chapter 16. 


Entries 8(iii), (iv). If B is of the 13th degree, 


A -A (Ba —B)\* — (Bü — pN" 
m=(£) (к) - (5522) (A5) ee) 


13 1/4 1 оү! 1 — aN 14 — y)\\1/6 
S Et (5) + (153) = (= 9) = (53) . (824) 
m ХВ 1—8 B(1 — B) BA — B) 
Рвооғ. The modular equation (8.24) is simply the reciprocal of (8.23), in the 
sense of Entry 24(v) of Chapter 18, and so it suffices to prove (8.23). 
By Entries 10(i), (ii), 11(1), (ii, and 12(i) in Chapter 17, (8.23) is equivalent 
to the theta-function identity 
3V(a7*)o(q?) olaola?) _ E yg ola") 
у(42)Ф(9) e(— q)o(a) V(q^)e(— 4) 
IE MCH LAC 
f*(a)o (q^?) 
Employing (0.13), we translate this identity into an identity involving modular 
forms, 


and 


(8.25) 


g2(13t)g,(13t) | go(131)g, (131) B g;(131)go (131) 
92(t)91(t) go(1)g1(*) 92(t)9o(t) 
оаза о) _ 
14(0)91(131) 
Since b and с are even, it follows from (0.26), (0.16), and (0.18)—(0.20) that the 
multiplier system of each term of (8.26) is trivial; that is, v(A) = 1 for each 


А є Г(2) ~ Г,(13). Clearing denominators in (8.26) and collecting terms on one 
side, we can write the transformed equation in the form 


(8.26) 
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Е:= Е, ++ Е, = 0, 


where F is a modular form of weight 2 on Г = Г(2) ~ Г,(13). By (0.6) and 
(0.24), pr = 7. From (0.30), we then see that и = 31. 

To decrease computation, it seems advisable to use the reciprocal relation. 
Applying (0.36) in (8.26) and then converting the new equality back to an 
equality involving q-series, we find that 


V(q?)o(a) e(— q)o(q) V(q?)o(—q) 


hla oa>) olaola) Pya ola?) 
_4 f Da) _ 
427 *(9`°)Фф?(9 
(Of course, we can also obtain (8.27) directly from (8.24) by using Entries 10(1), 
(ii), 110), (ii), and 12(i) in Chapter 17.) Thus, by (0.38), u = 15. Clearing 
denominators in both (8.25) and (8.27), transforming all terms to one side of 
the equation in each case, and employing the computer algebra system MAC- 


SYMA, we have indeed verified that the coefficients of q°, q!, ..., q!? are equal 
to 0 for each of the two proposed identities. This then completes the proof. 


(8.27) 


Modular equations of degree 13 have been developed by Sohncke [1], [2], 
Schläfli [1], Klein [1], and Russell [2], but all of these modular equations are 
considerably more complicated than those of Ramanujan established above. 


Entry 9. We have 


(i) PP) — Y 4°) (— a^) = 24? (a?)u(q??), 

(ii) Ф(— 9%)Ф(—4'%) + 24 (a?) (a?) = olaola), 
(ii) €(—4?)e(— 9%) + 24? (a) (a?) = e(a?)o(a?), 
(iv) V(a (a^?) + V(—aw(—4*5) = 29 (q9)V (41°), 

(v) Ф(4)Ф(41°) — ф(9?)Ф(9°) = 2af(—a^)f(—a??)x(a?)x(a?). 
(vi) olaola") + o(q?)e(a*) = 2/(—a9)f(— a!?)x(a)x(a ^). 
and 
(vii) (иба?) уба?) — ау (д) (41°)} o(— a?)o(— 4?) 


= {ф (4?) (4°) + av(a (a 5)) o(—a)o(—4) 
= f(-aJf(-a)f(—-4))f(-4^?). 
Pnoor or (i). In (36.8) of Chapter 16, let и = 4and v = 1 to obtain the identity 


ууба?)у (а?) = v(a*)o (a9?) + a*V(a?)u(a?^) + a'*o(a*)u (412°). 


Now replace q by —q and subtract the result from the equality above. This 
yields (i) at once. 
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PRoor оғ (ii). As in Entry 11 below, let o, f, у, and 6 be of the first, third, fifth, 
and fifteenth degrees. As in previous work, we set ф(4") = Js. Then, trans- 
lating Entry 9(i) via Entries 11(i)-(iii) in Chapter 17, we find that 


(By)! — {By — B)(1 0) = (as) 4 T (9.1) 


2325 


Inverting the roles of « and 6 and also of f and у, we derive the reciprocal 
modular equation 


1/2 

а-да — ж) — (1 — а — В) = (1 — б) — a (ESE) 
2523 

(9.2) 


By Entries 10(ii), (iii) and 11(ii) in Chapter 17, the translation of this equality 
is the identity 


e(—49)e(—4'?) — 290(—4)0(—9) = e(—a)o( 4^). 
Changing the sign of q gives (ii). 


PROOF OF (iv). In (36.10) of Chapter 16, replace q by q? and set и = 4 and v = 1. 
We then apply Entries 30(ii), (iii) in Chapter 16 twice apiece. Thus, 


2y (a) (41°) = 2f(q*, q'?)f(q?9, 4\50) + 2q' 6f (4°, q! *) f(g", q?!?) 
= 50/9 а?) + f(-a, —@)} fa, 49) e f(- 4, —4°5)) 
+ Де, а?) – f(-a, —4°)} (fq, 4*5) - f(- 45, —4*5)] 
=ф(4/(4!5) + yaya). 
Thus, (iv) has been established. 
PROOF OF (iii). Translating Entry 9(iv) via Entries 11(i)- (iii) in Chapter 17, we 
deduce that 
лм 
(x0)? + (a0(1 — o)(1 — б)}!# = (By) ES 
21215 
The reciprocal of this formula is 
{(1 — a)(1 — ô) + (aó(1 — a)(1 — 8) = (1 — B)(1— pye( B25)" 


Employing Entries 10(ii), (iii) and Entry 11(ii) in Chapter 17, we find that the 
translation of this formula is the identity 


e(—4^)o(—4??) + 2420(—4)0(— 4°) = ф(— 4)ф(— 4). 
Replacing д by — 4, we deduce (iii). 


We postpone the proofs of Entries 9(v)-(vii) until Section 11 where it will 
be convenient to use the theory developed there. 
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Entry 10. We have 


@ — f(-4.-49aft- d. a C y 


f(-«a —4°) 
Же, _ 7% 
Gi) — f(-a*, -a"") – 470—9 –4%) = a soe 


(iii) 70—47, —4°) — 470—4, —4'%) = 10—92, —q) + q'Pf(—q?, —q!?), 
(iv) (f(—a*, —q!!) + 470—9, —4!*))4'? =f(-4°, — 4?) — f(—4!9, — 9*9), 


(v) qv (а?) (а) T а?ф (qi (q*5) m q _ q” _ gu " q? 
1-а 1-4 1-9! 1-4? 
" E 3 т 49 Г q? 
1—4!” 1—4!9° 1 — 4? 
= q^ + oe 
1 — q?? , 
and 
2 4 1 
q q q q 
: 3 5 15) — = J 
(vi) Ф(4°)Ф(4?) + e(a)o(q ^) 2(1 PICO 4 тене ry 
E 4% Е qi! Е q? q^ 
1-4 1—4! 1 q+? 1- qt 
д9 qU q? 422 
Tg tae 1— q" 1—4? 
А q? 2 42% Е 42% p 42° 
iz 1 — 42° 1 — 42% 1 — 4? 
43! 43? q^ 43" 
agi 19s 1—4* 1-4" 
q?? Е а" 4“ B q^ 
1— 43% 1—4* 1—4* 1 — q** 
4°5 4“ q^? 4°? 
1-45 1 097 1489 1—4? 
" 4°? 45% 45% 
1 — 453 1 — 4% 1 — 45% 
59 
q 
"n 


In (v), the cycle of coefficients is of length 30, while in (vi), the cycle of 
coefficients is of length 60. These rules of formation were not made explicit by 
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Ramanujan (p. 245), since he recorded only six and four terms, respectively, 
in the two series. 


Proors or (i), (ii). For the derivation of (i), first use the identity f( —q ?, — 4:7) 
= —q 7f(—q'3, —q?), which is deducible from Entry 18(iv) in Chapter 16. 
In the quintuple product identity (38.2) of Chapter 16, replace q by 4?? and 
let B = —q??, —q!?, in turn. Formulas (i) and (ii), respectively, now follow. 


PROOFS OF (iii), (iv). In Entry 31 of Chapter 16, set n = 3, a = — 42/3, and 
b = —q to achieve (iii), and let n = 3, a = —4!?, and b = — q^? to obtain (iv). 
The proofs of (v) and (vi) are considerably more difficult. 


PROOF or (v). Let S denote the series on the right side of (v). Taking the 
summands of S, expanding them into geometric series, and then inverting the 
order of summation, we find that 


es © а" =. q^" 5 q!" eR. qi + qi" + gt” + gor 2 42%" 
= 2 1 — 43°" 
п=1 q 
_ © а" = а?" __ gi + q!” + go" DE q^ 
I у? 1 — qo 
n-i q 


2 > а?" c а" __ q^ + qi" + 42°" EN g^ 
= {= q i 


Applying next the addition theorem, (17.1) of Chapter 19, with q replaced by 
q*5, a = q^, 4?, and b = 4\9, 4%, respectively, we deduce that 


- ES (a -4%)/(—41°, — 429)7(—4'*, —а!%) 
ф(—4'5)\ f(—4?9, —4!1)/(—4?°, —4?)/(—4°°, – 9) 
х 40—42, — 4%) 7(— 4%, —4??)f(—4!9, 2) 
7—9, =a") f(g, —9")f(—q?5, – 5) 
_ f£(-a?y(-4'9) (4С —4^*)f(—q'*, —a!5)f(—q^*, —4°%) 
фФ(—!5)/(—4°°, —q*)N f(—a, —4??)f(-q!!, —41?)f(—-q?!, —4°) 
" /(— 4°, – 4) 
f(—48, — 4°) 
a fig, —4?®)/(—4'?, —4!5)f(—4??, —4®) f(-q?, 22) 
Fa, —4?%)/(—4'7, —4!%)/(—4?7, —@) f(- 49, - 413) 
_ f£ 49)f(-4) gz —4%)/(—4°, —?!) 
Ф(—4%)у(41°)у(—4°)\ f(—a, —4°)/(—4°, —42°) 
" q3f(—q?*, — 9f (- 4°, =f) 
ft, —4)/(—4*?, —4'®%) 7 
where we have employed the Jacobi triple product identity and Example (v) 
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in Section 31 of Chapter 16. Putting everything under a common denominator 


and then using the Jacobi triple product identity to transform the denomina- 
tor, we arrive at 


Жы 4/Э(—45°)/(—4'°)у(— 4°) 
Ф(—4!°)у(4\°)у(—4°)х—4)/°(—!°)/(—4°)/(—4°°) 


x (70—49°, 9770—94, —a9)f(—a?, —4??)/(—4?, — a’) 
+ 410—9, —q?)f(—q^, —4°)/(— 4°, —4?”)/(—4°%, —q?^) 


_ 4 
- 2y( -q5)f(—-4!9)f( — a$)x(— 9 
x ({70—9°, —а')/(—4°, —a*) + 470—9, -a?)f(- 4^, —4°)} 
x (f(-a*, -PHa –9%) + df(- a, a4? )f(-a5, -4?*)j 
+ (Cà, —a’)f(—a*, —4°) — 470—9, -))f(- a^, —4°)} 
x (f(-4*, —4?!)/(—4!%, — 9°) — èfa, —4?)f(—- a6, — 4*))), 
(10.1) 
where we have used two of the equalities in Entry 24(iii) of Chapter 16. 
Next, applying Entries 29(i), (ii) of Chapter 16, we find that, respectively, 
fla, a*)f(—a?, — 4%) + f(—a, —4°)/(4?, à?) = 200—9, —a")f(—a*, —4°) 
and 
Л. Sr, =~) - f(-a, —a*)f(a^, а?) = 2af(—- a^, —a9)f(—a, —a?). 


The results gotten by adding these two equalities and then by subtracting 
them are used in (10.1) to give us 


e q 

2x(—4?)f(—-a'9)f(- a9)x(— 9 
х (f(a, a*)f(—a?^, —a?)f(a?, a4 ?)f(—a$, —a?) 
* f(-a, —4°)/(@4°, а?)/(— 4°, —a?)f(a5, a?) 

= af?(—4°) 
2f*(—q35)x( —a!*)f(—a!9)f(— 9%)х(— a) 
х fa а!®)/ (а, a?)f (a, a*)f(—a?, —a?)f(—a", —4®)/(—!?, —a?) 
x f(a, q'?)f(—a$, —a?) 
t f(—4, —4'%)/(—4%, —a?)f(—q!*, —a*)f(a^, a! ?)f(a", a9) f (a^, а?) 
x 710—9, —q'?)f(a5, a?) 
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_ PLPA, MIG, PM - m. -a y C- a, —4?) 
2f $(— q33)y(— 4!5)f( 4! 9)f(— a9)x(— a) 
х (fla, q!*)f(a*, q')f(—a^, — a ?))f(—q", —q?) 
 f(—4, —q!*)f(—a*, — a! )f(q?, a?) f(q", 4®)), 


where in the penultimate equality we utilized the Jacobi triple product identity 
several times. Employing the Jacobi triple product identity as well as Entry 
18(iv) in Chapter 16, using the corollary of Section 30 in Chapter 16, utilizing 
the Jacobi triple product identity three more times, and invoking results in 
Entries 24(ii), (iii) of Chapter 16, we deduce that 


— (Qf (-4)o*(-4 (7 49)f(- 4°) 
2f (—q1*)y(—433)f(—4!9)f(— a9)x( — 9) 
х (797°, q!5)f(—4^, —q!?)f(a*, q' )f(—q^, —4°) 
—f(—a, —q!9)f(q^, q!?)f(—a*, – 9) а”, q9)) 
_ _ 4f*(-4)9*(-45)f(- 49) 
7%=)х(—'3)70—4'%)х(— q) 
x f(g, q! 9) (q!5) 
af*(- 4)g(- a f(- 99)f(-9)f*(- 4 5)f( - a WG") 
f*(—49)x(- 4Pf(—a19)x( —9)f( —45)f( 439) 
Е а/(—4°)/(—4°)Ф?(— 5) (4°) 
/?%(—а*%)у(—4'°)у(—4) 
_ 970—970 PS) yaoa) 
Ф(—4) f?(-49)x( - 4) 
_ SODI- 9°)70— 4:5) 
Ф(—4)Ф(—!°) | 


Invoking Entry 9(vii), we complete the proof. 


7—9, -4?)f(-49, — 4°) 


PROOF OF (vi). Combining Entries 9(ii), (iii) and 10(v), we find that 
(e(—4*)e(—45) - ф(— 4Ф(—4!°)} — (6(—49)9(—419)- фФ(—4?)ею(— 4??)) 
= —2qV(—a?)(— 4?) + 2424(— 900—4) 
7 11 


13 
nm AE 77 1 її 7 ы ta + ы 17 + ы 19 
1+а 1+9 1+9 1+9 1+9 1+9 


23 29 
РТ ЛИШЕ ЛЕТИ | 
1+9 1+9 
Replacing q Бу q?” and summing on n, 0 < n < оо, we deduce that 
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Ф(—4%)Ф(—4°) + Ф(—4)ф(—4!5) - 2 


EM q х а? r q* _ q’ q? Е qi! 
1-q 1+4 1+4 1+9 1+? 1-44" 


13 14 
q q 
"wel ag 4 34 "b 
1+4 1+4 ) 


where the cycle of coefficients is of length 15. If we change the sign of q, we 
find that 


Ф(4°)Ф(4°) + e(q)o(q^?) 


2 4 7 8 11 
=2(1+ q q q q q q 


1-а 1+4 1+q* 1-49 1+9 1—4"! 


Е qt? 2 45 _ 4!% E qu К q? 2 q^? 

1 — q}? 14 qi^ 1 4- 418 1—q! 1-4? 1 + 42? 
A q?’ 42% ü gis Ө q^? ra 

1—4? 1+ 42% 1 + 42% 1 — qg”? * 


where now the cycle of coefficients is of length 30. For each even value of n, 
use the trivial identity 


q _ q" Е 24?" 
1+ а" 1— q" t= 42" 


in the foregoing series. We then obtain the proffered identity, with a cycle of 
coefficients of length 60. 


Entry 11. Let a, f, y, and ô be of the first, third, fifth, and fifteenth degrees, 
respectively. Let m denote the multiplier connecting « and B, and let m' be the 
multiplier relating y and 6. Then, 


(i) (aô)? + {(1 — a)(1 б)}!# = |. 


(ii) (^ + (a - 90 91^ = (2 
_ (By)! — tà — В) – 7^ 


"mu 
_ {A — 80 -D - (ya — 8)(1 — 51^ 
(0 — а)(1 — б)” i 


Gii) ^ (a0)/5 — ((1 — a)(1 — 8)}1% = (8y)! — {(1 — B)(1.— y)!^5, 


v) 1 + (B® + {0 0 — 0) = 4? (ое), 


eii (ж) (090-2 


and 
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28? (1 m ay (1 I T 
1 — (aô) — f(1 — 598 даз [ 

Vosa се ( Bi — BY — у) 
(vi) — (a3) ^ *(((1 + VAA + /5)} + (1 — Jay — /8)}) 


+ (a — 0 = AFA + JT – од + 1-3) 
+ 1-9 - V1-23- V2, 
(i) — (695 (0 + VAU ^ = {1 а - v») 


+ (1 — B — 9)? + /1— B) + р 
- (a — J1- Bü — /1 — y)}"*) = 40, 
"EC =en =e o in 
un (5) A RC Bü-8ü-» “Vm 
(ву? а-а уу (а-а уу а 
ex (2) dm (aoe ут” 
T (B Т С - Ва – 2 E Е = В 2 
ay (1— a)(1 — y) ay — а)(1 — 7) 
К «(ва - Ва – a EMT 
ay(1 — 3) —у) 
| ay y^ со е 
(xi) (S *la-50-3 Bóü — B)ü — б) 
ae n. 9 
Bà 00 9)) "mm" 
: sr те, puces 
n (5 КМ0 01 аар) 
78(1 — y)(1 — 6б) \!® уб \'8 
2 3) t) | 
_ 2123 


(1 — y)(1 — ô) 
«В 4 
E 


1/8 
(1 — à)(1— а) | 
) (0-90) 
(1 — »)1 — ô) 781 — y)(1 — ô) 
- (EEA A 


us y (Ge 
mcr al +(® ы 
= 2525215 


1/8 
a-ya — 5) | 
2{23 , 
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(xiv) (оуб): + (1 — a)(1 — В)(1 — ра — б)}!® 
+ 215 (aByó(1 — а)(1 — B)(1 — y)(1 — 6)}274 = 1. 


(xv) If 
Р = Q56afyó(1 — ә)(1 — B)(1 — у)(1 — 8)} 1*8 
and 
_ (20 — ә)(1 — 2 
97 bü-B-») ' 
then 


1 1 


If we multiply (i) by the first equality in (ii), we obtain a modular equation 
sent by Ramanujan [10, p. xxix] in his second letter to Hardy. Entry 11(xiv) 
also appears in the same letter [10, p. xxix]. Both (iii) and (vi) were recorded 
by Hardy [3, p. 220] in his brief description of some of Ramanujan’s work on 
modular equations. (In his statement of (vi), Hardy made two sign errors.) 

If we multiply (viii) and (ix) together, we obtain a modular equation 
established by Weber [1]. Weber [1] also established (xiv). 


PROOF OF (i). If we translate Entry 9(iii) via Entries 10(i), (iii) and 11(i) in 
Chapter 17, we obtain Entry 11(i) at once. 

PROOF OF (ii). Transcribing Entry 9(ii) by means of Entries 10(i), (iii) and 11(i) 
in Chapter 17, we obtain the first part of Entry 11(ii) immediately. The second 
and third equalities of (ii) are (9.1) and (9.2), respectively. 

PROOF or (iii). Let 


A = (aô),  A'—((1—0)0—95))5, — B = (fyy5, 
1/2 1/2 
B'-((—5)1—3)5, and M= (22) = (2) | 
2325 
where the notation of Section 9 is used. Then in this abbreviated notation, 
Entries 11(i) and (ii) yield the equalities 


1 B— ВВ B'— ВВ 
—_=B+B = LLL = M. 11.1 
A+A A? A' ( 


The last three expressions yield 
B — ВВ - (В — ВВ) = MA? — MA”, 
or 
B — В 


(А A)(A+ A) M: 
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Using the extremal parts of (11.1), we conclude that 
В-В —A-— А, (11.2) 
which is (iii). 
PRoors OF (iv), (v). According to (11.1) and (11.2), we may set 
A — M" — p) А = KM" + p) (113) 
B=}(M—p), and B'=}M +p), 


where p is positive when « is small. Taking the equality B — BB’ = AM? from 
(11.1), substituting for B, B', and A from (11.3), and solving for p?, we deduce 


that 
1+ М – М? 
а, 11.4 
M (114) 


Thus, from (11.4) and (11.1), 
(Fre - pra – py .BB' (M?-py _ 
a(1—a(1—8) ] | A4 М2 р? © 
= (y? + (1 — B) — 91^ +17. (11.5) 


Taking the cube root of both sides, we deduce (iv). 
Similarly, from (11.4) and (11.1), 


(ETE 22 a)*(1 2% 220 Е дА" _ (M^ =: py _ ( 1 | 
Ву(1 — В)(1 — у) BB' М? ~ р? 
= (1 — (8) —(1—a)(1—8))59. (11.6) 


(M + 1 


Part (v) is now apparent. 
Pnoor OF (vi). First, by (11.3) and (11.4), 
(ба +./®@ 3)? + (A — faa — 5)» 
= 2(1 + að + /(1 — a)(1 — ô) 
= 2(1 + A* + A") 
= 2(1 + (M> — р) + (М7! + p)*) 
(M? — M? + 3M + 1)? 
4M* : 


after some algebraic manipulation and simplification. 
Hence, from the last calculation, (11.3), and (11.4), 


(xà) 9 (((1 + AA + /0)) + {1 — хо) — /8)} 14)? 


М? — М?+3М +1 
e 18 2 
(aô) ( aD +24 ) 
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= (a5)! M? —М?+3М+1 1+2Мр+ М + М? – М? 
i 2M? 2M? 

1 1+Mp+2M 
Smt 0M) yg — 
ZUM pp 

2M? C 


Thus, we have shown that the first expression on the left side of (vi) is equal 
to (M — p)/(M,/2). 

Suppose now that we repeat the analysis above, but with « and 6 replaced 
by 1 — а and 1 — ô, respectively. The calculations are seen to be exactly 
the same, except that p is replaced by — p. Hence, the second expression 
on the left side of (vi) is equal to (M + DAM). The truth of (vi) is now 
apparent. 


PROOF OF (vii). The proof is analogous to that above. First, by (11.3) and (11.4), 
da уда + Y? + (а — V Ba – у) 
= 2(1 + /By + у — Bü — ») 
= 2(1 + {6(М — p)* + %(М + p)*) 


| (1+ M+ 3M? – M9 
Ё 4M? i 


Thus, 
(Py ^ +AU  /»^ — (t1 Ва – р 


1 + M +3M? — M? Р 
= (Ву) ® (ммм — 2В' ) 
Є + М +3М? ~ М M? + 2М?р+1 мм. 
Ы 2M » 2M 
_ (M — p)(2M? — M? — М?р) 
2M 
= 3(1 — Мр)? 


Hence, the first expression on the left side of (vii) is equal to (1 — M py 4/2. 

We now repeat the procedure above but with f and y replaced by 1 — f 
and 1 — у, respectively. As in the proof of (vi), we see that the calculations are 
the same except that p is replaced by — p. Hence, the second expression on 
the left side of (vii) is found to equal (1 + M py /2. The truth of (vii) is now 
manifest. 


PROOF OF (viii). Observe that, by (11.3), 
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el ^" (0 — a) — ү" Е p — a) — а). 
Ву (1 — В)(1 — у) Ву(1 — B) —») 
M^?-p М +р M?-p 
M-p M+p М? – р? 
_2-—2p = MEAS p 1 
M-P М-р Ww 
upon the use of (11.4). Thus, (viii) is established. 


Proor OF (ix). The proof is analogous to that of (viii). Thus, by (11.3) and (11.4), 


(Ey " (0 — В)(1 — Лү" ES (BC – В)(1 — 2) 
að (1 — а)(1 — ô) «aó(1 — a)(1 — д) 


which verifies (ix). 


The proofs of (x)- (xiii) are somewhat difficult. It seems necessary to express 
а, В, y, and 6 as algebraic functions ofa single parameter. To that end, we set 


or 
m' — mt?. (11.7) 
Thus, from (ii) and (iv), 
pyu-pyü-»y. 1 
e( ad(1 — a)(1 — à) ) x V) 


and from (i) and (v), 
T 0252(1 a)(1 22 
: | Ву(1 — B) — >) oor 


Since f and 6 are of the third degree in « and y, respectively, it follows from 
(5.2) and (5.5) of Chapter 19 that 


(11.9) 


2 = 017 DG +m)? E да. | ШШ 
16m? A 16m : 

(m — 1)8 + m? Е (m — 1)3(3 + m) 

i 16m? ; i 16m' à 

: : (11.10) 

poa 20 * DG m) jog, et DO т) 
16m? ‘ 16m : 
, mA ‚ „эи? 

i Qn * DG – m) TEN + 133 m) 


16m’? і 16m’ 
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Put 


and note that, from (11.7), 
ш = ш?. (11.11) 


Since y and ô are of the fifth degree in х and fi, respectively, it follows from 
(14.2) and (14.4) of Chapter 19 that 


p 1 5 =, 5 "nho 1 5 зру 
а) DEA, ga gm Dec 
H H 
(и — 1)5(5 — p) (u' — 1)5(5 — p’) чыз 


Substituting these values in (11.8) and (11.9), we find that, respectively, 


(© m 1j (9m? - T) 23) 1 (“ = 1)3(5p’ = ae 


(m? — 1)(9m~* — 1) 1700 06812) 


and 


(‘= es 1)°(9т 2 E ay E (6 = 1} (5u! P 7)" 
(m? — 1)(9т' 2 — 1) 7 | NGo-06047-0/ ` 


If follows that 
5 
( + (1 — t) = (m? — 1)(9m’~? — 1), (11.13) 
( +1 (1 — t? = (m? — 1)(9m^? — 1), (11.14) 
1 3 
(: + A (1 — t) =(u— 1)(Sp’™ — 1), (11.15) 
and 
( + Jr — t = (u' — D(Su^ — 1). (11.16) 


From either (11.13) or (11.14) and (11.7), it readily follows that 
9 — i54 5t° + St* 570 + 5—1 


m? + "i n (11.17) 
Also, from either (11.15) or (11.16) and (11.11), it follows easily that 
5. t+343t-1 
u+ = (11.18) 


u? t? 
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Solving (11.17) for m? and (11.18) for и, we find after a considerable amount 
of elementary algebra that 


2t5m? = 1$ + 515 + Stt — 512 + 5t — 1 — AC (t? + 2t — 1)RS (11.19) 


and 
3р = tê + 313 + 3t — 1 — ACRS, (11.20) 
where 
428? =t +++ —t4 1d (11.21) 
and 


41252 = tt + 50 + 212 — 5t + 1 = (t + 4t — 1)(2 +t— 1). (11.22) 


The negative signs on the two radicals were chosen in order to be consistent 
with the fact that t tends to 1 as m and m’ tend to 1. Since o, В, y, and 6 can 
be expressed in terms of m and т’, it follows from (11.7) and (11.19) that х, f, 
y, and ó can be expressed in terms of a single parameter t. 


PROOF OF (x). By (11.12), (11.15), and (11.16), 
(20 mJ 2)" = E - Du - x) 
ey4—o(1—5/ — X(u— D (Su — 1° 


(00 = 1) (53/71 — 1°  (u'— 1) (Sp — 1) 
(1271)91-— 9 — (t! — 96 


On the other hand, by (11.10), (11.13), and (11.14), 
(20 — В)(1 – 2) _ ( (m? — 1 (m? — 1)? ie _ (m? — 1)(т'? — 1) 


«y1—9(1—»/ — (Om? — 1 (9m'? — 1)? (1-25 
(11.23) 


Equating the right sides above, taking cube roots, and using (11.11), (11.18), 
(11.20), (11.21), and (11.22), we find that 


1 5 
бр 
== 2 5) 
_ tt 4 30? + 2t? — 3t + 1 — 42Е8 


2? 
= (R — 5). (11.24) 


{(m? — 1)(m? — ^ = 


Thus, by (11.23), 


bô — В)(1 — б)\!# _ (Е— 5) 
er = a(t — 2) = ig (11.25) 


ae 
Next, by (11.10), (11.23), (11.13), (11.14), (11.7), and (11.17), 
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(е) A (C - p - Nt 
ay (1 —a)(1 — у) 


_ (m — 1) (т — 1) (m + 1)(m' + 1) 2(m? — 1)(m^? — 1) 
© (Qm! + Dm"! + 1) Gm! — 1)(3т — 1) (t! — 5 
.. 20 + 2mm' + 18/(mm’) + 6(m + m'Y/(mm') | 2(m? — 1)(m? — 1) 
EE (9т 2 — 1)(9m'? — 1) (7—0 
2(m? — 1)(m? — 1 9 Зт+т) |. 
is eres (n + mm’ +4 orm) "m s) 
_ 2(m? — 1)(m? — 1) t$ + 515 + 51% — 5:2 + 5t — 1 
(t= (v ` p 
242 204233 
pu ,U a) 


. l6(m? — 1)(m? — It + P +2 — t+ 1) 
a (alae 
So, taking square roots and utilizing (11.24) and (11.21), we deduce that 
óMA 1—g)1—8)V^. 8R(R — SP 
(£) + (2220-9 ) = i me ) А (11.26) 
ay (1 — a)(1 — 7) (C — t) 


Because of the pervasiveness of t^! — t, it will be convenient to introduce 
a new parameter 


и:= 172—1. (11.27) 
Thus, by (11.19), (11.21), and (11.22), respectively, 
2m?t? = 10 — 8u + 5u? — u? — 4RS(2 — u), (11.28) 
4R? =u? —u + 4, (11.29) 
and 
48? = u? — Su + 4. (11.30) 


We are now prepared for the final calculations necessary to complete the 
proof of (x). Employing (11.26), (11.25), (11.28), (11.29), and (11.30), we deduce 
that 


5\14 1 — p) — 6)\'4 é(1 — B)(1— 6)\"* 
i (8) Ы (0 S - 5) 7 (Fi = E = 2) E "} 
= 8R(R — S? — (R — S5 — изт212 
= 8R* + 24R?S? — (R? + S?)(R* + 14R?S? + S^) 
— $u3(10 — 8u + 5и? — и?) 
— RS{24R? + 852 — 6R* — 20R?S? — 6S4 — 2и%(2 — w)} 
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= Қи? — u + 4)? + 3(и? — u + 4)(и? — 5и + 4) 
— и2(10 — 8и + 5u? — u?) 
— (u? — Зи + 4){(и? — u + 4)? + 14(u? — и + 4)(u? — 5и + 4) 
+ (u? — 5и + 4?) — RS{6(u? — и + 4) 
+ 2(u? — 5и + 4) — (и? — u + 4)? — $6? — u + 4(u? — 5u + 4) 
— (и? — Su + 4)? — 2и%(2 — u)) 
= 2u5 — 12u* + 30и? — 48и? + 32и — 8RS(u3 — Зи? + 4и) 
= 4u(R* + 6R?S? + St) — 16uRS(R? + S?) 
= 4u(R — $)* 
zs (en — В)(1 – 2)" 
ay(1—o)1—7)/ ' 
by (11.25) again. Hence, at last, (x) is established. 


PRoor or (xi). Formula (xi) is the reciprocal of (x). 


Proor OF (xii). First, by (11.10), (11.13), and (11.14), 
(290 - (t — 2 _ (m? — 1) (9m? — 1) (t^! — 06 


аВ(1 -A p) (т 0)09т 2—1) (m -1y9m-1) 
(11.31) 


Second, by (11.10), (11.12), (11.15), and (11.16), 
{(m? — 1) m7? — 1)}* = 2:5a(1 — a) B(1 — В) 
= (и — 1)(и' — 1) (5и — D*(5u^* — 1) 
= (t — 0G» — 1)*(Sp’* — 1); 
that is 
(m—1)9m? — 1) = (171 —0(5p! — Gy —1. (11.32) 


We want to express (m? — 1)(9т ? — 1) entirely in terms of t. By (11.17), 
(11.19), (11.21), and (11.22), 


(1 — t?) 
2? 


+ 6t? — 5t + 1 + 4?(? + 1)( + 2t — 1)RS) 
= (t — e) {(2— t + OR + (t + 0)5)2. (1133) 


We have omitted some rather tedious, but straightforward, algebraic compu- 
tations. We now claim that 


(m? — 1)(9m? — 1) = (t* + 5t + 66 + 515 + 214 — 523 
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(C 0)? 


(2—17. + К + (07 + 08 = (21+ 0) (t + 05" 


(11.34) 


To verify this equality, cross-multiply and express everything in terms of t via 
(11.21) and (11.22). Putting (11.34) in (11.33), we see that 


(m? — 19m? — 1) = (C! — t5(Q—t? OR — (C! + 0S] ?.. (11.35) 
Hence, by (11.10), (11.31), and (11.17), 


(m " (6 -y- ү 
ap (1 — a)(1 — p) 


(mw — 1) Gm’ + 1) (m+ 1)(3m’~! — 1) " (t — t? 
© (т—1)(3т -1) (m4 1)(3m? —1) (m? — 1)(9m? — 1) 


1 3 з \ -PP 
-annt 2s) 7) 


Е 1 4223, 9 V, 60105 | 20 — 12)3 
—. (m? — 1) (0m? — EC = 2(m FAT sa) UR nep 


— 4 — 2)(1 — t+ 20 x P +1) 
= (m? — 1)(9m^? — 1)? 


|. 160 — (2)? 
(т? — D) (m ? — 1) ic 


Thus, by (11.36), (11.35), (11.27), and (11.29), 
1/8 1/8 -1 -1 
Pa tir e EQ Ra 
= u“? {4R?(2 — t + t) 
— 4RS(t + t) + u?) 
= u ?(8— би + 4u? — u? 
— 4RS(t™ + t)). (11.37) 


Using our calculations in (11.36), as well as (11.32), (11.31), (11.17), (11.27), 
and (11.35), we find that 


зү СЕЕ (Шеше ш] " 
(9) А у ИВ ACO у n оо. 


x (9m ? — 1) 


Eur (nee n 9 ) 6(1 + t^) (t^ + 5 


тї? б + Ga? -18m*-I1) 


-(€-96- 06-4) 
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2 — 4t + 1012 + 8t? — 101 — 45 — 219 
(t! + 09 
(m? — 1)(9т ? — 1) 
= u(2u? — 4u + 16) + u{(2 — ШК — (€! + OS}? 
— u(25 — 5u(1 + t?) + pt’). (11.38) 
The expressions іп и must be converted to terms іп и. By (11.18) and (11.20), 
5(1 + °) — гуи? 
E E г?) 
BN 


— u(5 — (5 — и) 


(+3 nw 
26 


(t^ + 32 + 3t — 1) 5 


t e + 30 + 3t — 1 — 5t(1 + t?))RS 


= Қи? + 4)(и + 2)(3 — u) — 5 — 2(2 + u)(t + !)RS. 
Using this in (11.38) and utilizing (11.29) and (11.30), we find that 
(3) А é -»ü- 2n ў С -yü- 2 Я 2 
«В (1 — a)(1 — B) «В(1 — a)(1 — B) 75215 
x (m? — 1)(9m ? — 1) 
= u{2u? — 4u + 16 + {(2 — ШЕ — (€? + 0S)? — 20 
+ (и? + 4)(u + 2)(3 — u) — 2(2 + u)(t* + DRS} 
= u(16 — 12и + 8u? — 2u? — 8(t! + t)RS}. (11.39) 
By comparing (11.37) and (11.39), we conclude that 


i А (п -yü- 2 А ү -yü- 2)“ 2123 
«В (i ә)(1 p) ef(1— a)(1 — f) 25215 
» 2u? 9\8 /0- ya- à)? 
-aem *() (к=к) | 


_ йн í (3)" (ea 
(aon Lt) лаза иу f 


by (11.31). This completes the proof of (xii). 


PROOF OF (xiii). This formula is the reciprocal of (xii). 


After the proofs of (x) and (xii), the proofs of (xiv) and (xv) are comparatively 
simple. 


PROOF OF (xiv). By (11.3) and (11.4), 
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4М(оВуб)'® = 4MAB = M(M^! — p (M — p) = 1 + 2n — M? — p(M? + 1). 
Similarly, 


4MÍ(1 — à)(1 — B)(1 —»)(1— ô)} £ = 1 + 2M — M? + p(M? + I). 
Thus, by (11.4), 


{аВуд(1 — а)(1 — B)(1— yl — 5)}18 


1 
= т мз! + 2M - M? — p(M? + 1)} {1 + 2M — M? + p(M? + 1), 


= apt + 2M - My — + M M?)(M? + 1)?} 


то 07 


Itis now clear that by combining these last three calculations, we achieve (xiv). 


PRoor or (xv). From (11.6), 
4sA(1 _ AM(1 — 5\4\ 1/48 
po = (2522 (1 9 (1 | =F {1- 1 
By7(1 — py — у) 2 
and from (11.5), 


P 2568^»^(1 — Вү&(1 — y M48 1 


2 
Hence, upon multiplication, 


1 1 
2 
zx X зс: 
2 ч x) 


Adding (11.40) and (11.41) and using the formula above, we deduce that 


1 1 1 1 
—)=—_(M+4+2-——])=-—~(2P? + 2). 
ғ(0+0) E * v) Jt n 


Dividing both sides by P, we complete the proof. 


x) (11.40) 


With all the groundwork developed in Section 11, it will now be a relatively 
easy task to prove Entries 9(v)-(vii), which we left unproved in Section 9. 


PROOF OF ENTRY 9(v). By Entries 12(iii), (v) in Chapter 17, as well as (11.40) 


above, 
-gf Pala) = 22° ое ещ 
24/\—42)/\—4?®)у(4?)х(4?) = 2 Jaza ее 


э ы 
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= V 21215 — Vy 2325 
= e(a)e(q'?) — e(a?)e(q?). 


which completes the proof. 


PROOF OF ENTRY 9(vi). Again, by Entries 12(iii), (v) in Chapter 17, as well as 
(11.41) above, 


242(1 — В\?(1 — y)2\ 124 
SPS-a yox!) = 229 sas (к= 


= ./2325(M + 1) 
= \/21215 + 4/ 2325 
= ф(4)Ф(4*°) + o(q?)o(q?). 


PROOF OF ENTRY 9(vii). Employing Entries 11(i), 10(ii), and 12(ii) of Chapter 
17, (11.3), (11.40), (11.41), and (11.4), we find that 


{ау(9?)у (9?) — а20(9)0(9'5)}Ф(—43)ф(— 9°) 
= 4a 2525015 Тфу” - өзу} -pH - y^ 
2798 /z4z4zsz,s((1 — a) — B)(1 — у)(1 — ô)} (nfyó)!2^ 
= (1 — a)(1 — à) 


1 Pr — Bea — y»? yo 
ó fat ass ayez aó(1 — a)(1 — à) ) 


262(1 27 а)2(1 = үс 
= t= ЕХ 1/8 72/3 а 
-ma -nee 


_ а/(—4)/(—4°?)/(—4°)/(—4'°) 
|.  2(a = 3 -sy 


Š Ea, PM ү у—_® + ( 2J 


2 2 m 
_ qf( - 9 f(-4)f(—a))f(- 45) 
© M+M 


x {(1 + oM)(M + 1) - M(M + p(M—1) 
= а/(—4д/(—4°)/(—4°)/(—'°). 
This concludes the proof of part of (vii). 


The second equality of (vii) is established by completely analogous reason- 
ing. Thus, 
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(av (a?) (a^) + афу (дф (a ^)) Ф(—4)Ф(— а!) 
= İV 21732524 s((By) + M(aó)! 53 (1 — a) (1 — ô)“ 
_ С—4/(—%)/(—°)/(—а!°) 
2{(1 — 8)(1—у)}!* 
: Lm + p)(M + 1) " M(M 4 ue ol ) 


2 2 M 
= (—4)/(—°)/(—°)/(—!°), 
which completes the proof of Entry 9(vii). 


Entry 12. 
(i) Let 
as f(—4°, —4!) i f(—a*, – 4) 
‚ Жыры , = 3 
gg, — 4%) а, — 15) 
piste ОЛЕ, жы 
FEAS IT ya 18 
indic cur) qot oq) 
qUf(—gq*, -q!?) б 4, =q") " 
"WE Rari fua ni ШИР urge quodi) 
fg, —q*°) i 2 Л/(—°, —q’) 
Then 
f(—4""") 
тутус ^ — Ha — Из + Ha + Hs — 1 — He + H — Hs, (12.1) 
My Ms HoH = ИзИӊИзИд = 1, (12.2) 
and 
Hibs + Habs — Hala — Het; = —1. (12.3) 


(ii) f(—-af'(—q") 
= f(—4, —q'*)f(—-q^, -a )f(- q^, —а!%)/(—4°%, —4??) 
х 70—94, -q'*)f(-a*, —a'')f(-q^, -a'?)f(—-q*, – 9). 
The following are modular equations of degree 17: 


on E p 1/4 1—5 1/4 Ba — p) 1/4 
ulla M a 
ва — үе (Bgy* т рү 
те сс 
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and 


v) 17 (5). x (; — JH " Е = 2) 
iv — = [= ——— os 
m ХВ 1—5 BA — p) 
m 1/8 1/8 E 1/8 
(cn) Gs) (те) } 
BA — B) В 1—8 

PROOF OF (i). We first observe that (12.1) follows from (12.26) of Chapter 19 
with n = 17. 

The equalities of (12.2) follow immediately from the definitions of y, ,. . . , ив. 


A proof of (12.3) depending on Entry 22(iii) in Chapter 16 could be con- 
structed. However, it seems easier to use the identity 


f?(—4) = у (— petat ek od alee (12.4) 
"n2 2|m| 


first proved by L. J. Rogers [1] in 1894, rediscovered by Hecke [1], [2, 
pp. 418—427] in 1925, and more recently proved by Andrews [16], [17], 
Bressoud [3], and Kac and Peterson [1]. 

First, square both sides of (12.1) and equate rational parts on each side to 
deduce that 


R -sanrt (47) —2 1 
4 Tq = 2(U1Us + Hog — HaHa — HeH) + 1, 


where &(-) denotes the rational part of (-). From (12.3), it thus suffices to show 


that 
20117 
а(н) = –1. (12.5) 
Now, by (12.4), 
go 7f 2( -g117) = У (- qm nom be mem tet est ? 
"n2 |m| 


We thus want to isolate those terms where 
n(n + 1)/2 — m(3m — 1y2 = 7 (mod 17). (12.6) 


Examining complete residue systems of m and n (mod 17), we see that the only 
solutions of (12.6) are 


n = 8 (mod 17) and m= 3 (mod 17). 


Thus, setting m = 3 + 17k and n = 8 + 177, we discover that 
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-24A7,62 1/17 
dq ^" f*(- 91) 
— y (аена (HL TD) B C2 
,£-7-—00 
4 22|kl 


ktZ,177(4*1)2—17k(3k*1)/2 
(— 1) 4qV ai ieny 


Ш 
_! 
Урма 


= -f 2( ла qt 7 ), 
by (12.4). Hence, (12.5) is established, and the proof of (12.3) is complete. 


We offer a second proof of (12.3) that depends on Theorem 8.1. By (0.53), 
(0.51), and (0.52), (12.3) is equivalent to the identity 


Y G(m;z)G(Am;z) = 0. (12.7) 


m(mod 17) 
However, (12.7) follows immediately from (8.7) for p = 17, since a,, = 0. 


PROOF OF (ii). This identity is merely the special case n = 8 of (28.1) of Chapter 
16. 
PRoors OF (iii), (iv). First, observe that (iv) is the reciprocal of (iii). 

Using Entries 10(1)- (iii) and 11(1)-(iii) of Chapter 17, we find that (iii) and 
(iv) are equivalent to, respectively, 
| = lea") | o(-4a" eG") | L9 (a) )o(— q^) 

V(a^)o(a) e(— a)o(a) V(a^)e(— 9 
V(-4 ola) _ 4 yagol") _ з V(a ")e(—4"") 
V(— aye (a) у(42)ф(— 4?) V(q)e(— a) 
(12.8) 


and 


17 = У@ )Ф@ Ф(—4)Ф(д) V(a^?)e(— 9) 
úy ola) oa ola) aha ola") 
V(—a)e(a) , 9(4)o(-4) _„_ WDA 


qW(-q)e() ^"aqwW(a*)e(-49) Pya olay 
(12.9) 


Using (0.13), we transform (12.8) and (12.9) into equalities involving modular 
forms. Thus, respectively, 


_ 92171) 9, (172) | go(1709,(17:) , g5(17:)go(17v)— , hi (17:)g, (171) 


© 83(081(0) go(t)g1(t) 92(t)Go(t) hy (t)g,(t) 
h(172)g9(172) _ho(172)go(172) 
wee M AA LL sis ee 12.10 
2^ 890.09 hOg ve) 


and 
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_ _ 810910) 90(2)91(7) gago) — , ha.) 
G2(172)gi(17t) 90(171)9:(17) — ga (175)go(170) — h,(17:)g, (177) 
hY(091() ho(c)go(x) (12.11) 


—"hQ79g,175) < hg(170g4(175) 


Since b and c are even, we see from (0.18)-(0.23) and (0.26) that the multiplier 
system of each term in (12.10) and (12.11) is trivial; that is, v(4) = 1 for each 
AeTQ)oI$(17) 

By (0.6) and (0.24), pr = 9 for Г = Г(2) е^ Г,(17). By clearing denominators 
in (12.10) and (12.11), we may write each of the proposed identities in the form 
F:= F, +++: + Е, = 0, where F, 1 € j < 7, isa modular form of weight 3 on 
Г. Thus, by (0.38), it suffices to show that the coefficients of 49, q!, ..., q!? are 
equal to 0 for the functions F arising from (12.10) and (12.11). Using the 
computer algebra system MACSYMA, we have, indeed, shown that all of 
these coefficients are equal to 0. Thus, (12.10) and (12.11) are established, and 
the proofs of (iii) and (iv) are complete. 


Modular equations of degree 17 have previously been established by 
Sohncke [1], [2], Schlafli [1], Russell [1], [2], and Greenhill [2], but none of 
these has the simplicity of the two modular equations of Ramanujan that we 
have just proved. 

At the end of Section 12, Ramanujan remarks: 

N.B, Thus we see that p(x”), p(x") or f(— x1") n being any prime number can 

be expressed as the sum of 3(n — 1), nth roots of several functions and ф(х"), 

w(x") or f( — x"). In finding the values of these functions, quadratics only appear 

in the case of the 5th, 17th, 257th, etc. degrees, and cubics in case of the 7th, 

13th, 19th, 37th, 73rd, 97th, 109th, 163rd, 193rd etc. degrees not as cube roots 

but as sin(J sin"! 0) and quintics in case of the 11th, 41st, 101st etc. degrees. 
f3(—x"") can also be similarly expressed. 


Weare unable to provide a proper interpretation for most of this statement. 
As we have seen in past entries, for example, Entries 12(i) and 18(i) in Chapter 
19 and Entries 6(i), 8(i), and 12(i) in Chapter 20, by employing Entry 31 in 
Chapter 16, we may express ф(4:"), v(g!"), and f(— 4") in terms of o(q"), 
V (q^), and f(— q"), respectively. Moreover, in each case, there appear и — 1) 
additional expressions that involve nth roots of д. The words “these functions" 
of Ramanujan evidently refer to what he calls “nth roots of several functions." 
We cannot identify the “quadratics,” “cubics,” and “quintics” to which 
Ramanujan refers, nor do we know what 6 denotes. It does not seem possible 
to find the values of "these functions" by purely algebraical means, which is 
what is seemingly indicated; Ramanujan evidently has something else in mind. 
In the last sentence, Ramanujan possibly is employing the identity f/?(— q) = 
ф2(— а) (а), which is part of Entry 24(ii) of Chapter 16. 


Entry 13. If В, у, and д are of degrees 3, 7, and 21, respectively, m = z,/z3, and 
m' = z4/25,, then 
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(i (Ey " (0 — pya – T _ (20 — В)(1 – M 
ad (1 — a)(1 — ô) aó(1 — a)(1 — à) 
A (29 — 8)(1 — By - m 
aó(1 — a)(1 — б) m" 


(i) (2). " (s — @)(1— 2" ү —(1— 
Ву (1 — 8) —») Bra — 8) —» 

«б(1 — а)(1 — 8) т 
у т) 


ш т? 
Э уд ү (4 — )(1— 8) 3\08 (yê — y)(1— 6) V^? 
e (5) d КЕЕ =e 2) E -ayü- а) 


m pu -»- e (293). 
27221 


«В(1 — a)(1 — B) 


(iv) (3) " үа —@)(1— A (0 -90-P — at — D" 
yó (1 — y) — ô) yo(1 — у)(1 — ô) 


2( — ay — Ju = 7( 221) y 
"W$0-910-3/ 0223/ ^" 
BaH ба ва әуе | (Bi Ва -N 
e) (£) Ü (9 = 2) i E =o 2 
К кеш í ey e | 
(0025 Iti) ааа Еш шш 
and 
(1-2 —9V^*. fal 9 — 9) V^ 
v) FA «(8 9027) (aa) 
ay — a)(1 ү l ey кеш 9 
ED, zh а ОШ ON c 
PE reti mc pee gy aod пт 


Observe that (ii), (iv), and (vi) are the reciprocals, respectively, of (1), (iii), 
and (v). 


Proors. Our proofs utilize the theory of modular forms. 
Using Entries 10(1- (iii), 11(1)- (iii), and 12(iii) in Chapter 17, we convert (i), 
(iii), and (v) above into the equivalent theta-function identities 


V (a9) (q!*)o(a?)o (a) 4 ?@ )Ф(4')еФ(—4°)о(—4') 
q'v(q^W(q*?)e(a)e(a?) edela )e(—a)e(—4?!) 
V(q9)v(a*)e(—a?)o(— 47) f?(—-49)£?(—-4'*) 
EN ACELAL PELAGO Aue E NUT E DIES. AUN БЕДЕНЕ NE е7 
POV (фе) СР)" 090 
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PPW) Ф(—4'%)е(—4°) 4%0С—47)0(—4) 
ACACA ыо V(—aw(— 4?) 

97 q1*)f(—4* 
т = 1, 13.2 
лу as 


and 
q*V (4®)у (a?)o (a?) o(q?* ) F 9(a?)e(a? )o( —?)e(— a?!) 
yP lt olaola) Ф(9)Ф(47)Ф(— а)Ф(— 4?) 
, 44049%)092)(—42)9(—9") _„ 420(—42)(—42:)ф(?)ф(9?') 
V(q?v(a!*)o(—a)o(—4^) ү(—4дф(—4')Ф(4)Ф(47) 
_ ›4 УЧ) (4°°)е(—4%)ю(—4°°) _ , PUT WG" )о(—4°)е(—4°") _ 
W(q7)W(q'*)0(—47)o(—4"*) yayla elaela) 


(13.3) 


respectively. Because the theta-function identities equivalent to (ii), (iv), and 
(vi) are similar to (13.1)-(13.3), respectively, we do not record them. Next, 
we transcribe, via (0.13), the identities (13.1)-(13.3) into the modular form 
identities 
91(37)9:(71)92(31)92(7т), go(31)go(70)g1(31)g. C71) 
91(t)91(21t)g2(t)g2(21t) — go(t)go(211) 93 (t)g1 (217) 


_ 9o(31)go(71)g2(31)g92(77) , 1n G0) (17) 
Go(t)Go(21t)go(t)g2(21t) — (у) (217) 


ho(7)hg(21t) | hh, 21) hh QI) y nT) 


=1, (13.4) 


KOMON ORG) MOROS ыб) | “> 
and 
a.0.0190,859;1:) | a (39)95139,:9, 01+) 
91(t)g1(7t)g2(t)g2(7t) Jo(t)Go(77)g1(t)g 1 (77) 
s G9g0199,89g,Q1) — 0:390: 019)№ (3), 21+) 
до(©де(їт)й»(х)д;(7) #1 (t)9,(T=)h, (98, (72) 
Qno Ioh. _ a Goa CIO ORO) | aa 
920900790979) nOn Т. О” 
respectively. 


In the introduction to this chapter, we showed that if F — 9» hj, Or n, 
0 < j x 2, then F has a multiplier system vp of the form 


a b Co 
„(2 8)-(8) us. asp 


Furthermore, if n is a positive odd integer, then F(nt) is a modular form on 
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Г(2) a T,(n) with a multiplier system v,|n that has the values 


a bY [nY([co : 
NINE 


provided that (n, 6) = 1. Here, (^ 5) є Г(2) NI p(n) and co = c if F = n, 90,91, 
g2, һу, while cy = 2c if F = ho, hy. If n is odd and 3|n, (13.8) is still valid for 
F = д; ог, 0 € j < 2, but is not valid when F = у. Moreover, from (0.14) 
and (0.18)-(0.23) we note that on Г(2), £2 = 1for F = g; and 48 = I forF = h;, 
where 0 < j < 2. Using (13.7), (13.8), and the foregoing observations, we may 
easily verify that each expression in (13.4)-(13.6) has a multiplier system that 
is identically equal to 1, with the possible exceptions of the two expressions 
involving eta-functions. Now observe that, in the instance at hand, 3} d, so 
that d? — 1 = 0 (mod 24). Thus, from (0.14), the multiplier system of r(nt) is 


equal to 
a b a nb c/n idinb—cjn)/12 
= za sro nid(nb —c|n 1 13.9 
мие а) ан а) 0) ia» 


Using (13.9) for n — 1, 3, 7, and 21, we readily verify that the last expressions 
on the left sides of (13.4) and (13.5) each have a trivial multiplier system. In 
conclusion, for each proposed identity, (13.4)-(13.6), each expression has a 
trivial multiplier system. 

If we were now to use (0.30) or (0.38), we would find that the amount of 
computation is fairly high because the weights r are relatively large. Thus, as 
in Section 7, we derive additional information about the orders at the cusps 
in order to decrease the amount of computation. Because similar knowledge 
is needed in Sections 18 and 19, we proceed more generally than is necessary 
here. Furthermore, we discuss the function f, which appears in Sections 18 
and 19 but which is irrelevant in this section. 

Let n = pq, where p and q are odd primes, let Г = Г(2) M (n), and let 
М = МГ; C) denote the width of T at the cusp ( € Qu {3}, where § denotes 
the point at oo. 


Lemma 13.1. If r and s are coprime integers, then 
r n 
МГ; - | = 2._—. 
| ) (п, 5) 


Proor. The proof is exactly like that of Lemma 7.2; just replace 11 Бу n 
throughout the proof. 


Lemma 13.2. If we set 


1 2 1 2 1 
а= = nea inb з=» (6 = 2, 
1 2 1 
unb" а=» эе бо = 5, 7p and {= 7, 
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then 


(i) €,,..., 12 is a complete set of inequivalent cusps for Г, and 
(ii) if ri, r2, s,, and s; are integers such that (r,, s,) = (r2, S2) = 1, then r,/s, 
and ғ, [5 are equivalent cusps modulo T if and only if 


ry =f, and 5; = 5, (тоа 2) and (n,s,)=(n,s,). (13.10) 


Proor. If r,/s, and r,/s, are equivalent cusps modulo Г, we can choose 
Ber so that 


Then the conditions (13.10) follow, which shows that they are necessary. 
Using (13.10), we easily check that no two of (,,..., C12 are equivalent cusps 
modulo Г. Then an application of Lemma 13.1 shows that 


3 NCT; C) = 6(p + D(a + 1) = (Г@):Г), 


which, by Rankin’s book [2, Eq. (2.4.10) ], shows that (,,..., (,2 isa complete 
set of inequivalent cusps for Г. 

Now suppose that the conditions (13.10) hold. Choose i and j so that 
74/5; ~ C; and r;/s; ~ ¢; modulo Г. But then by (13.10) and the definitions of 
6, S 6405, itfollowsthati = j. Thus,r,/s,; ~ r;/s;, and the proofis complete. 


Recall that for a cusp ¢ and a modular form F, the order of F with respect 
to Г at ©, Ord, (F; ©), and the invariant order of F at ©, ord( f; ©), are related 
by the equality 

Ordr(F; ©) = N(T; C) ord(F; C), (13.11) 
where, as above, N(I; C) is the width of F at б. We also recall from Lemma 


0.1 that if M = (? 5) іѕ ап integral matrix with determinant m = ad — bc > 0, 
and if (r, s) = 1, then 


2 
ord(F|M; r/s) = = ord (в м7), (13.12) 
where g = (аг + bs, cr + ds). 


Now let d be one of the factors p, q, or pq of n — pq and choose B — 
* $) eT (2) such that 


6=0(modd) and y= 0 (mod e), 


where e — n/d. We call 
d 0 
M,:— B 
en 1) 


a Fricke involution of level d for Г = Г(2) ^ I'o(n). For completeness, we also 
define M, = (4 9). 
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The following lemma is very important for later computations. 


Lemma 13.3. Let r/s € QU {оо} and let Е be any modular form on Г. Let 
M = M,, as above. Then 


Ord, (rm; 4 = Ord,(F; ut) 
In our proof of Lemma 13.3, we use the following simple, general lemma. 


Lemma 13.4. Let M and A be 2 x 2 and 2 x 1 integral matrices, respectively, 
and let G = MA. Let m, а, and g denote the greatest common divisors of the 
entries of M, A, and G, respectively, and let d = det(M). Then 


ma|g and mg|da. 
Proor. The first conclusion is clear. The second claim follows from the first 
and the equality 
dM !G = dA. 


PROOF OF LEMMA 13.3. We employ the elementary properties ((a, b), c) = 
(a, b, c) and (a + b, b) = (a, b). 
Let (r, 5) = 1, let M = (5 5), and set 


r r dar 4- Bs 
И = м() Е E t a 
With g = (r', s’), the width of T at r'/s' is, by Lemma 13.1, 
r r n n n(r’, s' 
n(n 5) E n(n =) " ^i, s/g 2 ра) К des 7 кы) 
By Lemma 13.4, gid, since (r, s) = 1. Thus, since d|ó and (d, В) = 1, 
g = (d, g) = (d, r’, s') = (d, dar + Bs) = (d, Bs) = (d, s). (13.14) 
We now apply Lemma 13.4 to 


в={„)-( dl) 


We see that m, а, g, and d of Lemma 13.4 are replaced by d, 1, g' :— (nr’, s"), 
and nd, respectively. We thus conclude that g'|n. Hence, 


g' = (n, д”) = (n, ndar + nfs, dyr + ôs) 
= (n, dyr + ds) 


= б у + 7) 


= d(e, s), (13.15) 
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since e|y and (е, 6/d) = 1. Finally, from (13.13)- (13.15), 


ag’) 524, 5) 
n(r; м”) = 3 (13.16) 


Thus, by Lemma 13.1, (13.11), (13.12), (13.14), and (13.16), 


Ord, (F|M; r/s) = 2 — S ога(; м) 
таг ,T[S) = (п, з) d , Š 


_, nd, 5)? or 
= d 90. sir dis ) 


- s(r. м!) ога (в м!) 
S $ 


= Ord, (r: м!) 


which completes the proof. 


Lemma 13.5. The Fricke involution M, interchanges the cusps 6,, 65, ..., бїз 
ofT = Г(2) ^ To(n) pairwise. More precisely, we can group the indices into pairs 
{i, j} such that M4U; ~ C; and М, ~ C; modulo Г, where j is determined by 

i+9,  fori-1,2,3, when d = pq, 

i+ 3, for i = 4, 5, 6, when d = pq, 

i+6, fori=1,2,...,6, when d = q, 

i+ 3, for i = 1, 2,3,7, 8,9, whend = p. 


Pnoor. The result follows from Lemma 13.2 and the definition of M,. 


We conclude that if we know the orders of F at (,, (,, and ‘з, then we can 
use Lemmas 13.3 and 13.5 to determine the orders of F at (,, Ca, ..., C45. 

In order to uniformly examine F(t), F(pt), F(qt), and F(pqt), where F = n, 
fi» gj от h;,0 < j < 2, we consider the effect of М, on a modular form F(/m:), 
where /|4 and mle. Then also 7|6 and mly, and so 


fa тВ|та 


F(¢mt)|M, = (гт) ! ^F ym 8017 


= (fm) 10, В) (тај) Е m) 


= (d£? ^v,(() B)F E m). (13.17) 


20. Modular Equations of Higher and Composite Degrees 407 


In order to simply determine the multiplier system vp above, we impose 
further restrictions on the matrix В. We require that B = (2 9) (mod 2*3e), in 
addition to our previous requirements that y = 0 (mod e) and 6 = 0 (mod d). 
An examination of the multiplier systems (0.14), (0.16), and (0.18)—(0.23) for у, 
fı» gj, and hj, 0 € j < 2, now shows that 


O(a, mB, y/m, 5/7) = 0 (mod 48), 


in each case. Furthermore, since 6 = 1 (mod 8) and / is odd, 6/¢ = / (mod 8). 


Hence, by (13.7), 
fo mf Du) in 
= (70/7) „т-м, 13.18 

"(o d (57 y coy 


where 
_ fr ШЕ =n, fi, 90,91,92 ħi, 
Jo = Voy, if F = ho, hy. 


Employing (13.18) in (13.17), we conclude that 
F(¢mt)|M, 


| d 
(4/42) (") H ече-зак(® т), if F =, fi. до, 01,02; Mis 
* 


uy) B gr DAE (im), if F = ho, hz. 
* 


Now apply M, to the proposed identities (13.4)-(13.6). First, М; and M; 
transform (13.4) into the reciprocal identity, that is, the identity relating 
modular forms that corresponds to the reciprocal modular equation (ii). On 
the other hand, M3, (and M,) preserves (13.4). Second, M; and M,, transform 
(13.5) into its reciprocal, and M, and M, preserve (13.5). Formula (13.6) is 
preserved by M, and M, but is transformed into its reciprocal by M,,. 

If we clear denominators in (13.4)-(13.6) and collect terms on one side, we 
obtain, in each case, an equation F — 0, where F is a modular form of weight 
r = іу on T (2) To(n), and where v is the number of factors in each term of 
F. Since у, д and hj, 0 < j < 2, have no poles, neither does F. 

Let F* denote the modular form corresponding to F that arises from 
the reciprocal relation, and suppose we now calculate the coefficients of 
4°, q', ..., q" in both F and F* and find that these coefficients are equal to 0. 
Then by Lemmas 13.3 and 13.5, 


Отгаг(Р; Gi) z H + 1, 
for і = 1, 4, 7, 10. By the valence formula (0.30), (0.6), and (0.24), we may 
conclude that F = 0, provided that 


4(u + 1) > dr(T():T) = (р + D + 1), 
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or 
v(p + 1)(q + 1) 
16 | 


In the present applications, р = 3 and q = 7; that is, (p + 1)(q + 1)/16 = 2. 
The following table records the minimum value of и necessary to effect a proof 
of the identity, at least according to the reasoning we have used. 


EE (13.19) 


Using the computer algebra system MACSYMA, we have calculated the 
coefficients of F and F* through q” and have verified that all, indeed, are equal 
to zero. This then completes the proof of (13.4)-(13.6) and therefore of Entry 
13 as well. 


Entry 14. Let p, y, and 6 be of the third, eleventh, and thirty-third degrees, 
respectively. Then 


о у = ее, 


Bod — В)(1 — ôN"? 
-9[f cx | EMI MH = , 
e a(l- 2) ee 


а ey т é – a)(1 — Au 7 ee -%)(1- ae 
В (800—9 —Wea-pa-3 

_ a – a)(1 — ny (35 

Bà —B)01—9) — ^ Jmm" 


where m and m are the multipliers associated with the pairs а, В and y, д 
respectively. 


7 


Ркооғ or (i). Applying (36.10) with и = 6 and v = 5 and utilizing Entry 18(iv), 
both in Chapter 16, we find that 


2qv (a) (4\1) = 2af(a??, q'")f(a, 2°") + 2a'?f(q??, a??)f(q ^, q^?!) 
+ 2a? f(a, q^ )f(a 9, 4) 
= 2af (a, a" f (a?*, a7") + 2a*f(q^, a?) f (q^? 4°) 
+ 24:79, q)f(q ^, a?!) 
= (9, 4?) — 7—9, – 92) Uf (a^, 4?)  f(-a!*, —4?)j 
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+ Ла, а?) + f(-a, –9°)}{ а", a?) — f(-q*!, —4??)} 
+ 2q*V (a?) (q^?) 

= f(a, PS, q?) — f(—a, -Pfa —4??) 
+ 24% (а®)у (42%), (14.1) 


where we have used Entries 30(ii), (iii) in Chapter 16. Now by Entry 19, (22.3), 
and Entry 22, all in Chapter 16, we find that 


fla, 4?) = (—; а%)„(— 975 а?)„(4°; 49 
LC @.(4°; Pe _ (45; a). 4) _ Ф(—4?) 
(—4; 4°) (9; 4?)., x(—4) 
Using (14.2) in (14.1), we deduce that 


(14.2) 


11) Ф(—4°)ф(— 45) | E NES D 2 4 3 33 
24у (a) (a ^) ЕС), FDI) + 2a*v(a?)V (4 Hu 
14. 


Translating (14.3) by Entries 10(ii), 11 (1), and 12(ii), (vi) in Chapter 17, we arrive 
at 


ү {(1 — fü — 3^ 
ay) "25m —ayü — 5) 


_ (аен) + 2-03 (pco yt (14.4) 
23233 uis 


Next, replace q by —q in (14.3) and transcribe the resulting identity via 
Entries 10(1), 11(ii), and 12(i), (v) in Chapter 17 to find that 


(BG — py — ô) 
ay(1 — a)(1 — y) 


1/8 
) *272(ay(1 — а)(1 — ) 2 


21211 ue -1/3 
- E (-1 +2 {ay(1 — a)(1 — y)}). (14.5) 


23233 


Now we apply (36.3) with и = 6 and v = 5 and Enry 18(iv) seven times, 
both in Chapter 16, to deduce that 


2{Ф(4)Ф(4!!) + oe(—a)o(—4!)) 
= f(q ??, q'?) f(q??, 4:2) + q'?f(q 176, q98) f(q?2, 478) 
+ ala, 4“) f(q>’, q ?9) + ge. 1) f(q"?, q 9) 
+ q1??f(g398, q *^*)f(q??, q 99) + q?99f(g352. а ?5)f(q1 ?, q ?9) 
= q(q'?)o(q'??) + 24%/(4®, q") f(q9*, q'79) 
+ 24! 8f (q^, q??) f(q*^, 422°) + 4939 (q? ^) (q?5^). (14.6) 
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But by Entries 25(1), (11) in Chapter 16, 
2{Ф(4)Ф(4!1) + Ф(—4)Ф(—411)} 
= 4{Ф(4) + 9(—49)} {e(q"*) + ф(—4!!)} 
+ {ela - Ф(—4)}{Ф(4\!)— Ф(—4'1)} 
= e(q*)o(q**) + 44 ^y(q*) v (q^). (14.7) 
Substitute (14.7) in (14.6) and replace q* by —q? to deduce that 
ф(—9)ф(— 4°?) — 44% (4%) (4*%) 
= Ф(—4°)ф(—4°®) — 24°/(4*, a*)f (a*^, q**) 
+ 24%/(—4°, —4\°)/(—4?%, — 4119) — 4q!*y (a! ?) (a ?). 
Now replace q by 4° in (14.3) to obtain the equality 


132) 


aarp) = $E IO? -Aa 


+ 24!®ф(а!®уф (413°). 


Combining the last two equalities, using (14.2), and invoking Example (v) of 
Section 31 in Chapter 16, we deduce that 


фФ(—4?)Ф(—4??) = ф(—4%)ф(— 4%) + 2a*f(—q^, —q'?)f(— a^^, —q''?) 
— 24?/(— 4°)/(— 4) 
= o(—4°)o(—49°°) + 24% (4%®)у(— 4?) (4°®)у(— 9°?) 
— 2q?f(—q*)f( — 4%). 


Translating this via Entries 10(iii), 11(ii), and 12(iv), (vii) in Chapter 17, we 
find that 


(9 -p – 2 (8б)'* 
(1 — a) — 7) 218 {ary(1 — a)(1 — j^? 


2124, | 7? = a^y m 
Qu) ter (auc) p owe 
Finally, we add (14.4) and (14.8) and subtract (14.5) to deduce that 
ey 7 С - #0 — 2 В С - fü = 2x 
«у (1 — a)(1 — y) ay(1 — a)(1 — y) 
+ 2713 (ау(1 —a)0 — у) "?*((q — B) — б)}'# + (88) ^ — 1) 


21211 ue - -1A2 4 
={ К) {3+2 -a A — a) (1 — 5)" 


23233 


+ (ay) ^ — 1j. (14.9) 
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By Entry 7(i), the last expression in parentheses on the left side is equal to 
— 243 { B5(1 — B)(1 — 5)}*1?, while the last expression in parentheses on the 
right side is equal to —2*? {ay(1 — a)(1 — у)} '?. Hence, (14.9) reduces to 
Entry 14(1), and the proof is complete. 


Pnoor or (ii). Formula (ii) is simply the reciprocal of (i). 


Entry 15. If В is of the twenty-third degree, then 
() —(x8)5 + (1 — 90 — 8)? + 27° {apa — о)(1 — 8)}!7 = 1, 
(i) 1+ (08) + (1 — a)(1 — B)}* + 24° (ap(1 — a) (1 — B]? 
= (21 + (a)? + (1 а) — y). 


and 
2 
(iii) m — 3 
m 


= 2((a8)^ — {(1 — а)(1 — B)}**)(11 — 13-4" (a(1 — a) (1 — B)}1?* 
+ 18-243 {ap(1 — a)(1 — B))?? — 14(aB(1 — a)(1 — 8)}!® 
+ 2? (apa — a) — B). 


Ramanujan's formulation of Entry 15(iii) (р. 249) appears to be incorrect, 
and we have corrected it here. 

Entry 15(i) is due to Schróter [3], [4] who does not give his proof. A more 
complicated modular equation of degree 23 is proved in his thesis [1] and is 
also found in his paper [2]. Since the proof of (i) is decidedly nontrivial and 
since there seems to be no proof in print, we provide one here. 

Formula (ii) follows from (i) by elementary algebra, and so we begin with 
this deduction. 


PROOF or (ii). Put 
(ab) + (1—2)(1— В)} 5 21—: and (af(1—2o)(1-— B)]? =u. 
Then (i) is equivalent to the equality t? — 4u. Now, 
{2(1 + (48)? + {(1 — 90 — j'2)'? 
= (2(1 + (1 — 0* — 4u(1 — t + 252)? 
= 2(1 —2t + 30 — $P + 31* — 35 + 1516)? 
=2 — 2t + 212 — 4t? 
= 1 + (1 — t}? — 2u + (4u? 
= 1 + (ap) + {(1 — o)(1 — 8))^^ + 249 {apa — a)(1 — p)’, 


which completes the proof. 
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PRoor or (i). We derive two modular equations of degree 23 and then combine 
them to deduce (i). 
In (36.11) of Chapter 16, set и = 12, о = 1, and Q = 42° to deduce that 
2{ f(AQ, Q/A)f(Bq, q/B) + f(— AQ, — Q/AM(— Ва, —a/B)) 


11 : A 24+4n B? 24—4n 24+4n 
= у 4 B^f ( = са анн ) (ава, = Am | (15.1) 


ВЭ’ А 


Apply (15.1) with A = В = 1; A= —B =i; А = 0, В = q; and А = iQ, 
В = — iq, іп turn, to deduce that 


2(Ф(0)Ф(9 + e(— Q)o(—a)) 

_ X qe? f(Q24* n, 924-4 (424—4, qa), (15.2) 
2{/@О, —iQ)f(— ia, іа) + f(—iQ, iQ)f(ia, —14)} 

_ p (— 1yg*?f(g24*9, 024—4) 424—4", gh (19,3) 
700°, DA, 1) - f(- 9?, ^ 0f(- a^, —1)) 


Em H qnit 024-8) r(g*5- 4°"), (15.4) 


a 
І 
о 


апа 
2{ fiQ, —i)f(—ig’, i) + f(— iQ’, i)fliq’, —i)} 
= Y (ане, gemma) — (15.5) 
We now use Entries 18(ii), (iii) of Chapter 16 in (15.4). Also, easy exercises 
show that 
(іа, —ig) = o(—4*) and flig, —i) = (1 — i)y(—4?). 


Multiply both (15.4) and (15.5) by q to get (15.4) and (15.5), say, respectively. 
Then add (15.2) and (15.5) and subtract (15.3) and (15.4) from them. Using 
the aforementioned simplifications, we deduce that 


S:= $(e(Q)o(a) + e(—Q)o(—4)) — e(—Q*)o(—4*) — 24% (0?) (4?) 
+ 24% (— 0°?) (— a?) 


6 
= 2 2 gon Try (Q208 029—3) f(g28-8e. gre Ter) 


6 
zi 2 а 1090-1208 -D*sg(020*8n. O78- 8") (452—8, q*?"-*) 
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2 y gU o0 c9 0?8-—8"у{ f (geom 2298") 


n=1 
an g Vg. gt) 
6 
—2 Y "100020768: 029-88) (дет, 4599), (15.6) 
п=1 
where we have applied (7.1) with a = —49^*" and b = —q***". Combining 


the terms with indices n and 7 — n, 1 < n < 3, and employing Entries 18(111), 
(iv) in Chapter 16 and (7.1) once again, we find that, from (15.6), 


S=4 Y а" f(Q20* 8n. 028-5") f( —.g** 4". -g8 7) 


= 4q*f(Q?*, Q*?)f( —a*, —a*) + 4q'?*f(Q"*, Q*)f( a, —q7*) 
= 4q* { f(Q^*, 02%) — o^f(Q**, Q*)) f(—a*, —a*) 

= 44/(—0°*, — Q9)f(—a*, —4°) 

= 4q*f(— Q*)f( — 4°). 


Employing (14.7) with q!! replaced by Q, we find that the foregoing equality 
becomes 


e(Q*)o(a*) + 442“0(0%) (4%) — o(— Q*)o(—a*) — 24%/(О?)у/ (4?) 
+ 249 (— Q? y (— a?) = 4a*f(— Q*)f( — a*). 
Next, replace q? by q above, and, consequently, Q? by Q. Translate the 


resulting equality by means of Entries 10(111), (iv), 11(1), (ii), (iv), and 12(iii) in 
Chapter 17 to obtain the modular equation 


HO + а  /1— B? + (1 — /1— 90 — 4/1 — By?) 
- (a — a)(1 — 5^ — b)" + {abl — (1 — pye 
= 2^ {aB(1 — a)(1 — В); 
that is, 
@&)'® + {(1 — 9(1 — B)}*® — {ab — а) — 5^ 
+ 249 {aB(1 — a)(1 — fj"? 
= {401 + (@B)'? + (1 — (1 — 8))2)). (15.7) 


This is the first of the two modular equations that we have sought. 
To obtain the second, we let u = 16, œ = 3, and О = 42° in (36.14) of 
Chapter 16. Hence, 


9(Q)o(q) + e(—Q)e(—4) + 44% (О?)у (4?) 


= 2 2 q*" f(Q?? * ^", 32 f(g? q** 9) 
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= 29(Q??)o(q*) + 2a?*9f(Q**, 1)f(q ^, 4°%) 
+ 4 Y eer Q??-*n)f(g8- on gene), 
n=1 


where we have combined the terms with indices n and 16 —n, 1 nx 7. 
Combining the terms with indices n and 8 — n, 1 < n < 3, and utilizing Entries 
18(i1), (iv) in Chapter 16, we find that 


e(Q)o(q) + o(—Q)o(—a) + 4aév(Q?)u (4?) 

= 2{(Q°”) + 20%(0%)}ф(%) + 84%% (01%) у (41%) 
+ Aq* ( F(Q, 03%) + Q*f(Q*, Q9?)) F(a", q'^) 
+ 4qU ( f(Q?*, 9*9) + o*f(Q^, 0°%)) f(a*, q'?) 
+ 4q7°{ f(Q?9, Q44) + Q?f(Q"?, 0°®)} f(q*, 41°) 

= 29(0*)o(q*) + 84**(Q15)u(q!9) + 4a*f(Q*, Q9) f(a?, q'^) 
+ 441% (0®)у (4%) + 4q?5f(Q?, Q^) (4°, 4:9) 

= (e(Q*) + 207W(Q**)} (o(a*) + 2a^v(q!*) 
+ (e(Q*) — 2020(0'%)} (ф(а°) — 24% (4`%)} 
+ 24? (f(05, Q*°) + QfQ, Q'*)) (Lf(a, 4:9) + af(q?, q'*)] 
— 29° (f(Q*, 01°) — Qf(Q”, Q**)} (f°, a°) — af a’, q'*)j 
+ 44 ^y (Q Y (q*), (15.8) 


where in the penultimate equality we employed (7.1) three times as well as the 
equality 
ola) = Ф(9*) + 2ay q^), (15.9) 


which is a ready consequence of Entries 25(i), (ii) in Chapter 16. Now use (15.9) 
four times and (7.1) also four times to reduce (15.8) to the identity 


e(Q)e(q) + e(—Q)e(—4) + 445v (О?) (q?) 
= ф(0?)ф(4?) + Ф(—02)ф(— 4?) + 24°? (О) (a) — 24?V(— QU(— а) 
 4q! ^y (Q^) (q*). 


Lastly, we translate this identity with the aid of Entries 10(i)-(iv) and 
11(i)- (iv) in Chapter 17 to deduce that 


1+ (4 — a)(1 — В) + (08): 
= $0 4/1 — о)!2(1 + /1— B)? + t1 — a) — 8] P (a8) 
-= {98(1 — 9 — В) + 30 — 4/1 — a^ — /1 — В)", 


which can be recast in the form 
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1 + (В) + {(1 — 9 — Bj — (x8)? — (1 — 9 — В) 
+ {aB(1 — o) — By} 
= {901 + (48)? + ((1 — 9(1 — 8))'2)), (15.10) 


which is the second of the modular equations that we sought. 
Equating the left sides of (15.7) and (15.10), we deduce that 


(1 — (ap)! — (1 — a)(1 — B)) Y? = 243 (af(1 — a)(1 — p) t2. 


For small o, the expression within the outside curly brackets on the left side 
is approximately equal to іх > 0. Thus, in taking the square root of both sides, 
we arrive at 


1 — («y^ — (1 — a)(1 — p)} = 278 (af(1 — о)(1 — p), 
which is formula (i). 


Observe that, by adding (15.7) and (15.10), we obtain (ii). 


PROOF or (iii). We employ the theory of modular forms. We first translate (i) 
by means of Entries 10(1), (ii), 11(1), (ii), and 12(1), (iii) in Chapter 17 to find that 


ф“(4) — 23o* (q^?) 
= 2Qq?y (a (q??) — oboga) — 26qf (Qf (a?) 


+ 364?f(—q?)f(—4*9) — 284%0(— 4)0(— 423) 
е е. 
oep) / 


Using (0.13), we write this proposed identity as an identity involving modular 
forms, 


g3(t) — 2391231) 


+ 89 


= (4ho(t)ho(23t) — 2, (hy 230)(1 1g1(1)g1 (231) — 26/,(тх)/, (231) 


АА 

+ 36n(t)n(23t) — 28h, (т), 231) + 809,230) : (15.11) 
Using (0.14), (0.16), (0.19), and (0.21)-(0.23), we may easily verify that each 
expression in (15.11) has a multiplier system identically equal to 1. 

Letting Г = Г(2) ^ Го(23), we see from (0.6) and (0.24) that рг = 12. If we 
clear fractions in (15.11) and rewrite (15.11) in the form F := F + Е, ++ 
Е, = 0, we observe that the weight r of each form equals 3. Thus, by (0.30), 
in order to prove (15.11), we need to show that the coefficients of q/,0 < j < 36, 
in F are equal to 0. However, if M is as in (0.31)- (0.37), we readily find that 
F|M = —F. Thus, by (0.38), we need only show that the coefficients of 47, 
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0 < j < 18, in F are equal to 0. Using MACSYMA, we have, indeed, verified 
this, and so the proof of (15.11), and hence of (iii), is complete. 


Entry 16. If B is of degree 19, then 
. (1 py 1/8 p 1/8 Pa py 1/8 
вз quo) 
pa py 116 (1 py 1/8 В? 1/8) 1/2 
an) ee) a 


= m(3(1 + af + /(1 — а)(1 — B)? 


and 
- a \ 18 (1 — T (© = 2)" 
9 (5) SS *\ R08) 
B 6 = 1 (ee ate: ce ae 
B — p) p 1—8 
= 2 ga + Jai + a) — B9). 


Observe that (ii) is the reciprocal of (i), and so it suffices to establish (i). 
However, we use the theory of modular forms and apply (0.38). Thus, in fact, 
(i) and (ii) will be established simultaneously. 

Previously proven modular equations of degree 19 by Sohncke [2], Schláfli 
[1], Fiedler [1], Weber [1], Russell [1], and Fricke [1] do not have the 
simplicity of Ramanujan's modular equations in Entry 16. 


PROOF OF (i). Utilizing Entries 10(i), (iii), (iv) and 11(i), (ii), (iv) in Chapter 17, 
we rewrite (1) in the form 


Ф(4?)е(49%) + 4419 (q*)y (q79) 


9-47). ойт ЇЧ a, C4 
Ф(— 4) yla) v(— 9) 


4705-4.) p 3(g19) vu 
—2(2 = = 
e Са loa) eg 4 wg 


Written in terms of modular forms, by (0.13), the foregoing equality becomes 


e 992,89) + 49,(21)g; 881) 


_ һ3(19т) „!юЧ9т) ү 1099. 
h(t) ho(t) h(t) 
һў(19т) ye о g1(19:) m x 
hi) ( holt) — gi() holt) Y 


(16.1) 
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We now must examine the multiplier systems for each term in (16.1). By 
identically the same proof, with 11 replaced by 19, we deduce as in Lemma 
7.1 that g, (21)g, (381) + 49,(2т)9,(38т) is a modular form on Г = Г(2) A Г,(19) 
with the multiplier system ($). If F = g,, ho, hy, or h;, then by the same 
reasoning that gave (7.16), we find that F3(19z)/F(t) has a multiplier system 
equal to (35). Thus, upon multiplying out in (16.1), we find that each term has 
a multiplier system identically equal to 1. 

Multiplying out and clearing denominators in (16.1), we may rewrite (16.1) 
in the form F := F, + F, +++- + Fio = 0. The weight r of each modular form 
F,1xj < 19, is equal to +. Also, by (0.6) and (0.24), рг = 10. By (0.38), if we 
verify that the coefficients of 47, 0 < j < 27, in both F and F|M are equal to 
0, then the proof of (16.1), and hence of both (i) and (ii), is complete. Using the 
computer algebra system MACSYMA, we have, indeed, found that all of the 
required coefficients are equal to 0. 


Entry 17. We have 

(i) Ф04)Ф(4°°) = ф(—4Ф(—9?°) + 4af(—a!9?)f(—a'*) + 4a*V (a?) (47°), 
(ii) elel) = Ф(—4)Ф(—9') + 44% (41°) (415) — 44°f(— 4?)f(— 479), 
(ii) Ф(9)Ф(4'°°) = e(—4'?)e(—47*) + 2af(a?)f(q*?) + 24% (4°) (a?"), 


and 


(iv) ф(95)ф(92') = ф(—42)ф(—42'°%) + 24 V (a) (a5) + 2a? f (a?) f(q**). 


Proof or (ii). First, putting A = B = 1, р = 6, and v = 1 in (362) of Chapter 
16, we find that 


Hola ola) — o(—4*))o(—4^)] 


5 
е q US Hor fg ere ДРСУ 9) (а262 6 g:-) 
n- 


2 
= 2 2. атаба), дот i C ean g^ 5. 


where we have employed Entry 18(iv) of Chapter 16 to show that the terms 
with index n and 5 — n, 0 < n < 2, are equal. Second, setting и = 6 and v = 1 
and replacing q by q? in (36.10) of Chapter 16, we arrive at 


2q*y (qu lat) 
= 2 y gio aero yuan. gus atero 470218), 
п=0 


Subtracting the latter equality from the former, employing Entry 18(iv) in 
Chapter 16, and noting the cancellation of the terms with index 1, we see 
that 
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tlel ola) — Ф(—4)Ф(—47)) — 24V (a! ?)u(q'*) 
= 2f (q*9^, 425%) (a*f(q?, 4°?) — q?f(q!9, a**)} 
+ 2704779, 47%) (q'?f(q!9, q!*) — q'*f(q^, q??)j 
— 2g? ( f(q'®, а!*) — PFE, q??)) ( f(q?*9, q*9?) — q?9f(q?0, a) 
—2q?f(—q^, —a*)f(—- 479, — 4'*°) 
—2a?*f(—a^)f(—- 479), 


where we have applied (7.1) twice. This concludes the proof of (ii). 


Proor OF (i). In (ii), replace q by q!5 to obtain the equality 
Ф(4)Ф(475) = o(—4)9(— 475) + 44? 5y (q?)y (q! ^^) — 4435/(— q?5)f(— q^). 
Employing Entries 10(i)—(iii) in Chapter 19, we deduce that 
Ф(4){Ф(4°5) + 2475f (q^! , q*?) + 242%”, q*?)] 
= ф(—4){фФ(—4°5) — 2475f(— q?!, — 4) + 24?**f(— q*, — 4%%)} 
+ 44?5y (q?) {a 5 (q79) + f(q?*, q*?) + q1 ^7 f(q!^, 459)] 
— 44% ( — g?Pf( —4*)f(—q!9) + f*(—a*, — 9%) 
fc ^ 
— 420—9, —4®)} fc 


If we now equate rational parts on both sides, we obtain (1). 


Proor OF (iii). The proof of (iii) is very troublesome, indeed. First, replace q 
by —q in (iii) to find that 


9(—49?)o(—45*) — 2af(—4?)f(—4!5) + 2a^v(—a*?)y(—47") 
= ф(—4)ф(— 49%). 


We now translate this into a modular equation via Entries 10(ii), (iii), 11(11), 
and 12(ii) in Chapter 17. With the subscript on each parameter below corre- 
sponding to its degree, we find that 


(525:) ^ (1 — as) = @z7)} 
— (29215) ^27? (aga ,)'P* (1 — ao)(1 — a)] ^ 
+ (25255) ^ {a5a27(1 — a5)(1 — a5,)) "8 
= (Z12135) {(1 — «,)(1 — оз). 


Note that we have obtained a modular equation involving six moduli! Now 
replace each modulus х, by its complementary modulus 1 — 2,,,, to obtain 
the reciprocal formula 


(22525)? (a50.,)!/ = (Z1529)2P (x945) ((1 — &)(1 — 8,5,)) 7^ 


+ (22424)? (a525; (1 — a5)(1 — &,4)] 18 = (213571) (2, 0135)". 
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Now this formula can be translated into the theta-function identity 
2a (45) (427) + 24%/(— a?) —4?7) — 4a*f(— q?5)f( — a9?) 
= 4q*^y (a)y (q?"?), (17.1) 


via Entries 11(1)- (iii) and 12(iv) in Chapter 17. Since (17.1) and Entry 17 (iii) 
have been shown to be equivalent, it suffices to prove (17.1). 

In the remainder of the proof, all references, unless otherwise stated, will 
be to results found in Chapter 16. 

In (36.8), set и = 16, v = 11, and Q = q!?? to deduce that 


q*V (a*)u(q?") = q*o(Q!9)U (43?) + q?*9y (Q??) f(q175, q714^) 
4 ye ао 0:62") (а22", g^ "y 
Replacing q by — q and adding the result to the foregoing equality, we find that 
q^V (q*)u (427) + a*U(—a?)j(—a?") 
= 2g*o(Q'9)y(q??) + 29?^9 y (Q??) f(q1?6, q71**) 
+ 2 y qum -22nt4f(gi6+4n Tor fugas qi 09 
n=1 


= 29*o(Q!9)y (q??) + 24*9%0(032)ф(д'%) 
+ 29?^f(Q!?, Q?0) f(q12, 42%) + 24136/(08, 02*) f(48, 425) 
+ 2q?? 9f (Q*, Q?9) f (q*, а?®), 


where we have made several applications of Entry 18(iv). Rewriting the right 
side with the aid of Entries 25(1), (ii) and 30(ii), (iii), we find that 


aplaya) + a*b(—a?))v(—a?") 
= 4{9(Q*) + e(- 0*3) (e(a*) — Ф(—4°)} 
 &(o(a*) + e(—4*)) (e(0*) — o(—Q*)} + 24? y (Q*)V la’) 
+ 3q°*{ f(Q?, 0%) + f(—- Q^, —99)) Cf(a?^, a9) + f(—a^, —49)) 
+ 39q°*{f(Q’, 0%) — f(— 9^, — 09)) Cf(a?, a9) — f(- a^, —4°)} 
= 1e(0*)o(a*) — 3e(— 0*)o(— 4) + 24?99(Q*)U la’) 
+ q?*y(Q?)y(q?) + a?*y(- 0?w(—- a?) 
= 11000) + o(—9)) (o(a) + Ф(—4)) 
+ 3{(Q) — Ф(—0)}{Ф(4) — Ф(—4)} 
— $e(— Q*)o(—a*) + 430(02)у(а?) + ?*y(-9?)y(—q?) 
= 1e(Q)o(a) + $e(—Q)o(—4) — 3e(- Q*)e(—a*) 
+ q'^y(Q? (a?) + *y(-9?w(—q). (17.2) 
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Next, we employ (36.1) with q replaced by д! and и = 4, v = 1, A = 42°, 
В = q!?, and О = q!°°. Accordingly, 
1 Q5, a” F(a, 412°) + f(- 99, 2477)f(- 9%, 4???) 
E Y да gro ton pio Bo igi ttt 29 ge 795) 
n=0 


= ф(01%)/(4°%, 4°77) + 4135) (99) f(q?*, 42%) 

+ 2455 y (О??)/(4°%%, а?*°) 4 qi? ?f(Q^5, Q^?) f(q!?9, qi) 
= 1{Ф(0°) + ф(—0*)) { f(a”, 49?) + f(—4??, —4°°)} 

+ 4{(Q*) — e(— Q*)) {S 49°) —f(—4", —4°°)} 

+ q!?*y (Q9) ( f(q'?9, 41%) + q?^f(q?*, 42%)}, 


where we have utilized Entry 18(iv) several times and employed Entries 25(1), 
(1) and 30(11), (iii) as well. Employing once again these four entries as well as 
(7.1) in this chapter, we deduce that 


2q* ( f (q?*, q7?)f (499, 412%) + f(—q?8, —47?)f(— 469, —41?9) 
= 24* o(Q*) f(a'?, 4%) + 2a*o(— Q*)f(— "^, —4°°) 
+ 40:39 (99) f(q?*, 4%) 
= ia(e(Q) + e(— Q)) (f(q?, 4?) - 7—9, —45)) 
+ 24*o( — Q*)f(—q??, —4°°) + 34{Ф(0) — e(—9)) Cf(a?, a5) 
tf(—4, —q'*)} 
= qe(Q)f(a*, 4*5) — 4Ф(— 0)/(—4°, —4"*) 
+ 24*o( — Q*)f( - 4?, – 4%) 
= $e(Q) (o(a) — Ф(4°)} + e(- Q) (o(—a) — Ф(—4°)} 
— ф(— 0“) {ф(—4) — e(—4?9)), (17.3) 
where we have used Corollary (i) in Section 31 three times. 
Third, we invoke (36.2) with q replaced by 4!%, u = 4, у = 1, A = 42°, 
В = q !?, and О = q!?5. Then in the second equality below, we apply Entry 
18(iv) several times. In the third, Entries 30(ii), (iii) are employed. In the fourth, 
we make four applications of (7.1) of the present chapter with a = +4, 
b = +q°° and a= t q?9, b = +4°?. Two further applications of (7.1), with 


а= +q°, b = q*?, are made in the penultimate equality. Lastly, Corollary (ii) 
in Section 31 is utilized. Thus, 


HAE, q7?)f(q09, 412°) — /(—4°°, —47?)f(— 499, —41?°)} 


3 
= 2. gi азалро О 29788. О!?-®")/(4372+72п, Д9 728) 


20. Modular Equations of Higher and Composite Degrees 421 


= q?^f(Q!?, Q?9) (4%, 420*) + gt, Q28) f(q132, q156) 
+ PSO, 02%) (9%, 4228) + gF, Q29) f(q1?, 427%) 
= 700°, Q9) {4°%(а%*, 429^) + Fla? 4156) 
+ qf lq, а4??5) + gf (qi, 42'%)} 
+ f(Q, — 0%) (gh f(q**, 429%) — q?9f(q1??, 4156) 
— 4°/(4°°, 422%) + q9of(q!?, a77°)} 
= 50(Q’) (a? f (a5, q99) + q??f(q??, q*?)) 
+ 30(— Q?) (q?9f(— 45, —499) — q?9f( — g?9, —9*2)) 


— 4a Yl- Hyla’) + a?^v(— 49). 
Rearranging slightly, in summary, we have shown that 
2q*{ f(q^*, a”*) f(a, a°) — f(— q?6, —477)f(— 499, —4120)) 
= 2q°*{W(q?)W(Q?) — ф(—4?)ф(— 0?)} 
— 24° (9 (a )u(Q?) + v(—4!*)u(— Q?)). (17.4) 
Subtracting (17.4) from (17.3), we deduce that 
4q*f(—9°°, —4”*)f(—4°, —q'?) 
= 2{9(4)9(Q) + Ф(—4)Ф(— 0) — 2e(—a*)e(— Q^) 
— 4q**y(q*)y(Q?) + 44?*y(-4?)y(—- 0?)} 
— i(o(a?)o(Q) + Ф(—4°)ф(— 0) — 2e( 45) (— Q^) 
— 4q*5y (q!*) (Q?) — 443% (— 4) (— Q?)]. (17.5) 


Quite remarkably, the latter expression within curly brackets vanishes, as we 
demonstrate in the next paragraph. 

Let и = 8 and v = 7 in (36.3). Combine the terms with indices n and 8 — n, 
1 <n < 3, with the aid of Entry 18(iv). Then apply Entries 25(i), (ii), 18(iv) 
again, and 30(ii), (iii). Accordingly, 


2(ф(4`°)ф(а) + o(—45)o(—4)) 
= у, а4ї+°"°](4250+60п, qi 0m (079285 qo 264) 
= ф(42*%)ф(д!%) + 449*y (qt) (q??) 


3 
+ 2 У q'9*f(q749- 908 4?250*60ву (16—28, 4+6*?%") 
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= 1{Ф(4°%°) + o(—4°)} (o(a*) + ф(— 4) 
+ 2(ф(9%) — o(—499)) (o(a*) — Ф(—4°)} 
+ 24%/(415°, 4399) (412, 42°) + 2415) (412°) la’) 
+ 29? f (q99, 42%) уа“, q?*) 
= $e(q*?)o(a*) + 5ф(—4%)ф(—4*) + 24! 9p (q!?9?)y (q*) 
+ 3q*{ f(g, 4°°) + 70—49, —4°°)} ( f(a?, 4%) + f(— a^, —4°)} 
+ 3q*{ f(a", q??) — f(—q?9, —a?9?)) (f(a, 4%) — f(— a^, —a)) 
= $(o(q ^) + o(—4"*)} {e(@) + (-9)} 
+ &(o(a^) — o(—4"°)} (e(a) — Ф(—4)} 
 $e(—a*9?)o(— a*) + а%/ (49°) (4?) + 4% (— 49%) (— 4?) 
= 1Ф(4!°)Ф(4) + $e(—4'?)e(— 4) + 3Ф(—4°°)ф(— 4°) 
+ yla yla?) + aylay g). 


If we replace q by q? in the identity above, we see that we have, indeed, shown 
that the latter expression in curly brackets on the right side of (17.5) is equal 
to 0. Thus, (17.5) reduces to the equality 


Aq*f(—4?9)f(—49?) = 3(o(a)9(Q) + 6(—a)9(—9)) — e(—a*)o(— Q^) 
— 2q?*y (q^) (Q?) + 24?*(—4?)(—Q?) (17.6) 


If we now multiply (17.2) by 2 and then subtract (17.6) from the resulting 
equality, we obtain (17.1), which is what we sought to prove. 


Pnoor or (iv). Replacing q by q!^ in (iii), we find that 
e(q'^)o(q*") = e(—4^)e( —45*5) + 24! *f(q95) f(q?) 
+ 245 (a)y (q?"?). 


Applying Entries 10(i)- (iii) of Chapter 19, we find that the previous formula 
becomes 


ea?) (o(q*) + 24! 5f (q?, 47) + 294" 5f (q, q?)) 
= ф(—42){ф(— 427%) — 245*5f(— 4162, — 4275) 
+ 2q?195f(— g54, —4*98)) 
+ 2415 (q?5f (g?) (4%) + f ?(— 418, 427) — qf? l, — 336) 


+ 245 (а) (q* Py (4155) + f(q5*, q9*) + 4277092, q194)). 
Equating rational parts on both sides, we complete the proof. 


Ја?) 
f(a?) 
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Entry 18. Let В, y, and 6 have degrees 5, 7, and 35, respectively. Let m and m' 
denote the multipliers connecting a, В and у, ô, respectively. Then 
(i) (а8)' + {(1 — à)(1 — 8)) ^ + 249 (aó(1 — о)(1 ~ à)? 
+ (85^ + {(1 — BY — 97^ + 24 {By(L — B) — у)? 
= 1+ {1 + 2% (afyó(1 — a) — Ва — у)(1 — 6)} '?^y, 
(ii) ((20)^ + (1 — a)(1 — 5)} 94 + 249 (aó(1 — a) (1 — 5)} 12) 
х ((00)^ + {(1 — 8) — )} + 249 {By(t — B) — 22) 
= 1 — 2^ (afyó(1 — a)(1 — B)(t — y(t — ô) t 
x ((«Вуб)'® + {0 — a)(1 — B)(1 — (1 — 6)}**), 


(iii) (a8) + ((1 — a)(1 — 8)]"^ + 248 (y — B)(1 — ye (my = 1, 


т 
(iv) (Ву) + (1 — PU — у) — 2*9 taó(1 — о)(1 — aye)" = 1, 


{16By(1 — 8) —37* — (162001 — о)(1 —8)].— (=) 
{16By(1 — 8)(1 — )P7* + {1660 -AU — 15. — 

|. {1605(1 — = — 6) + {1605(1 — a)(1 — 5)}124 

— {16By(1 — B) — 5115 — (162à(1 — a)(1 — 8)] 24 


and 


PROOFS OF (iii), (iv). If we transcribe (iii) and (iv) via Entries 10(i), (ii), 11 (iii), 
and 12(ii) in Chapter 17, we obtain Entries 17(i) and 17(ii), respectively. 
Hence, the proofs are complete. 


(v) 


Proofs of the remaining modular equations are accomplished by means of 
the theory of modular forms. 


Proofs OF (i), (ii), (v)—(vii). Using Entries 10(i)- (iii), 11(1)-(iii), and 12(i), (iii) in 
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Chapter 17, we translate the six modular equations to be yet proved into the 
proposed theta-function identities 


49 Va") a Ф(—Ф(— 92°) ,4%/(—4?)/(—47°) 
Ф(4)Ф(4°°) e(q)o(q??) Ф(4)Ф(4??) 
49 V a w^) " Ф(—4)Ф(— 47) n 48f C -a f (7^) 
Ф(4°)Ф(4') olola’) e(q^)e(q") 
42709) (а?) (a )f(q?? y 
=i i pa ee ecu 
* ( T * o (Qoa ota o5) 
(4a*U (a?) (47°) + 9(— 4)Ф(— 4%) + 4q*f(—q?)f( — q79)) 
x (4a*U (a! )i(a'*) + olg ola) + 4af(—q!*)f(—q!^) 
35) _ PCAC ACM AC hae) 
%()Ф(9?)ф(4')Ф(9°°) 
x (44%(4)у(а5)у(а7)у(а?3°) + ак a) 


(18.1) 


= (4) (4°)Ф(97)Ф(а 


) 
e(a*)e(q")Qav(—a*)U(—4") + 24% (— aJ (— 25) + 704°) 74?) 
= o(a)e(a?5)f(a5)f (q^), (18.3) 
(9) (а?) 2y- —4) — 24% (—а)у(— 425) — f(q)f(q?5) 
= olol ADS a"), (18.4) 
араа?) e(-a)e(-a?) _ 4%(—90(—4°5) 
WPW) e—a) | v(-a3y(—q?) 
2 2 70 
MER 0 


and 
WEW | e(—4")o(—4"*) _ у(—4®ф(—47) 
q'V(aV(a?)  e(—a')e(—-47) 40(—9)4(— 425) 
f(-a9(-4^) __ 
toeroet Eu uen 
Next, we employ (0.13) to rewrite (18.1)—(18.6), respectively, as 
4910092051) М go(1)go(351) n(t)n(35t) 
91(7)9:(35т) g,(0g:1(35:))  gı(1)g (351) 
492599017) 4 2990go(71) 4 (5т)п(7т) 
91(5t)gi(7t) gq(599g.0) — д,(5т)ө,(7т) 


Е РОЈ, (597, (79)/, (350) | 
zs ( + 2 21090.(599:(799:(359), ' 


+ 


(18.7) 
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(492(t)g2(35t) + go(t)go(35t) + 4n(z)n(35x)) 
х (4g2(51)g2(71) + go(5t)go(7t) + 4(5т)/(71)) 


A MAGIA 09/1851) 
g1(091(5991071)g1(351) 


x (4ho(t)ho(5t)ho(7t)ho(35t) + h,(s)h, (5x) h, (75) h,(35x), (18.8) 
91 (5t)g1(7t)(2h, (5x) h, (71) + 2А, (т), (351) + /, (5т)/, (7т)) 


= 91(7)91(51)9:(71)9,(35т) — 8 


= 91(1)91(351)/,(57)/, (77), (18.9) 
91(t)g 4 (351) Ch, (5t)hy (71) — 2h, (t)h, (35x) — /, (2) f, 59) 
= 91(5t)91 (72) f(t) fi (357), (18.10) 


ho(t)ho(35t) | ha(t)h(35t) hh, 59  n(x)n(35t) _ 


hh.) Вб) — 91.09) иби) г 0510 


and 


ho(St)ho(7t) | һ,(5т)һ,(7т) _ һү(5т)һ(7т) п(5т)п(7т) = 
ho(t)ho(35t) һ,(с)һ,(35т) һ,(т)һ, (35)  т(т)п(35т) 


We now apply the theory developed in Section 13. By employing the 
multiplier systems (0.14) and (0.18)-(0.23) in (13.7) and (13.8), we may easily 
verify that each expression in (18.7), (18.8), (18.11), and (18.12) has a multiplier 
system identically equal to 1, while each expression in (18.9) and (18.10) has a 
multiplier system equal to exp{zi(b — c)d/2). In conclusion, for each proposed 
identity, the terms have identical multiplier systems. 

We now apply the operator M, to the proposed identities (18.7)-(18.12). In 
all cases, (18.7) and (18.8) are invariant under the Fricke involutions. Each of 
(18.9)-(18.12) is transformed into its reciprocal by M, and M, but is left 
invariant under M35. 

Proceed now as in Section 13. Here p = 5 and q = 7. Thus, (p + 1)(q + 1)/16 
= 3. Using (13.19), we obtain the following table of values for u and v. 


—]. (18.12) 


Using the computer algebra system MACSYMA, we have calculated the 
coefficients of F and F* (in the notation of Section 13) through q” and have 
verified that, in each of the six cases, all, indeed, are equal to 0. This completes 
the proofs of (18.7)-(18.12) and hence also of Entry 18. 


If we multiply (vi) and (vii) together, we obtain a modular equation first 
discovered by Weber [1]. 
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Entry 19. 
(i) Ф(9)Ф(4%) — pl ol) = 24/(а°) (а? `). 
(ii) v(a")u (a?) — a$V (a (a8?) = f(—a9)f(—4*?). 


(iii) Let В, y, and ô have degrees 3, 13, and 39; or 5, 11, and 55; or 7, 9, and 63, 
respectively, in each case. Then 


1+ ((1—9)(1—2)) + (05)! — {(1 — ә) — д) — (аб)! ® 

1+ {(1 — B)(1 — y)}"4 + (By)* {1—)(1—)}1#— (^ 
— (28)! + {ad(1 — «(1 — б)}'® 
© (By — {Ву(1 — B)(1 — y) y” 


where m is the multiplier associated with a and В, and т! is that associated 
with y and 6. In the third expression, the plus sign is to be taken in the first 
two cases, and the minus sign is chosen in the third instance. 

(iv) If B, y, and б are of degrees 3, 13, and 39 or of degrees 5, 7, and 35, 
respectively, in each case, then 


(z) x (0 — ay1-— 2)" E ү — @)(1— T 
p) 'Ad-Bü-», Wü -B-» 
aoi cades Ne _ т 
í 2 — By — 


m 
(0) : (: - pu - 2 И (ne - p - дү" 
ad (1 — a)(1 — à) ad(1 — a)(1 — ô) 
ра вауу [m 
ш d 12 2) TÉ (5 


where the plus sign is taken in the first case, and the minus sign is assumed 
in the second. The multipliers m and m' have the same meaning as in (iii). 


and 


In fact, in the case of degrees 5, 7, and 35, the two formulas of (iv) are 
identical to Entries 18(vi), (vii), respectively. 

The first and third equalities in (iii) appeared in Ramanujan's [10, pp. xxix, 
353] second letter to Hardy. 

When f, y, and ó have degrees 3, 13, and 39, respectively, multiplying the 
two modular equations of (iv) yields a modular equation first found by Weber 
[1]. 


It will be simplest to first prove (ii) and then deduce (i) from it. 


PROOF OF (ii). Unless otherwise stated, all references in this proof are to results 
in Chapter 16. 
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First, we employ Corollary (ii) of Section 31 and Entry 18(ii). With the use 
of Entry 18(iii), we next apply (36.1) with и = 4, у = 3, а replaced by 4??, and, 
in turn, A = 42'2, 4%? and B = q7??. 9732. Hence, 


V(q")v(a?) — afp (a) (a9?) 
= { fla”, 4°) + aV (q9?)) V (a?) — 4°{ f(a, 4%) + av (q9)) V (4%) 
= į fla, q*?)f(1, q?) — 1f (4, 4®%)/ (4°, 4%) 


3 
= Y gee" THESE (gtt Im, gc Зу (д5?+54п, а???” 
3 
ы 2. gr LIMES Fg Әв) quU 30) f (466+54п, g? 4) 


= 2 Gor tage! +3) Gary /(4%?2*54, Ge) 
n 4\®"*6](4%6* san q6 5^"). (19.1) 


If we now apply (7.1) of this chapter with a = —g$ and b = —q!?, we easily 
deduce that 


f(—4*, – 4?) = /(45°, 4%?) — a°f(a°, 4%). (19.2) 
Furthermore, applying Entry 18(iv) twice with n — 2, we find that 


f(—49*, — 42) = 4: 192, 417%) — а°9%(977°, 4:9). (19.3) 
Using again Entry 18(iv) with n = 2, we see that 


f (aq 2“, q?9) — q?*f(q 45, 429) = 0, (19.4) 
while employing Entry 18(iv) with n — 5, we arrive at 
f(q 192, q294) — q$9f(q7156, 4228) = 0. (19.5) 


Using equalities (19.2)—(19.5) to simplify the terms with indices 0, 2, 1, and 3, 
respectively, we find that (19.1) reduces to the equality 


V (q^ yla?) — aV (a) (a9?) 
= f(q?!5, q??*) f(— 46, 41?) — q**f(q-*?, q5*5) f( —q9, 912) 
= f(— a9) ( f(q?!9, q?9*) — q*?f(g*?, 4*62)) 
= f(—-49)f(—4*?), 


where we have applied Entry 18(iv) and then utilized (19.2) above with q 
replaced by q”. This concludes the proof of (ii). 


PROOF OF (1). Let a; have degree j, and let z, = 9?(q/), as usual. Translating 
Entry 19(ii) via Entries 11(i) and 12(iii) in Chapter 17, we find that 


(2729)? (n, a.,)!/8 = (21253) (o, єз)! 


= 215(2,2,,)? {аза (1 — a5)(1 — а). 
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Replacing o; by its “complement” 1 — аз we deduce that 
(z92;)^ {(1 — ag)(1 — a,)) ^ (26321) ((1 — &g3)(1 — a)y’ 
= 21? (5124)? ((1 — &3,)(1 — azja aa}? 


Translating this formula with the aid of Entries 10(iii) and 12(iii) in Chapter 
17, we deduce that 


e(—4*)9(—4!9) — Ф(—4?)Ф(—4!?5) = 24°/(—4°)/(— 4%). 
If we replace q? by —q, we obtain (i) at once. 


Рвооғ OF (iii). All references in this proof are to Chapter 16, unless otherwise 
stated. 
Apply (36.6) with и = 8 and put Q = g^". Then 


S :— Hol ol ™) + o(—a**')o(— a* ")) + 2a*y(q'** Wig?) 
= y О? 026-49) ат g* ^". (19.6) 
n=0 


By two applications of Entry 18(iv), with n = 1, 2v, we find that 
qi 667m f(g16*48-m Q16-48-m)f(g4*2€8-m. g^ 267») 


= q!68- Q7! i ES di —n)v(2v*t1)T(4-2v(8—n)v(2v-1) 


x oe, pietatem qm) 
= gots, port qw 
Using this equality in (19.6) for 1 < n < 3, we find that 
5 = ф(0'%)ф(4*) + 24779) (Q??) f(q***", q* 9") 
+2 у gie f(Q16*4", 016-4) f(g4- 2m. д5+2)у, (19.7) 
If v is an odd integer, we apply Entry 18(iv) with n — (v — 1)/2 and twice 
with n — v to deduce that, respectively, 
(а, д) = q'7"f(L, 49), 
46%, qt-®) = а?” latt, qt”), 
арі 
ft, 49%) € q *" o(q*). 
Employing these results in (19.7), we find that 
S = o(Q'5)o(q*) + 20*V(Q??)o(a*) + 4aQu(Q*)u(a*) 
 24'*( f(Q*”, Q7°) + Q?f(Q*, Q?*)) f(q**”, q* 7") 
= e(Q*)o(q*) + 4QU(Q*)y(q*) + 24'*f(Q?, Q*)f(q*?", q* ?").. (19.8) 
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In the last equality, we applied Entries 25(1), (ii) and (7.1) in this chapter with 
a = 0? and Ь = 0%. Now in the three cases of part (iii), v = 5, 3, and 1, 
respectively. By using Entry 18(iv) and Entries 25(i), (ii) once again, we see 
that we can write (19.8), in all cases, in the form 


S = ${9(Q)e(4) + e(—0)e(—4))  2(Q4)^v(Q?)V (q?). 
In summary, for v = 5, 3, and 1, 
q(q***)o(q* ")  e(—a***)o( — 4*7") + 4q*j(q! 6*2") (q!67?") 
= Ф(0)ф(9) + e(—Q)e(—2a) + 4(Qa) YQ Yla’). 


Translating this formula by means of Entries 10(i), (ii) and 11 (iii) in Chapter 
17, we deduce that 


(25.,28-,) ^ (1 + {(1 — PA — 91^ + (85^) 
= (254-021) ^ (1 + (1 — (1 — б)}!# + (a)!^). 


This establishes the first part of (iii). 
Next, the three parts of the corollary in Section 37 may be collectively 
written in the form 


q^ (wig?) Wigs”) — v (—q9*»)9(—4877)) 
= (Qa)? {YOy la) + v(— QV(-a)), 


where v — 5, 3, and 1, and where the plus sign is chosen in the first two cases 
and the minus sign is assumed in the last case. Translating this formula via 
Entries 11(1), (ii) in Chapter 17, we find that 


(28428 -,)' ^ (y — {By(t — B)(1 — y)}**) 
= (24,224) "^ (n0)! + (xó(1 — a)(1 — б)}!%), (19.9) 
which establishes the third equality of (iii). 


The reciprocal of the preceding modular equation is obtained by replacing 
а, В, y, and д by 1 — ô, 1 — y, 1 — f, and 1 — o, respectively. Accordingly, 


(zs ze" (1 — (1 — 8) — (1 — 30 — Bey”) 
= (24 264-y2)!({(1 — 8)0 — 9)? + (1 — б)(1 — а)ба}!®). (19.10) 


For brevity, set А = (20), A’ = ((1— a)(1 — 0))!5, B = (Ву): ®, and 
B' = ((1 — B)(1 — у)}!%. Then combining (19.9) and (19.10), we deduce that 
AXAA  A' x AA’ 

B—BB' B'—BB' 

Consulting the statement of (iii), we see that it suffices to prove that 

А+АА A-A 
В- ВВ B'—B 
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By cross-multiplication, it is easily seen that the last two equalities are equi- 
valent. Thus, the proof of (iii) is complete. 


PROOF OF (iv). As we have already seen, we need only prove the case when f, 
y, and 6 are of degrees 3, 13, and 39, respectively. As in the proofs of Entries 
18(vi), (vii), we employ the theory of modular forms. Since the modular equa- 
tions to be established are exactly of the same shapes as those of Entries 18(vi), 
(vii), the proofs are almost identical. Thus, we forego almost all of the details. 
In particular, we do not record the relevant theta-function and modular form 
identities. 

In the instance at hand, p = 3 and q = 13, and so (p + 1)(q + 1)/16 = 3. 
Also, in each case, v = 8 as before. Thus, и = 28 in each case. With the same 
notation as in Sections 13 and 18, we need to show that the coefficients of q°, 
q', ..., 428 are equal to 0 for both Е and F*. Using MACSYMA, we have, 
indeed, done this, and so the proof of (iv) is complete. 


Entry 20. 
(i) Let B, y, and 6 have one of the following sequences of degrees: 


3,21, 63; 
5, 19, 95; 
11, 13, 143; 
7, 17, 119; 
9, 15, 135; 


respectively. Then 
GG + (a5)? + {(1 — о)(1 — 8)]?)p? 
= (a0) + ((1 — a)(1 — б)}!# + (aó(1 — o)(1 — б)}!% 


+ 249 (yd — 00 — npe fe 


where the plus sign is taken in the first three cases and the minus sign is 
chosen in the latter two cases. Here m is the multiplier associated with « and 
В, and m' is that attached to y and ô. 

(ii) Let B, y, and 6 have one of the following sequences of degrees: 


5, 19, 95; 
7, 17, 119; 
11, 13, 143; 


respectively. Then 
GO + (BV? + (0 — B)(L — y)}°?)} 1? 
= (Ву)? + {0 — 8)(1—у)}'* — {By — В) — у)" 


+ 2% {ad(1 — a)(1 — sy |", 
m 
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where the minus sign is chosen in the first two cases and the plus sign is 
assumed in the last case. The multipliers m and m' are as in part (i). 


We first prove the three formulas of (ii). Then the second, fourth, and third 
formulas in (i) can be deduced immediately. Lastly, the first and fifth formulas 
of (i) are established. Because 3 and 21 as well as 9 and 15 have a factor in 
common, a somewhat different argument is needed to establish these two 
formulas. 


PROOF or (ii). Unless otherwise stated, all references in this proof are to 
Chapter 16. 

Let v denote one of the integers 7, 5, and 1 and put Q — q 
(36.8), set н = 12 to deduce that 


wai? (a 77") = ф(О!®уд (42%) + 9*9? y (Q?*) f(g!?*, 424712) 


+ » ао 0:229) 42", qi o) 


144-V^ First, in 


Replace q by — q and subtract the result from the equality above to arrive at 


wg? Wig?) - (429) 47277) 


= 2 у green eran, Q9- t6 f(g sy g^ Py (20.1) 


n=0 
Second, in (36.2), let u = 12, set A = B = 1, and replace q by 42. Accord- 
ingly, 
3(o(q?^* ?")o(q?^-?") — фю(—4?5*?*)ю(— 4247?) 


11 
= 2 qitod itidem) EERE. а ТЕ g 594 (20.2) 
n= 


Third, in (36.10), let и = 12 and replace q by 4° to deduce that 
y (g4** ^") (q^ *") 


5 
= У, доз 8n, QU yrs нав. qa) 
n= 
11 


= X а*%" FU (Qn? tee. Q4 8n) f( 4 tert om gU ee): (20.3) 
We have extended the sum to 0 < n < 11 by using the identity 


д0 190120278 Ur Qe 9 зү fg om ктп), 48—4y—8w(1 Lom) 


q 
X ие DAS ve pt* rn uto won gi toe. 


which is established by two applications of Entry 18(iv), with и = 1, у 
there. 
Combining (20.2) and (20.3), we find that 
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1(o(q7**?")o(q?*7?") — o( —4?**?*)o( — 4?*7?*)) + 24? (q** **")y(g** ^") 
= У l а Кн (Е QU оао С оол g 4-5) 


ak fig B g^* "cem 


= y gi NU ales E) TERR. cen fgets penser) 


n=0 


= Ў gt heer et f(g52+8n Ot) 
n=0 
+ Qty quA ES Qf C e qi rm) 


= Y qM TA Heg C O Ооу, goers) 
n= 


2 
=2 2; г to oper Qo Amy (grep gone PM, (20.4) 


where we have applied (7.1) of this chapter with a = q!?*?"**" and b = 
qi? ?'^" utilized Entry 18(iv) with n = v to combine the terms with indices 
n and n+ 6, 0 < п < 5, invoked (7.1) once more but with a = Q!**^" and 
b = Q!?^*^ and lastly utilized Entry 18(iv) again with n = v to show that the 
terms with indices n and 5 — n, 0 < n < 2, are equal. 

Combining (20.1) and (20.4) applying (7.1) of this chapter with 
а= —q? ^" ?" and b = — q?***?" invoking Entries 18(iv), (iii), and employ- 
ing (7.1) once again but with a = — О? and b = — Q^, we find that 


3(o(q?^*?")o(g?^ 7”) — o(—q?**?)g(—- q?* ?*)) 
+ 24? y (q*** y (q**7**) — gy (a ?*")p(q ? 7) 
+ qiv(-q?*»y(—q??^) 


2 
= 2 L арои отут Де) 


m qt (дот qe 


=2 Y двата, 0109-4") £( — 43—72", eq rrt 
n= 


= 24'°/(0'°, Q'^)f(-q*^*, —4°*") 
+ 24209002, Qf, 9*9) 
= 24"? (f(Q'*, 01) — Q, o?) f(- d^", - 9?) 
= 24" ^f(- Q^, - 9*)f(-q?^*, - a?) 
When v = 7, 5, and 1, the last expression has the values 
24°f(—Q7)f(—4?), —24'9f(—-9?)f(-4?) and 2417/(— 0°?)/(—4?), 


respectively, by Entry 18(iv). In summary, we have shown that 
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9 (gq?**?") o(q?^?") + 44!24(9%8%)(448-%) 
= 24°(4'2*%)(4'27°) + ф(— 42472")ф(— 4247?) 
— 24%0(—4'2*°)(—427°) + 4(qQ)?f(—Q2)f(—4?), (20.5) 


where the minus sign is taken in the first two cases and the plus sign is chosen 
in the last case. 

We now translate this equality via Entries 10(111), (iv), 11(i), (ii), (iv), and 
12(iii) in Chapter 17. If we furthermore use the identity 


11 + /1— B)?  /1— yy? -30 — /1 — py — /1— yy? 
= (41 + fy + J — By — p)}”, (20.6) 


which is easily established by squaring both sides, we complete the proof. 


PRooF OF (i). In (20.5), replace q by 4/27” to deduce that 
g(q94* 2»/a2-9)9(42) is 4q12/02-9y (g(48*49/02-9)4 (54) 
== 243102-%(402 +9029) (9) + Ф(— qU^*?»a2-9(— 4?) 

еи 242310 2-9» d q 2+У)КІ 2-»y( "e q) 

+ 4g" 45—У®%)/12(12-Ууу( —4?°“ 2+») f( EN q'127»), 
We now equate the rational parts on both sides. In order to do this, we must 
employ Entries 10(1)- (iii) in Chapter 19 for the case у = 7, Entries 17(iii)- (v) 
in Chapter 19 for the case v — 5, and Entry 6 in Chapter 20 in the case v — 1. 
The details are somewhat tedious as each case must be examined separately. 


However, the details are straightforward, as in the similar proof of Entry 
17(iv), and we eventually find that 


Ф(0?)ф(4?) + Q YY lat) 
= 2(Qq)'* Y (О) (4) + e(— Q?)o(—4?) + 2(0a) ^u (— Q)V(— д) 
+ 4q7f(—q?**?") f(—q?4-?"), 


where the plus sign is correct when v is equal to 7 or 1, and the minus sign is 
chosen when v = 5. Employing Entries 10(iii), (iv), 11(1), (ii), (iv), and 12(iii) in 
Chapter 17, we see that the foregoing equality transcribes into the modular 
equation 


31 + /1 — o)?(1 + /1 8) +41 — /1 — ay — /1 — б)? 


= («8)!® + {(1 — à)(1 — 8))! + {aô(1 — a)(1 — 5)} 8 
+ 24 £By(1 — B)(1 — ye fe. 


If we use (20.6), we find that the equality above yields the required identity. 
We now establish part (i) in case 1. In (36.8) of Chapter 16, put и = 8 and 
v = 1. Then apply Entries 25(i), (ii) and Corollary (ii) in Section 31 of Chapter 
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16. Accordingly, 
4q^y(q?)v(q?) 
= 44?д(4°°®)у (4! 9) + 4q!?5y (q'*9*) (4°) 
+ 4 Y quo ates (gi thes, 01290470) f(g?" qe 7") 
n=1 


= i(o(q?5) + ф(—4'2%)) (o(a?) — Ф(—92)) 
+ 3{9(q'?*) — o(—4'?*)} ol) + ф(—4?)) 
+ Ag?f (6*9, 4°78) f(q?, q1*) + 4471 f (q9*?, 4125) f(a", 919) 
 4q?^y (a???) (q*) 
= ф(4!?%)ф(4?) — e(—4'?9)o( — a?) + 44??y (a???) (q*) 
+ 4%{ф/ (45%) + у(—4°%)} (¥@ — v(79)] 
+ 4°{ф (4°) — v(—49*)) {у (а) + v(—-a) 
= e(q'?5)o(q?) — e(—4?9)o(— 4°) + 4a?*y (a???) (a*) 
+ 24% (a) (a9?) — 24% (— a) (— 49?). 
Hence, by Entry 19(11) of this chapter, 
4q*y (a) (a9?) + Aq?f (—q9)f( — 4°?) 
= 9(q'?*)o(q?) — e(—q'?9)o( — q?) + 44? y (a???) (a*) 
+ 24% (a) (a9?) — 24% (—4)фу(— 4°). 


Transcribing this equality via Entries 10(iii), (iv), 11(i), (ii), (iv), and 12(iii) in 
Chapter 17, we complete the proof of (i) in case 1. 

Lastly, we establish (i) in the fifth case. Rewriting (17.6) and using Entries 
25(i), (ii) in Chapter 16, we find that 


2q?^y (q? i (4^7?) + ola ola.) — 24?*y( 42)(— 427°) 

+ Aq*f( — 3?9)f( 4%) 

= 3(o(a)o(q?*) + e(—4)o(—4??*)) 

= ite(a) + e(—4)) (e(a ?*) + 9( 49?5)] 
+ 4{9(q) — e(—9)) (ola) — Ф(—9'°°)} 

= Q(q*)o(a?*?) + 44139 (q*)y (41980). 

Replacing q by Ja we find that 
e(q^)o(q?7?) + 445% (4%) (4°) 
= 24 "y (д) (419°) + o(—a?)o(— 927°) — 24" y(—q(—q??*) 
+ 4q?f( — 4! *)f(— q??). 
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Transcribing this equality by the same entries in Chapter 17 as in the previous 
four cases, we complete the proof. 


Entry 21. 
(1) Let ж and В has degrees 1, 7; 3, 5; or 1, 15, respectively. Then 
(x8) + (1 — 90 — 8)? + (apa — о)(1 — pj? 
= (41 + aß + /ü — a)0 — 87^, 


where the minus sign is chosen in the first two cases and the plus sign is 
selected in the last case. 
(ii) Let B, y, and 6 have one of the following sequences of degrees: 


3, 13, 39; 


5, 11, 55; 
7, 9,63. 


Let m and m' denote the multipliers associated with the pairs a, В and у, б, 
respectively. Then 


{(1 — a)(1 — 8)}1# + (8) + (8y(1 — B)(1 — у)}!®) E 
= (3 + aô + ./(1 — @)(1 — 8)? 


and 
(à — 8) — 15 + ((аб)!® + (aó(1 — a)(1 — згө) |" 
= {@ +/ + /0 — B) — »))^, 


where the minus sign is correct in the first two cases and the plus sign is 
correct in the last case. 


Russell [2, p. 388] has derived a modular equation of degree 15 similar to, 
but more complicated than, Ramanujan's modular equation in Entry 21 (i). 

All references in the proofs of (i) and (ii) are to Chapter 16 unless otherwise 
stated. 


PROOF OF (i). We first apply (36.12) and (36.13) when д = 8 and о = 3 and 
subtract the results. Second, we employ (7.1) of this chapter with a = — 4—6" 
and b = —q**®". Third, we apply Entry 18(iv) to the term of index 4 to find 
that 


f(—479, —4?%) = —4 9%ф(—4°). 


By using Entry 18(iv), we next show that the terms with indices n and 8 — n, 
1 <n < 3, are equal. Then we use Entries 25(1), (ii) and further simplify the 
terms by using Entries 18(iii), (iv). Lastly, we invoke (7.1) again but with 
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a = —q!^ and b = — q**. Accordingly, 
Ho(a")o(a) + e(—a47)e(—a)) — 2a^v(q!*) (a?) 


= » q^ f(q12* 28", 412-28) 
х Cf(q1$ 1?" gt) B gq* "ntm q^ 
= у q*" fiq! Lee 4212—28") (— 4—6", — qt) 
= e(q?)e(—q*) — 24°%ф/(4°#)ю(— 9%) 
+2 p 411228", q112-28n) р g4-6n — g4+6n) 


= 3{0(q7*) + ф(—4"%)}Ф(—9*) — itela) — Ф(—42*))Ф(—9) 
— 24^ f (q!^9, q9*) f(—q?, — q9) + 20! 6f (q*?5, q?9)f(—q?, —4°) 
= ф(—4%)ф(— 4) ~ 2a^y(—q'* (—- ^). 
Replacing q by ч, we find that 
3(o(q"?)o(q'?) + o(—a"?)o(—q'?)j 
= 24ф(4”)% (4) + e(—4'*)e(—a?^) — 2aV(— 47) (—4). 


Transcribing this identity by means of Entries 10(iii), (vi), (vii) and 11(1), (ii) in 
Chapter 17, we arrive at 


щі + а) (1 + / 8)? + 3(1 — a)? u — / py? 
= (aß) + {(1 — о)(1 — В) — (aB(1 — а)(1 — В). 


Using an obvious analogue of (20.6) above, we conclude the proof of (i) in the 
first case. 

To prove (i) in the third case, we again first employ (36.12) and (36.13), but 
now with u = 8 and о = 1. Subtract the results and employ (7.1) in this 
chapter with a = — 49472" and b = —4^**?". We then apply Entry 18(iv) to 
simplify the term with index 4 and to show that the terms with index n and 
8 —n, 1 <n < 3, are equal. Next apply Entries 25(i), (ii) and 18(iii), (iv) to 
further simplify the terms. Lastly, we appeal to (7.1) again but with a = — q?? 
and b = — q??. Thus, 


{old ola) + e(—435)o(—4)) — 2a*v(a??)y (4?) 
7 
= PH qt f(g^1 5°", qi 909) f qute e q!6+4”) me 042" 422749, q^) 
= y q^" f (^49 * 60%, 42407 60n) ү g4-2n __g4+2m) 
n=0 


= q(q?^9?)o(— 4°) — 2499 (q**?)o(— 4) 
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3 
4-2 2. go f (g^ ores. 4249-60") r( — 44-28, —4°**?") 
п= 


= ф(—4°°)ф(— q*) + 24°/(4°°°, q!*9) f(—q*, — 4°) 
— 24°*/(4**°, q*9) f(— 4°, —q*) 
= ф(—4%)ф(—4) + 24% (— g y(—q?). Q1.1) 
Replacing q by Ja , we find that 
3(o(q?)o(q!?) + o(— 4 P )o(— 412) 
= 2q^V (а? (а) + ф(— 4%)Ф(— а?)  24^y(— 4 v (— 9). 


Employing Entries 10(111), (vi), (vii) and 11(1), (ii) in Chapter 17, we easily 
transcribe the equality above into the desired modular equation in case 3. The 
details are completely analogous to those in the first case. 

In order to establish the desired modular equation in the second case, we 
first replace q by 4! in (21.1) to arrive at 


iol olat) + o(—4?)o(—4?)] 
= 29? y (q19)y (g??) + 9(— 42%)ф(— gt) + 2455 (— 919) ( — 42). 


Using Corollaries (1), (ii) in Section 31, we equate rational parts on both sides 
above and deduce that 


2{Ф(4°)Ф(4°) + Ф(—94)ф(—9?)} 
= 2gp (4! ^) (a5) + 9(—a?9?)o(— a?) — 24?j(— q! )y( — 4°). 
When q is replaced by Ja , the foregoing equality becomes 
ilolo) + ф(—4°2)ф(—4??)} 
= 240(9°)у(а*) + e(—4'?)e(—a9) — 2a ( 9°)0(— 4). 


Translating this equality by the same set of results from Chapter 17 that we 
used above, we complete the proof of (i) in the second case. 


Pnoor or (ii. Apply (36.3) and (36.4) with u = 8 and v = 5, 3, or 1. Set 
О = q9*^". The theorems that we use below are precisely the same that we 
used in the proof of part (i), and so we proceed without further comment. 
Hence, 


zlo? )o(q*") + o(— q**")o( — 57*)) — 24*y(q15*?)(q1 677") 
= OPO sO) salen go) 
_ g^ t (geet gt 


7 
EN 2 ао, Оо) (етая. — 4472“) 
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= ф(0'%)ф(—4*) + 24? 99 (Q??)f(— 4****, —q*^*") 
+2 Y grr fore О) (дт — q4") 
n=1 


= ф(01%)ф(— 4) — 20*y(Q??)o(— q*) + 24'S, Qat, —9*7?") 
__ 24%°0°](0?%, 0°)/(—4°*?*, -q*?) 

= p(—Q*)e(—q*) 24! 5y(— Q?)f( —9**?*, —q* ?") 

= y(—Q*)e(—4*) + 2(Qa) ^y (— О?) (— q?), (21.2) 


where the plus sign is taken when v — 1 and the minus sign is chosen when 
y — 3 or 5. (We emphasize that we used Entry 18(iv) several times above.) 
Replacing q by Ja, we deduce that 


(4% %2)ф(д® 72) + g(— g(9* 92)o(— 4067?) 
— 2q^W(a* *"y(q*") 
= e(—-Q?)o(— 4?) + 2(0a) ^u (— QV (— д). 


Employing Entries 10(iii), (vi), (vii) and 11 (i), (ii) in Chapter 17 and an obvious 
analogue of (20.6) above, we readily find that 


o + / By + Wl — В)(1 — у))}*? — (fy) 
= ({(1 — 901 — 8))^ + (a6(1 — о)(1 — aye]. 


28-,28+у 


Replacing each modulus by its complementary modulus, that is, taking the 
reciprocal of this modular equation, we obtain the second part of (ii). 

To prove the first part of (ii), return to (21.2) and replace q by q!/^? to 
find that 


21909887) (а) + o( - 906 *9979)g(— q)] — 2467» (q26 *»I6 9) (q?) 
= ф(— q48*?)o(— 48°) + 2(q8* * 879»1A,( — g2(8*),( 2108-0), 


where the plus sign is correct when v — 1 and the minus sign is correct when 
v = 3 or 5. We now equate rational parts on both sides. In the case v = 5, we 
use Corollaries (i), (ii) in Section 31. For у = 3, we appeal to Entries 10(1), (ii) 
of Chapter 19, and for v = 1, we employ Entries 17(iii), (iv) of Chapter 19. 
Omitting the straightforward details, we conclude that, in all three cases, 


2{0(Q)9(q) + e(—Q)o(—4)) — 2(Qa) ^9(Q?)v (q^) 
= q(—q??***)o(— q3?7**) + 24% (— 4! *?»y(— 9677"). 
Replacing q by Va, we deduce that 
tolol) + e(—Q'?)o(—q'?)) — 2(Qa) ^y (Q)u (a) 
= q(—-q!9*?)g(—q197?") + 24*y(- q**y(— a? 7). 
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By Entries 10(iii), (vi), (vii) and 11(i), (ii) in Chapter 17, the translation of this 
is the modular equation 


+ Jair + 8 + 11 — [ay — 4/8): 
1/2 
= (a8) (1 — B) — 9^ (ya — 8) — ym (cte | 


21264-у2 
Using an analogue of (20.6) and replacing each modulus by its complementary 
modulus, we obtain the first part of (ii). 
Entry 22. Each of the following modular equations is of degree 31. 
(i) Let 
Оба, В) = (af) P*(((. + VA + /B)} + (08) 
+ (0 — Jay — ‚/8)}' у!” 
+ (4 — |a) — /B)} 8 {1 + (ap) 
+ {(1 + /a)(1 + p). 
Then 
Qa, В) + Q(1— В, 1 о) = 814. 
Gi) 1 + (a8)'^ + {(1 — 90 — £^ 
— 2((@8)'# + (1 — a)(1 — £))'^ + {«В(1 — )(1 — B)}*) 
= 2{aB(1 — a)(1 — p) FSA + (8) + (1 — a)(1 — 8))15)2. 
(ii) 1 + (08): + {a= а) (1 — Y^ — GU a f — a0 — B? 
= (a8)^ + (à — ә)(1 — 8)}'# + {apl — a) — В). 


The statement of (i) in the second notebook (p. 252) is somewhat obscure. 

The first and third of these modular equations of the thirty-first degree are 
new. Entry 22(ii) is due to Russell [1]. See also Greenhill's book [1, p. 327]. 
The only other modular equation of degree 31 which is comparable to Rama- 
nujan's in simplicity is due to Schróter [1], [2], [3], who showed that 


cE) (595 C9) A) 


2 
Е ine ( [19/1 — 8I /14+./1 – 6\1 
= (1 = 390 8)" (( А ) ( А ) 
hd = 1/4 YA e 1/4 
+ = =) = of ) - {0 ја - By}. 


This can be proved with the aid of (36.8) in Chapter 16, but we do not give 
any details. Schróter [2] further remarks that *une autre forme de cette 
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équation modulaire, plus analogue aux formes précédents, mais plus compli- 
queés." Of course, it is pure speculation to conjecture that Schróter had in 
mind one of the three modular equations given above. 

Considerably more complicated modular equations of degree 31 were 
found by Weber [1], Berry [1], and Hanna [1]. 

It will be convenient to prove Ramanujan's modular equations in the 
reverse order in which they are stated. 

All references in the proof of Entry 22 are to Chapter 16, unless stated 
otherwise. 


PROOF OF (iii). Put Q = q?!. We first apply (36.14) with џи = 16 and o = 1. The 
resulting term of index 8 is 


q?59f(q7*, q?*) f(1, 08%) = 24?** p(g9) (Q^), 


by Entries 18(ii), (iv). For 1 € n x 7, we apply Entry 18(iv) to show that the 
terms of index n and 16 — n are equal. After combining terms with the aid of 
Entry 18(iv), we employ Entries 25(i), (ii) and (7.1) of this chapter three times. 
Lastly, we invoke Corollary (ii) in Section 31. Accordingly, 


3{9(q)9(Q) + e(—a)e(—Q)) + 24% (4?) (0?) 
== о q^" (4% 7^, qq Q^) 
= ф(4%)ф(0°?) + 242*%(4%)у(0%) 
+ 2 X qt f ge ?* q*'?"f(Q?? *", or) 


= 3o(a*) (e(Q*) + o(—Q*) + ф(0%) — o(—Q*)) + 4a**y (a! p (Q9) 
+ 2a*f(a*, q!?) ( f(Q?*, Q?*) + 0%(0*, 0%))} 
+ 24'*f (*, q^) ( f(Q?*, Q*?) + o*f(Q*, Q°°)} 
+ 24?*f (q^, aq! ^) (f(Q?9, Q**) + Q?f(Q"?, 0°?)) 

= ф(9%)ф(0%) + 449*y (a!*)u(Q'*) + 2a*f(a*, q'?)f(Q*, 01°) 
+ 2q'5f(a*, q!?)f(Q*, Q'?) + 2q?*f (q^, q'*) f(Q?, Q^) 

= 1{Ф(4?) + Ф(—4)) te(Q?) + o(—Q’)} 
+ ile(a^) — Ф(—4)) te(Q?) — o(-Q’)} 
+ 2a! 5y (a^) (0°) + 3a* {W(g) + (Ф) (4(Q) + у(—0)} 
+ 3a* (9(a) — V(—4)) {ф(0) — 0(—0)) 

= 3le(a^?)e(Q^) + e(—a^?)e(— Q?)) + 24'*u(q*)u (Q^) 
+ 4*{ф (дф (О) + v(-aw(—9)). 

Using Entries 10(i)- (iv) and 11(i)- (iv) in Chapter 17 to translate the fore- 
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going formula, we find that 
1+ 00 — 91 — В) + (08): = 30 + /1 — a)"  /1— go 
+41 — /1— ay? — J/1— y? + (0 — o0 — py} * 
+ (ap) + {ap — а)(1 — B)}**. 
Using (20.6) to simplify, we complete the proof of (iii). 
PROOF or (ii). Let 
(nf) + ((1 —a)(1 — py —t and («f(1—o)(1— py} =u. 
Then (iii) assumes the form 
1—t-4 t? —3u= {01 t* — Aut? + 2и2)}!#. 
Squaring both sides, we arrive at 
(1 — t)* — 4u(3 — 3t + 20?) + 164? = 0, 
Or 
{(1 — t)? — 4u}? = 4и(1 + t). (22.1) 
Since В = O(a?!) as х tends to 0, we find that 
1—t—2./u~1—(1 — ёо) + O(a?) ~ ia, 


as a tends to 0. Thus, when a is small and positive, (1 — t > 4u. Hence, taking 
the square root in (22.1), we find that 


(1 — 0? — 4u = 24/u(1 + t). 
Rephrasing this equality in terms of « and fj, we deduce that 
1 — 2((«8)'# + {(1 — а)(1 — B)}™) + (a8)? — (1 — 91 — 8)j'^Y 
= 2(aB(1 — (1 — B))!5(1 + (x8)! + ((1— o)(1 — B))!5)2, 
which readily is seen to be equivalent to (ii). 


Pnoor оғ (i). The proof of (i) is a bit more difficult than those for (ii) and (iii). 

As above, we set Q = q?!. First, we apply (36.3) with и = 16 and v = 15. 
For the term of index 8, we apply Entry 18(iv), with n = 7 there, and Entry 
18(ii) to deduce that 


42°®%](4°1?, go) = 24?5%у (4%). 


We then show, with the aid of Entry 18(iv), that the terms with index n and 
16 — n, 1 < n < 7, are equal. Employ next Entries 25(i), (ii). We now simplify 
the terms somewhat by using Entry 18(iv) to show that 


420422789", gr 699) PES q^" f (q??* ^. g^? 


Next, we combine the terms of index n with those of index 8 — n, 1 < n < 3, 
and then make several applications of Entries 30(ii), (11). Accordingly, 
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$le(a)e(Q) + e(—a)o(— Q)] 
= Y go f (939 560. ger) Or tu. Or") 
n=0 
= ф(4°)ф(0°?) + 44?°% (4%) (0%) 
+ 2 y qr fg oto» q^ 99 fom 032—4») 
п=1 
= 3{0(9°)9(Q*) + ф(—4%)ф(—0%)} 
+ 2 Y qim m go Ore, Q9) 
n=1 
= 1{Ф(4°)Ф(0#) + e(—4*)o(— Q*)] + 2g°* (41%) (0°) 
+2 У q'" (fg q^ Most Q??-*) 
n=1 


+ Gere metn ge for Q^ 
= }(ф(4%)Ф(0%) + e(—a*)o(— Q9)) + 249^y (q! 9) (01%) 


1 3 p _ 
+ 5 2. q^ (£f(q?* п), qt) + f(—q?* л), -4?Ф+")} 


x {до2", Q4») + 0—02", —Q24tn} 
+ pfi ow 42+") — f(-—q**, —а?“Ф*”)} 
х { 026", Q24+m) — 10—026", —0?Ф+®у\) 
= 2{Ф(4#)Ф(О%) + o(—a*)o(— 0#)} + 2a5*p (a! 5) (01°) 
+ 4{ f(a*, a'?)f(Q5, Q!?) + /(—4%, —4!?)f(— 0°, — 01°)} 
+ 4!%{у (4%) (0%) + v (C- 4*9 (- 0*)] 
+ P°{ f(a, a! ^)f(Q?, Q"*) + f(—q^, —4!*)f(- Q^, — 9'*)) 
= 3(ф(4%)Ф(0%)  o(—49)o(— Q*)) + 24%® (41%) (QS) 
 q'*(v(a*)u(Q*) + v(—a*u(— Q*)] 
+ 4q*{ f(a, 4?) + f(—a, —4%)} Cf(Q, 0%) + f(- 0, — 0°)} 
+ 4q*{f(iq, — iq?) + f(— iq, iq?)) (f/(— iQ, iQ?) + flig, — iQ?) 
t áa* (f(a, 4) —f(-4 - 4?) CQ. 9?) - f(- 0, — 9?) 
+ 4q*{ fliq, — iq?) — f(— ia, iq*)} (fC- iQ, iQ?) — fQ, —iQ?)) 
= ф(%)Ф(0%) + o(—49)9( — 09)] + 245*U (a! )u(Q'9) 
+ 415{ф(4%®)/ (0%) + v(—a*v(—9*)] 
+ 444 (f(a, 4®Л(О, 0%) +f(-4, —4?)/(—0, — 0°) 
+ fliq, —ig?)f(—iO, iQ?) + f(— iq, iq*)f(iQ, —103)}. 
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Replacing q by q!^, we find that 
qiy y) + yay) 
+ plig jy (iQ) + yigi 
= 9(q'^)o(Q'^) + o(—4'^)o(— Q"^) — ф(4?)Ф(0?) — p-o?) 
— 4q'*i (a^ (Q^) — 2a* (b (ai (Q) + v (— a (— 0)). (222) 
By Entries 25(iv), (1), (ii), 
V^ (ig^) = olig )y(—q'?) 
= (otia! ^) + e(— iq'^)j 
+ 3{e(iq’*) — ф(—14'%)))у(— 9) 
= (409) + Zig yl) v 4"). 
Using this ір (22.2), we find that the left side of (22.2) equals 
qiya y) + (4) Q^) 
+ (v(—-4'?)u(— Q'?)) ^ (Lela) + 2ig yla) 
x (e(Q) — 2i0**W(Q*)}*? 
+ (o(a) — 2ig ^y (q*)]? (o(Q)  2ig ^y (Q?))!?)] 


5 (24244) 2 (aß)? (м UP)" ta + g1 ^20 " pity 


+ (1 c ai^? (1 5 p^» 


ЕСЕТ У 


2 
х {(1 + ig 4)2(1 — ig)? + (1 — iatt) + ipt} 


= (123) ^ (af)? ( =. sse 


x {2 + 2(ap)* + 2{(1 x Ja) ЕС Bye 
+ es py (L5 a : р 


x {2 + Uap)“ + 2{(1 + /@)(1 + JPY 


= 2^ (z, 24,) Q(x, В), (22.3) 
where we have employed Entries 11 (iii), (vii)- (ix) in Chapter 17 and analogues 
of (20.6) above. 


Using (22.3) and employing Entries 10(iii), (iv), (viii), (ix) and 11(i), (ii), (iv) 
of Chapter 17 in (22.2), we deduce the modular equation 
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29048, f) = (1 + à'^)(1 ^) + (1 — a(l — ph) 
=al + 1 - ad + V1 — y^ - (a - 30 — py 
- 41 = V1 - 9^ - 1 - Bj? — (08) 
— (eB — о) — Вр 
= 2 + 20^ — By" — (d — ®(1— В)" 
- (9801 — 90 - 8)" — GU + a + fü о) – В). 


Next, take the reciprocal of the modular equation above and add it to the 
original equation to deduce that 


2!^0(s, В) + 2'#О(1 — f, 1— а) 
= 4+ (ap) + 2{(1 — a)(1 — 8))'^ — 2(48)5 — 2((1 — a)(1 — B)! 


— 2(af(1 — a)(1 — 8)}!# — 2@{1 + af + A/A — a) — B)? 
= 2, 


by (iii). Thus, (i) follows immediately. 
Entry 23. 
(i) If B is of degree 47, then 
201 + Vab + (1 — 9) — By? = 1 + (98): + {(1 — 90 — ^ 
+ 449 {aB(1 — o)(1 — B)) 2*1 + (a8) + (01 — а)(1 — B)}*). 
(ii) If B is of degree 71, then 
1 + (ap) + (1 — a)(1 — B)}** — GU + Vab + /( — 9) — 8)? 
= («8)5 + {(1 — 9 — 8))' — (aB(1 — o)(1 — 8)! 
+ 4'^ (af(1 — a)(1 — B))'?*(1 — (ap) — (1 — a) — 8)}'%). 


These two modular equations are the climax of Ramanujan's modular 
equations involving two moduli only. 

The first modular equation of degree 47 was offered without proof and with 
two sign errors by Hurwitz in a paper by Klein [2]. Russell [1] corrected and 
proved the result shortly thereafter. More complicated modular equations of 
degree 47 were established by Fiedler [1] and Hanna [1]. Fiedler [1] also 
constructed a modular equation of degree 71. Simpler forms of Fiedler's 
equation were obtained soon thereafter by Weber [1] and Russell [2]. 

Before embarking on a proof of Entry 23, we show that Russell's modular 
equations can easily be derived from those of Ramanujan. 
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Set 
P =1 + (af) + (0 —o)0 — B)}% and К = {ap(1 — o) — B)}**. 
Then Russell's modular equation of degree 47 assumes the form 
(P — 2)? — P(4Ry? — 2(4Ry? — 4R = 0, (23.1) 
while Ramanujan's equation takes the shape 
2 ((P — 1)* + 1 — AR(P — 1 + 282)? = (P — 1 + 1 + P(4R)'? — 2R. 


Squaring Ramanujan's equation and rearranging the terms, we derive the 
equality 

P(P — (4R)'?) ((P — 2)? — P(4R)'? — 2(4RY? — 4R} = 0. 
By examining each of the first two factors above as « tends to 0, we see that 
they cannot vanish identically. Thus, the third factor must vanish; that is, 


Russell’s equation (23.1) holds. 
In the case of degree 71, set 


Р = (af) + {01 — о)(1 — B) —1 and R= -(af( — à) — В)". 
Then Russell's equation takes the form 
P? — A(A4R)'P(P? + P + 1) + 2P(ARY? — 4R — (AR'ó —0, | (232) 
while Ramanujan's equation of degree 71 assumes the shape 
P? + P +1 – P(ARY? +R 
= (G((P + 1)* + 1 + AR(P + 1)? + 28027, 
Squaring and rearranging Ramanujan’s equation, we arrive at 
3P(P? — A(4R)P(P? + P + 1) + 2P(4R? — 4R — (AR?) = 0. (23.3) 
Now as «@ tends to 0, 
Р ~ О(а®) +1 5 +: –1. 


Thus, P cannot identically vanish. Hence, the second factor in (23.3) is identi- 
cally equal to 0; that is, (23.2) is valid. 

It is interesting to note that, by Entry 19(i) in Chapter 19, P does vanish 
identically in the case that f is of degree 7. 

All references in the proofs of (i) and (ii) are from Chapter 16, unless 
indicated otherwise. 


PROOF OF (i). Our proof rests on two representations for 47, namely, 
47 = 3:24 — 12 = 3:25 — 72, 


In (36.14), let д = 48 and о = 7 and set Q = q*’. After combining the terms 
with index n and n + 24, 0 < n < 23, by an application of Entry 18(iv), and 
using (7.1) in this chapter, we deduce that 
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3(e(Q)o(a) + o(—Q)e(—4)} + 24 ?v(Q?)y (q?) 


47 
= Юу а (0297. 99 yg, g^ 148) 


= у, gi /(0°5**", О°в-4") + Ory (iets Q^") 
x fg m qm 

= Y q*" f(Q24*2", Ofte get M, (23.4) 

Second, in (36.12), set и = 24, о = 1, and О = д”. Replacing q by Va , we 
find that 
lolol?) + o(—Q!?)o(—4!?)) 
I y efor O7* 4") f(qe** 28 g^* 75. 
n=0 
Subtracting (23.4) from the last equality, we deduce that 
S = HERPE) + o(-2")o(—4")} 
— $(e(Q)o(a) + e(—9)o(—4)) — 241? (О?) (4?) 


23 
= X q""f(g2**2n. 024-2") { f(g2^*?". q^?) = q^" f(q?^* 14", 42%-1*)} 
1 


1 
2 2 q?"f(Q?^*?", Q?^7?n) { f(q?**?". 42-2") 


=z. q^" f(q^^* 147. gery, (23.5) 


In the analysis above, we used the fact that the term with index 12 vanishes 
and that the terms of index n and 24 — n, 1 <n < 11, are equal. These 
deductions are easily made with the help of Entry 18(iv). Next, by repeated 
applications of Entry 18(iv), the terms with indices n — 3, 4, 6, 8, 9 likewise 
vanish. Further transforming via Entry 18(iv), we find that 


S = 2q?f(Q"?, Q7°){ f(q??, q?5) — q?f(q'9, q?*)) 
+ 24*f (Q?^, Q?*) ( /(42°, q?*) — atf lat, a**)} 
+ 2q?^f(Q'^, Q?*) ( f(q!*, q?*) — a*f(q?, 4®5)) 
+ 24°5/(01°, 02%) ( f(a", q?*) — q-?f(q??, q?6) 
+ 2429%(0*, 0“) Slat, 4) — а *f(q??, q?9) 
+ 24? *?f(Q?, Q^*) ( f(a", q*5) — а *f(q'^, q?*)] 

= 24° ( f(q??, 42%) — fla’, q?*)) (f(Q??, Q?5) — Q?f(Q!9, Q?9)) 

+ 24°°{/(41*, q?*) — a^f (q^, a*9)) (f(Q'*, 9?*) — Q*f(Q?, Q*9)) 
+ 24% ( /(4?°, g?) — q*f(a*, q**)) ( f(Q?9, 028) — 0%(0*, Q*^)). 
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By Entries 30(11), (iii) and (7.1) in this chapter, 
2(f(q?^, 42%) — afla", q?*)j 
= f(a?, 47) + /(—4°, —4") — 4,4) + af(—a, — a?) 
= f(—q, —4?) + f(a, —9°) 


— f(— 4) + f(a) (23.6) 
and 
24{ f (a^*, q?*) — 4*/(4°, 4°°)} 
= qf(q, 4°") + af(—a, —4') - f, a^) + f(- 4^, —4') 
= f(a) — f(— 4). Q3.7) 
Consequently, 


5 = 39° {f(a + 709) 070—0) + Д(О)} 
+ $a^ (f(a) —/(—4)}{/(0) — f(7 9)) + 2a*f(- a*)f(— 0°) 
= q'f(Q)f(a) + a^f(- Q)f(—a) + 24%(— 0°)/(— 4°). 


Referring back to (23.5) for the definition of S and transcribing the equality 
above via Entries 10(1), (ii), (vi), (vii), 11(iii), and 12(i), (ii), (iv) in Chapter 17, 
we find that 


HA + Jay? + SPP «a — a^a - py) 
- d + (0 90 — )'^) — (ap^ 
= 27^ (af(1 — a)(1 — В) + 2-7 (1 — a) — fj ap) 
+ 27? (d — a)(1 — B)? (p). 


Simplifying by an obvious analogue of (20.6) above and rearranging terms, we 
complete the proof. 


PRoor OF (ii). Our proof depends on two representations for 71, namely, 
71 = 3-25 — 52 = 3. 26 — 112, 


In (36.14), let и = 48, о = 5, and Q = q’!. Combine the terms with indices 
n and п + 24,0 x n x 23, with the aid of Entry 18(iv). Then using (7.1) in this 
chapter, we deduce that 


3{y(Q)e(q) + e(—Q)e(—4)) + 24! *v(Q?)u (4?) 


= У q^" f(Q?5*^", Озера q^ 105) 
n 


w © 


M 


q* tf, Q9 9 + Оо Qt fq tton g^ 195 


= 
S9! 
© 


1 q*" f(g?**?", Q4 28) y (a24t10n. qui. (23.8) 


n 
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Apply (36.14) once again, but now with и = 96, œ = 11, and q replaced by 
q^. Proceeding as above, we find that 


2{9(Q)9(q") + e(—07)e(—47?)] + 243% (0%) (4%) 


95 
m 2 qef (0384+87, Peres) f(g? ttn got 
n= 


ш » q*" ( f(Q354*9". 0384-8") + Q?6*nf(Q768*9n. Q^*) 
x (goo tw goto 
2 bi gi f(Q96*^", 096-4") f(q96*44n. 496-44) (23.9) 
Third, let р = 96 and о = 11 in (36.13) to infer that 


95 
24!5у (О?) (4?) = 2 аа (еды Pesta) f(g ata е 4°”). 


Replace 42 by q and — д, in turn. Add the resulting two equalities to find that 
q^v(Q() — a'v(-Q)u(—a) 


= Y qur —22°+24(()96+4п, Q96-4n) (4192—44, q**"). (23.10) 
п=0 


Adding (23.9) and (23.10), employing (7.1) of this chapter, and combining 
the terms with indices n and n + 24, 0 x n x 23, we deduce that 


31Ф(0°)ф(4?) + e(—Q?)o(—a?)) + 20 YQ lat) 
+ PWAV) — a'V(—Q)u(—) 
Z Y qut 0°8-4"){ f(q96 tato. qo 
n=0 


+ g^ (qu q**^) 


47 
= 2 qiio ete OPS) (424+ 228. g^* 498) 
n= 


= >, q*" { 095+“, 095-*) + 024+2"(0192+4 Q-*")} 


x figs. qt 2") 


23 
= УЗ) qe" f(Q^**7* OF 48) qe ss: 4?^*-??"у, 
п= 


by a calculation made in (23.4) above. 
By subtracting the last result from (23.8), we see that 


S := 3{e(Q)e(q) + e(—Q)o(—4)) + 24!*V(Q?)V (q?) 
— 4(e(Q?)o(q?) + e(—Q0?)o(—4?)) — 24% (О%)у (4°) 
— 4°0(0)у(а) + a?v(— 0)0(— q) 
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= > q^" f(Q2^*2». Q24-25) ( f(424*10^. q^) 
_ q^" f(q2^* 22", qium 

=2 b q^" f(Q2^*2". 024-2") ( f(q24*10n. 42%") 
=: ge f(g? pm 


where we have used Entry 18(iv) to show that the term with n — 12 vanishes 
and that the terms with indices n and 24 — n, 1 < n < 11, are equal. With 
several applications of Entry 18(iv), it is easy to show that the terms with 
indices n = 3, 4, 6, 8, 9 vanish. Thus, by further applications of Entry 18(iv) 
and the same calculations that we made in the proof of (i), we deduce that 


S = 24^f(Q??, Q?9) ( flat, q?*) — a*f(q’, q*9)) 
+ 24:50029, 02%) ( flat, a**) — q-^f(q?^, q?*)) 
 24"^f(Q'*, Q?*) ( f(q??, 42%) — a flae, q?*)) 
+ 24'^*f(Q'9, Q?*) (a*f(q?, q*5) — flat, q?*)) 
+ 24??9f(Q*, Q**) ( f(a??, 42%) — a*f(q*, q**)) 
+ 24?**f(Q?, Q*°) {a fla’, °°) — Ј(а??, q?5)] 
= 2q*{ f(Q??, Q?*) — QF., Q?*)) ( f(q!*, q?*) — a*f(q?, 4®6)} 
+ 24"*( f(Q**, 0°*) — Q*f(Q?, 0*5) ( f(a??, 42%) — aflat’, q39)) 
— 24'°{ 700°, Q?*) — Q*f(Q*, Q*^)) (f(a??, q?9) — ауа“, q**)) 
3a C7 0) + f(Q)) (fa) — 70—9)) 
+ 4070) — f(- 9) 070—9 + f() — 241°/(—4°)/(— 0°) 
= PAAD — TFC Q)f(—4) — 24?f(—a*)f(—- 0%), 
by (23.6) and (23.7). 
Finally, we employ Entries 10(i)- (iv), 11(i)- (iv), and 12(i), (ii), (iv) in Chapter 


17 to transcribe the equality above. Using (20.6), we immediately obtain (ii) 
to complete the proof. 


Entry 24. Let В, 7, and 6 have one of the following sequences of degrees: 


3,29, 87; 
5, 27, 135; 
11, 21, 231; 
13, 19, 247; 
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7, 25, 175; 
9, 23, 207; 
15, 17, 255. 


Let m and т’ denote the multipliers associated with the pairs a, В and у, ô, 
respectively. Then 


Q GU +/+ a-ga-»»? 
+ (By)® + (1 — 8)(1 — 15 + {By — B)(1 — у)}® 


= (1 + (26) + (1 — a)(1 — aye f 


and 
(i) — G(1- að + J/(1— o) — 8)? 
+ (a8)* + {(1 — a)(1 — 8))! + {ad(1 — a)(1 — б)}!® 


= (1 + (Ву) + (0 — B) — npe J”, 


where the minus sign is chosen in the first four cases and the plus sign is assumed 
in the last three cases. 


A phrase about the appropriate signs is absent in the notebooks (p. 252). 

Entry 24(i) can be found in Ramanujan's [10, p. 353] second letter to Hardy. 

All references in the proofs of (i) and (ii) are to Chapter 16, unless otherwise 
stated. 


PROOF OF (i). First, we invoke (36.6) with џи = 16, v taking the values 13, 11, 5, 
3, 9, 7, and 1, respectively, q replaced by 42, and О = 42°%-°. Thus, 


9(q??*?")o(q??-?") + 9( —4??*?»)g(—4??-?") + 4416 (q$** ^") (q9*-*") 
22 Y go (Oot ss. pot- 5m fgit en, gi 0m. 


Second, let и = 16 in (36.4) with q replaced by 8: This yields 


15 
2g*y (q!6* y (418°) ES У, qon i6tan 016-2") (422+2"", 42“). 


Replace q by —q and add the result to the preceding two equalities. Then 
combine the terms with indices n and 8 + n, 0 < n < 7, by making use of Entry 
18(iv). Lastly, we apply (7.1) of this chapter twice. Accordingly, we find that 


S:= 9(q??*?")o(q??-?") + Ф(—92+*2*%)ф(— 4227°°) 
+ 4419 (q6** ^") (g6* ^") + 24% (q19* "y (q19") 
+ 24°%ф(—а!%*”уу(— 4157) 
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=2 Y qe ](06&*%", Q94-?") 
n=0 
+ 15r (i29 Q^ ny f(g etm, q 579m 


4 
+2 L qE werte c О) (ате а 5 


4-2 y go (pter. pie fagit, git) 
n=0 
+ grr opt q *") 
zm) y qoe Deva OF а", 42°). 
n=0 


In the next step, we combine the terms with indices n and n + 4,0 < n < 3, 
with the aid of Entry 18(iv). We then apply (7.1) again. The terms of indices 1 
and 3 are now found to be equal, by Entry 18(iv). Thus, 


3 
S=2 2 ge typi P Оте) + 0°?" (032+4п, Q^ ^))f(q**?", gi 9m) 


3 ; 
=2 у, qe f(Q**?", Q^ ?"f(g**?v, qi 


= 20(0*)ф(д*) + 499*y (Q?)f (q**?", 47°) + 44759 (Q9) f(q^* ^", g^". 


Now we apply Entry 18(iv) with n = (у + 1)/4, according as v = 3-1 (mod 4), 
to discover that 


qe^f(q**?", q*7) ES qe 0 Mp, 45) = (Qa) ^y (q?). 
We also apply Entry 18(iv) with n = (v — 1)/2 to deduce that 
Ја, 47%) = 24! "y (q*). 
Employing lastly Entries 25(i), (ii), we find that 
S = 29(0*)o(a*) + 4(Qa) ^v(Q?)v (4?) + 80qv(Q*)y (a?) 
= 3{9(Q) + e(—9)) (e(a)  e(—4)) 
+ 4{(Q) — o(—Q)} (e(q) — e(—a)) + 4(Qa) ^v (Q?)y (a?) 
= e(Q)o(a) + e(—Q)e(—24) + QD ^v(Q?)y (q^). (24.1) 


Finally, employing Entries 10(1)- (iv) and 11(i)- (iv) in Chapter 17, we trans- 
late the equality above into the sought modular equation and so complete the 
proof of (i). 


Pnoor or (ii). In the extremal parts of (24.1), we replace q by q!/ 16^" to find that 
q(q0?* ?»?16-»6(g2) + q(—402*29/a679)9(.— 47) 
+ 44190679 (g(64* 4906-9) (94) + 24930679», (q16* 679), (9) 
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+ 29/0679 (— q6*9/0679»)(— а) 
= e(q!6*)g(q 17?) + pla olg") 
+ 44057-40679), (432* 2v) yj (q2/0679), 
We now equate rational parts on both sides to deduce, except when v = 7, that 
e(Q^)e(q^) + ф(— 02)Ф(—4?) + 4(Qa ^V (Q*)u(a*) 
+ 2(Qa) ^V (Qi (a) + 2(Qa) Pu ( — О)у(– а) 


= q(q'^**)o(q'* 7) + olg olg) + 4q*y(q?** ?)p(q?* 7?) 
(24.2) 
where the plus sign is chosen when v — 9 or 1 and the minus sign is taken 
when v — 13, 11, 5, or 3. The details in demonstrating the validity of (24.2) are 
rather tedious, and we shall be content with merely indicating the requisite 
steps. Each of the six cases must be examined separately. Corollaries (i), (ii) of 
Section 31 in Chapter 16 are used when v = 13. Entries 10(i), (ii) of Chapter 
19 are employed when v = 11. For v = 9, the rational parts are obtained by 
using Entries 17(iii), (iv) in Chapter 19. When v = 5, utilize Entries 6(i), (ii) of 
the present chapter. For v = 1, 3, Ramanujan has not explicitly recorded the 
appropriate formulas, but they are very easily obtained from Entry 31 of 
Chapter 16 in the same manner as the aforementioned results were derived. 
We emphasize that when v = 7, (24.2) is not obtained, because when rational 
parts are equated, additional terms arise. Note that 16 — 7 = 32. 
The translation of (24.2) into Entry 24(ii) uses precisely the same formulas 
from Chapter 17 that were employed in the proof of part (i). 
There remains the proof of (ii) in the case v — 7. In this instance, the 
requisite formula to be established is 


Ф(02)ф(4?) + 4(Qa) ^v(Q*)u (a*) + 2(Qa ^v (Q)u (4) 
+ e(—9?)o(—4?) + 2(Qa) *9(— Q)U(—4) 
= q(q??)e(q?) + 44% (4%®) (41%) + o(—a?))o(—4?) (24.3) 


where О = q?°’. The translation of (24.3) into (ii) is exactly the same as above, 


and so the proof will be completed on establishing (24.3). 

We apply (36.6) with и = 16and v = 7. Using Entry 18(iv), we first combine 
the terms with indices n and 8 + n, 0 < n < 7. Simplify the resulting sum with 
the aid of (7.1) in this chapter. After separating the terms with n — 0, 4 and 
simplifying with the aid of Entries 18(ii), (iv), we use Entry 18(iv) to show that 
the terms with indices n and 8 — n, 1 <n € 3, are equal. Next, we employ 
Entries 25(i), (ii), and lastly we invoke Corollary (ii) of Section 31. Accordingly, 
we deduce that 


3lo(a?)o(a?) + o(—a?)o(—4?)) + 2g°h(q**)W(q"*) 


15 
zx 2. q"?"f(Q?*^, О03?—4"уу(48+14п, g^ 145) 
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>, qi ifo Oh) + ОЗ? (064+4п, Q ^)f(g?*!^", g* 5 
y ООВ 08-2") (48 +1", 05149) 

п=0 

= o(Q*)o(q*) + 402424(0")4(4'5) 

+2 Y q??"f(Q**?". 0928) f (got ie q^ 1*5) 


= 4{9(Q”) + 9(—Q”)} (o(a?) + ф(—42)) 
+ 4{9(Q”) — Ф(—02)} ol) — 9(—47)} + 2a?6f(Q5, O° )F (4°, а'°) 
+ 2q*°*W(Q*)w(q*) + 24??*f(Q?, Q1*) f(q?, q$) 
= 3Ф(0?)ф(4?) + 3o(—Q?)o(— q?) + 24!9*y(Q*)y (q*) 
+ q?*((f(Q5, 01°) + Qf(Q?, Q!*)) ( f(q$, а!) + af(q?, а!5)} 
+ (f(Q^, Q'?) — О/(0°, Q!*)) (709°, °°) — af(q?, 4!*))) 
= $e(Q?)o(q?) + $o(— Q?)o(— 4?) + 24!?*y(Q*)y (4°) 
+ q'*t(Q)v() + v(7 0(- 4)). 


Thus, the proof of (24.3) and, consequently, the proof of (ii) in the sixth case 
are complete. 


This concludes a truly fascinating chapter! 


CHAPTER 21 


Eisenstein Series 


Chapter 21 concludes the organized portion of Ramanujan's second note- 
book; after Chapter 21, there are 100 pages of unorganized material. Chapter 
21 constitutes only four pages and thus is the shortest chapter in the second 
notebook. Almost all of the previous chapters are twelve pages in length. 

The focus of this chapter is similar to those of the immediately preceding 
chapters. However, whereas in Chapters 19 and 20, the goal was to establish 
identities involving theta-functions, here our task is to prove equalities relating 
a certain linear combination of Eisenstein series with theta-functions. From 
the viewpoint of modular forms, just as in Chapter 20, both the Eisenstein 
series and theta-functions are forms on Г(2) ^ T(n) for some odd integer 
n> 3. 

The key to establishing Ramanujan’s formulas is apparently (2.3) below. 
This formula is not explicitly stated by Ramanujan, but we conjecture that it 
is this formula to which Ramanujan makes allusion in Entry 2(v). Unfortu- 
nately, we have not always been successful in applying this formula or the 
related formula (5.3). Thus, for seven of the results in this chapter, we have 
had to rely on the theory of modular forms that was developed in Chapter 20. 
As in the last chapter, the theory of modular forms provides the best means of 
explaining why these identities exist. However, again as before, it is necessary 
to know the identity in advance, and so the proofs are more properly called 
verifications. | 

As in previous chapters, we employ the notation introduced in Chapter 17, 
especially in Section 6. 

We shall precisely quote Ramanujan (p. 253) for Entry 1. 


Entry 1. 


3 оо п 
1 1—-—24 
(i) Т 2. 


2, pw] (1.1) 
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is a complete series which when divided by z? can be expressed by radicals 
precisely in the same manner as the series 


3 


© п 
———— 1.2 
1+240 È ae (1.2) 
and the series 
n> 
1 — 504 eee 28» —1 (1.3) 
n=1 € 


when divided by z* and z$, respectively. 


" © 2nd 
(i) 1-24 Y нур" = 2501 — 23). 
ы (— 1y*!n 3 Я 
(iii) — 240 > ies Cp ZU c 160 — 3). 
К (— 1)"*1n 5 
(iv) 1 + 504 > (SCIT z^(1 — 2x) (1 + 32x(1 — x)}. 


The Eisenstein series (1.1)-(1.3) were introduced by Ramanujan in Section 
9 of Chapter 15 and were denoted by L — 3/y, M, and N, respectively. In 
Ramanujan's celebrated paper [6], [10, pp. 136—162], the series L, M, and N 
are designated by P, Q, and R, respectively. 

The definition of "complete" is given rather vaguely by Ramanujan in 
Section 10 of Chapter 15 (Part II [9, p. 320]). 

In fact, (i) is not quite accurately stated by Ramanujan, since the condition 
that y?/x? be rational should be added. With this additional stipulation, 
(i) was established by Ramanujan in his paper [2], [10, pp. 32, 33]. The 
reader should consult [2] and the Borweins' book [2, Chap. 5] to learn how 
Ramanujan used such results to derive excellent approximations to л. 

It might be noted that, in general, 


zd 3 (E Е i Us 
5з= д(1-2—24} л 55 "PRECARE —2 (14) 


n=1 € 


where, as usual, K and K' denote the complete elliptic integrals of the first kind 

attached to the moduli k and k’, respectively, while E and E' are the complete 

elliptic integrals of the second kind associated with k and k’, respectively. 
To prove (1.4), recall from Entry 2 of Chapter 18 that 


3 ; 3 
= — — T 1: — — —. 
S EU 3, 2, ;x) 2+x yz 


Since x = К, y = nK'/K, and z = 2K/n, we rewrite this last equality in the 
form 
Зл deg ace 4 3л 
$ = 2р 3,2; 5 К^) 2+ IKK 


From (3.7) in Chapter 18, ;F,(—1, 4; 1; k?) = 2E/n. Using also Legendre’s 
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relation (Whittaker and Watson [1, p. 520]), we find that 


ЗЕ , ЗЕ Е 
= — — == не — 1 * 
sa Fase (2.5 ) 
which yields (1.4) at once. (A recent, somewhat simpler proof of Legendre’s 
relation has been given by Almkvist and Berndt [1].) 
With regard to (1.2) and (1.3), we recall from Entries 13(i), (ii) of Chapter 17 
that 


EE of. edet 
z* e dc — 1 B 

and 

n 


1 


4 (1-504 ў as 


respectively. 


x -i]- = (1 + x)(1 — 2х)(1 — 2x), 


PROOF OF (ii). By Entries 13(viii), (ix) in Chapter 17, 


o n+l 
1-24 5 Pri gr» au (1 +2 » i) 
= 2z7(1 — 4x) — 22(1 + x) 
= z7(1 — 2x). 
PROOF or (iii). We use the procedure of “obtaining a formula by change of 
sign," described in Section 13 of Chapter 17. Thus, in Entry 13(iii) of Chapter 
17, replace x by —x/(1 — x), which induces the replacements of e" by —e'? 
and z by z,/1 — x. Hence, 


C ш 3g 14x x 
tpai og du pur __ 
+2405 1 ye = 2“(1 —x)*(1 iex qx, 
which upon ae yields the proposed formula. 


PROOF OF (iv). We employ the “change of sign” process to Entry 13(iv) of 
Chapter 17 to find that 


Cte 


x 34x х? 
= 26(1 ^s = 1 tJ His eat) 


After simplification, we obtain the desired result. 


1-54 Ў 


Entry 2. 


; Ф'(д) = u -(1 (2n + ot) 
12 =1-24) — 24 ; 
(i) q o(q) E 1-36? E q^" > 1 + 42" 
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d 
7.4 V (q)) 
dy due ee 
q'Py(q) 
Е Е oo nq^ = B oo Qn + pg? 
IC 24 b 7 s) ( 24 93 eis 
d 
— (a ?^f(—4)) 
i dq NEC AE d 
(iii) 244— a оу = 1—24 p pcs 
d 
— {q*?*/x(q)} are 
А dq E о (2n + 1)q 
ШЫГ ГГ 70 iy pego 


(v) By differentiating the equation for m once or the equation for x, B twice we 
can calculate the value of the first series. 


Parts (i)- (iv) are quite easy to prove. However, the meaning of (v), for which 
we have quoted Ramanujan (p. 253) exactly, is rather opaque. Perhaps Rama- 
nujan is referring to a more precise version of Entry 1(i), or to a certain 
formula, (2.3) below, which will be needed to prove many of the formulas in 
the remainder of the chapter. 


PROOF OF (iii). By Entry 23(iii) in Chapter 16, 
© q* 
Log {q"4f(—q)} = 4 Logq — У ———. 
gí(a'?^f(—4)) = z4 Log q >, kü - 45 
Differentiating both sides with respect to q, expanding the summands, and 
inverting the order of summation, we find that 


d 
7. "^f(— 8) - А 
244“ =(=94 57s 
427—9) к=! (1 — 4%)? 
= 1—24 у, q* Y пд“) 
k=1 n=1 
= 1 — 24 у n Y д" 
п=1 k-1 
oo nq" 
=1—24 ; 
уу 1 m q" 


which completes the proof. 
PROOF OF (iv). From Entry 23(iv) in Chapter 16, 
о (-Ufe* 


Log(q!?^ = 10894 + У ———z. 
(a^ ^/x(a)] = 24 Log q 2. КІ = 4) 
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Proceeding in exactly the same manner as in the proof above, we deduce that 


d 

= (a ?^/x(a)) Ж 

44 i24 =1+24 Y (- "itf. 
q^ [x(a) 1 (1 ) 


= 1424 Y (- D ak +q”) У ngon 
k=1 п=1 


244 


= 1+ 24 y n Y (— 1) (g 2779 + g&2n*0) 


© 2n-1 2n+1 
-1-4у (а + ite) 


1+4" 1 1 + 42" 


oo (n + 1)q?"*} nq?"*i 
=1—24 2 ‘(Stier + га 


Qn + 1)q?"*! 
Es È, 1+ g^ 


Ркооғ оғ (i). From Entry 22(i) and (22.2) in Chapter 16, we can easily see that 
(4) = f(—4°)x (a). Thus, 


Log (a) = Log(q'^?f(—q?)] — 2 Log(q!?*/5(a)]. 
Differentiating and employing parts (iii) and (iv) above, we find that 
9'(a) = ng" w Qn + Dg? 
i оу y 85а 
Ф(4 ) 2, 1 иг q?" ( 2 1 + quit 


PrRooF or (ii). Differentiating Entry 23(ii) of Chapter 16 and proceeding as in 
the av of (iii) and (iv), we find that 


dj AO 
q' ^y (q) 


oo 


24 aad AU 4 zd 


з 
І 
[= 
= 
ff 
pa 


24q 


Qn + 1)4?"*® o 2ng?" 
mH 1- 42" — 24 > 2n 


(2n + 1)42"* (4n + qr oo 2па?" 


п=0 


00 (2n + 1)4?"*ї © 4пд* 
— 24 
EP PE 


from which (ii) follows. 
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PROOFS OF Two INTERPRETATIONS OF (v). We first prove a formula on which 
much of the remainder of this chapter is based. 
Let n denote any positive integer, and put и = 42 = e ?". By using Entry 
2(iii) above, we find that 
d fos e "f 12( —g-2n) 
dy "Ve (-em) 
u"2f12( — и") 
— 2и d Log ( ui YR) 


d u"?^f( a и") 


а 
а аяу) qe f(-uj 
= ШОРУ a ИЕ — 24и пт uh) 


oo k © пк 
E YG бау (2.1) 
kai l — xi 1 — u” 


Now let f have degree n over a, and let m denote the multiplier associated 
with х and fl. By Entries 12(iii) and 9(i) in Chapter 17, 


d ef! 2( m e ?") 
s (Spices) 


od, бева В) 
RE ЕШ = 2) 


= —a(1-— 25. i Ln ( A Pc) ) (2.2) 


ma(1 — a) 
Thus, combining (2.1) and (2.2), we derive the ae formula 


© 2k © 42% 
1-24) (m E n(1 -A Y ы) 


к= 


= —a(l — 95. Е Ва m») (2.3) 


mĉa(l 


To derive our second possible interpretation of (v), we utilize Entry 27(iii) 
of Chapter 16 in the form 


e? 2 y 1/4 ¢( = e?) = ету! 2ynu4r e e?) (2.4) 


where у, у> 0 with yy’ = n°. Set q = e" and q' = e". Logarithmically 
differentiating (2.4) with respect to y and using Entry 2(iii) above, we see that 


1 1 o kq” 1 1 © kq'* x 
cd Е З Е eee eee, py T 
4y ol à 1— =) le sí i à 1 —47*| у?” 
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© 2k oo 4'2* 
1-24 ў 4 а=5-7(1-2 dope 2 a) (2.5) 


Now set y = n/./n, where n is a natural number. Thus, y’ = n/n. Combin- 
ing (2.3) and (2.5), we conclude that 


6, /n k 
m -n(1-4 $ EE ) 


k d _ 
=n(1- му а= ae a(t abt p Loe (hu) 


у=к/ fn 
or 
i N^ BU — p) 
o(1 ~ 24 5 e2tk n _ J- л = ha Bi D2 Ja da ploe (aa) s 
Entry 3. 
| E kq о kg 
@) ШТЕР 921-5 
= q д qt V rab 
(ре реа те )} 
оо 3 2 
dien Ya а p+216 1 or Mu 
Р к“ 
: кше] 
V (q)v (а?) 
P (—4)/Э(— = 
| ka?* c kg Sk 
@ 14225 У а a US =i 
ИСТЕ 
49(a)o(a?) 


= ф2(4)ф?(4°) — 4qJ^( — 99? ( — q?). 


(iii) Let B have degree 3 with respect to а. Then 


: 2k pipe n 
mil—q@q 


= $97(q)97(q°) {1 + ab + /A — a) — B)}. 


1+ 
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Ramanujan actually expresses (iii) in the variable y, where q = e~”. It will 
be convenient to prove (ii) and (iii) before (i). 


PROOF OF (ii). Putting n = 3 in (2.3), we find that 


42* 


= (n 4 joe 36 Ўт a 
= 4a(1 — a)z? d LUE (Ar = 5) (3.1) 


Now from (5.2) and (5.5) of Chapter 19, 
(m? — 1)(9 — my Ba —8) m*(n? — 1)? 


«baee ces c. uale (wp 4099) 
and 
dm _ 16m* 
da (9—my 
Using these equalities and the chain rule in (3.1), we arrive at 
| (m —109—m),d т? — 1 
B fo lam о 0 Си?) 
1 
= lón? (т? + 3)? 
ф®(43) ( “(9 | 
- 3]. 33 
CHOCA е 


which establishes the first equality in (ii). 
From the second equality in (3.3) and (3.2), 


9 — m?)(m? — 1 
ғалы: st TS ) 


= z,zy(1 — {aP(1 — a)(1 — B)}™) 
= 97(9)97(q°) — 4qy?(—a)W?(—4°), 
by Entry 11 (ii) of Chapter 17. Thus, the second equality of (ii) has been proved. 


PROOF OF (iii). From (3.3) and from (5.8) of Chapter 19, 


2 
= 183 m 2 + 3)2 =42,2,{1 + af + V — a PY}, 
from which the truth of (iii) is manifest. 


PROOF OF (i). Once again from (3.3), and from (5.1) of Chapter 19, 


462 21. Eisenstein Series 


(° + my + З(т – vy 
S = 2123 


16m 
m a? 1/4 3 p 1/4) 2 
E С | 
P з. уй e 
3q 3.4 
Z^ E Wa) ош 


by Entry 11 (iii) of Chapter 17. If we now replace 42 by q, we obtain the equality 
between the first and fourth expressions in (i). 

By Entry 11(1) of Chapter 17, (5.2) and (5.3) of Chapter 19, and Entry 11 (iii) 
of Chapter 17, 


w*(q)  3aV*(q) , a? m. з (p?\8 
yaya Уз Vg UT 


_ МАЗ» tB 3(m — 3 


2 9 7 Ts 


= OVES (m? + 6m — 3) 


2123 ( + 
4т 
= 4/2123(1 + (pY) 
= e(a)o(q?) + 4qV (q?)u (g5). (3.5) 


We next invoke Entries 3(i), (ii) of Chapter 19. For each summand of even 
index, we use one of the two equalities, 


"1-2 


а" Е а" -: q?” "E 4?" Е " _ 2q*" 
1—q' 1—4” 1+4” 1—4” 1—4” 
We thus deduce that 


Ф(4)Ф(4?) + 4qV (a?) (q$) 


2 4 5 
q q q q 
a1 = M e 
«(A igp pem ppt ) (3.6) 


Combining (3.5) and (3.6), we establish the equality between the second and 
fourth expressions of part (i). 

Next, by Entry 13(i) in Chapter 17 and (3.2) above, 
3 2k © k3q 6k 


2 k 
1+24 Yi a gut n6 


= do(zi(1 — a + a?) + 923(1 — В + ?)) 
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9 9 
dete (mê + эу mall - а - 2,601 - p) 


2,2 т j 9 (m^-—1)(9—m^)? 9(т2 — 139- a) 
123 LEAL Ao LUE, 


т? 256m* 256m* 


|j) WaN 
= 6 + 30 ——5- 
(4°) Yla’) 
by the same calculation as in (3.4). Replacing q? by q, we establish the equality 


between the third and fourth expressions in (i). 
By Entries 24(1), (iii) in Chapter 16, 


yes In Дай = vC 9. (37) 


Using Entries 1(1), (iv) of Chapter 20, the definition of v given in Entry 1 of 
Chapter 20, and (3.7), we find that 
w*(q@) + 3av*() ai? (a) 
3 = 4 p 23 
Yayla) V (a) 
e 720—9) a 
= 27 + — = 
vyla) qf **(—q°) 
у (a?)x$(—4?) 12 12 3331 
= —q) + 27 — n 
уба) х2(— 470—9?) {f ( q) qf ( q )} 
оа 
f*(-a9f*(-a) | 
Thus, we have shown that the fourth and fifth expressions in (i) are equal. In 
conclusion, the equality of all five expressions of (i) has been established. 


Entry 4. 
| © © каҳ“ 
() p = q* =з 2 ү q* 
_ ica + 224f°(—a)f°(—4°) + 12542/1%(— 45у? 
f(-af(—4?) 
_ V (a) + 24ф(4 la") + 5a^*(q*) 
V(a)v (q^) 


х (V*(a) — 2qU? (aJ? (q*) + 542445). 
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2k © kq19* 


" o k 
(i) irei acd У 


10k 
q 


4q 1/2 
= 2 27,5 —2 2( 72 2( | 410 t= . 
(o? (ao? (a5) — 24f?(—q?)f?(—a » Ааа) 


(ш) Let B have jin 5 over a. Then 


%© gio 


- pr. * w + V —a)(1 — B)} 
x (1 + Vab + /( — а)(1 — B)? 

= 97(q)97(q°)A{1 + «В + (1 — a) — B)} 
— &(16af(1 — а)(1 — B)}*9)2. 


Ramanujan has stated (iii) in terms of y, where q = е ?. 
PROOF or (i). Setting n = 5 in (2.3), we find that 
kg?" о kg! 


4 1 — q% к= qo 
A) 


т®(1 — a) 


$= 146) 


= ta(1 — a)z? da + Los (e (4.1) 


Now take (14.2) of Chapter 19 and differentiate both sides with respect to m. 
After simplification, we find that 
da  a(1—o)( 25 — 20m — т> 
dm 1 — 2a \m(m — D(5 m) 
Furthermore, from (14.2) and (14.4) of Chapter 19, 
= — 1)4m4 
fü = B) im — Dmt a5 
a(i — a) (5 — m) 
Lastly, in Entry 14(ii) of Chapter 19, make the substitution p = (m — 1)/2, from 


(14.1), simplify, and use the definition of p given in (13.3) of the same chapter. 
Accordingly, we find that 


(25 — 20m — m*)p 
1 — 24 = d s 
8m 


Employing these last three equalities in (4.1), we deduce that 
,m(m — 1)(5 — m) d L ( (m — 1)* ) 


125 — 20m — т? dm “8 (т2(5 — my 


_ Рт — 1)(5 — т)21 d A rs ( (m — 1)* ) 
32m7 ат 28 \m2(5 — my 


S = 4(1 — 2a)z 
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_ p(m? + 2m + 5)zi 
Е 16m? 


= i it + 2m$ + lim? + 12m^ + 55m? + 50m? + 125m)'?. (4.3) 


By Entry 12(iii) in Chapter 17 and Entry 13(iv) in Chapter 19, 
f3(—q?) _ zi «5(1 БЕ ay 1/12 Е z? /m D. | 2 
f(—49) 243252 V B(1— В) 16 Vm 
Also, by Entry 12(iii) in Chapter 17 and (4.2), 
27949) 1 (ва ү?  (n-1 
7%— 4) 3 941 — а) т(5 — m)" 
Employing these last two results in (4.3), we find that 
AC + 2m5 + 11m* + 12m? + 55m? + 50m + 2 4 


q 


- f(-4*) m*(5 — т) 
= Pepe — m)* + 22(m — 1)2т(5 — т)? + 125(m — ry 
70—419) т2(5 — mf 

_/°(—4?) affa" d. „/??(— гаа) 

ЕУ ( + 224 Too] + 1254* Fa) ? (4.4) 


from which, upon the replacement of q? by q, the first equality of (i) is apparent. 
We now prove the second equality of (i). First, from (4.3) and the equality 
m = Q^ (q)/ 9? (q?), 
" p(m? + 2m + 5)z? 
B 16m? 
o" (a) + 29? (a)g^ (4°) + 5ф*(4°) 


mung 9 (9) = 2ф° 2(g5) + 5 *(g5)12, 
16ф(4)Ф(9°) te*() — 2Ф°(4)Ф°(4°) + 5o*(q^)j 


Observe that (4.4) is invariant under a change of sign of q. Thus, by (4.4), the 
first part of (i), and the foregoing equality, 


(7120—42) + 229°f (7 4*)f9(— 419) + 1259*f  ( -q19))!2 
9^ (a)9^(a*)f( —a?)f(—q'?) 
_ 9*(—4) + 29*(—4)9*(— 47) + 5ф*(—4°) 
169^ (q)o^ (a*)e(— a)o(— 4?) 
x (e*(—4) — 29?(—4)97(—4°) + 59*(—a*)]'^. (4.5) 
Converting (4.5) into a modular equation via Entries 10(1), (ii) and 12(ii) in 
Chapter 17, we find that 


(m?a(1 — o) + 22,/aB(1 — в)(1 — В) + 125m? B(1 — p)? 
P5 ав — ад — BY 
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_ m(1 — a) + 24/0 — 3)(1 — B) + 5m! (1 — f) 
Б 16{(1 — a)(1 — 5))* 
x {m(1 — а) — 24/(1— a)(1 — B) + 5n?(1 — B)}?. (4.6) 
The left side of (4.6) is self-reciprocal and so is equal to the reciprocal of the 
right side of (4.6). Hence, by (4.5) and (4.6), 


(7 (7 4?) + 2247 (— g) f (479) + 1259^f ?(- 9/9) 
9^(4)o*(a?)f(—a^)f(—a'?) 
Sm !f + 2./af + та. , T 
= Tea” (5m ! B — 2,/ af + ma} 
044?) + 242ф°(4®)4 (q'?) + 5a* y^ (q'^) 
9^ (4) o^ (a? (a^)u(q!?) 
х (у?) — 24% (a?) J^ (q!?) + 5%0*(4:9%))"%, 
by Entry 11(iii) in Chapter 17. Replacing q? by q, we complete the task of 
showing that the second and third expressions in (i) are equal. 


PROOF or (ii). By Entry 12(iii) of Chapter 17 and (13.8) of Chapter 19, 
720—724) 


1—2 =1—21#{8(1 — a)(1— p 
(m — 1)(5 — т) 
wen cy 
8m 
m? + 2m + 5 
=т=: (4.7) 
Similarly, by Entry 12(v) in Chapter 17 and (13.8) in Chapter 19, 
4q 
1— ——á—-1-2?7íapü — a)(1 — 8)}!° 
x* (ax? (q^) BC X B 
24 m= DG = m) 
= = 
3 52 2 
m 2m* + 5m p (4.8) 


4m? T 4m?” 
by (13.3) of Chapter 19. Hence, combining (4.7) and (4.8), we conclude that 
f^(-af*(-49) 4q 12 p(m? + 2m + 5) 
1—2 2 57753 1 LY YR: = 2 ' 
“ao (9°) COLT) 16m 
Appealing to (4.3), we finish the proof of (ii). 
PROOF OF (iii). By (13.7) in Chapter 19, 


BA + ab + у= 30 0) = р. (49) 
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Thus, 
34 af 4 Jd — al — 0) =24 (14 af + /0 — 0 — B) 
ЕСТЕ 
=2 +z 
QU +2т+5 (4.10) 
2m 


Hence, by (4.9) and (4.10), 


£13 + af + J — 9 — B) 40 + ab + / — o) — By}? 


рт? + 2m + 5) 
= 16m? 


By (4.3), we complete the proof of the first equality of (iii). 
By (13.7), (13.8), and (13.3) of Chapter 19, 


4{1 + af + (1 ~ о)(1 — B)} — 3{160,8(1 — о)(1 — B)}*” 
1+ (s 1) — (аба — 9d — B)? — 81620 — ву — py}? 


u 


2m? — 
cp BV, бт + 30 3(т? — бт + 5) 
2 т? 256т? 64т2 


= segs Ut + 2m) + 1im* + 12m? + 55m? + 50m + 125) 


p 
(It is quite clear that we have omitted a heavy dosage of tedious algebra.) 


Taking the square root of both sides and using (4.3) again, we complete the 
proof of the second equality of (iii). 


Entry 5. 
р © ка" a ка“ 
ji 1+4 — — 28 
Ш ài-g ery, 
2 3 4 5 6 
И q q q а č а 
o tig i-p 1-0 1—4 1-6 


q? u 2 
rr ) 
= 9 + Baf*(- f^ (74) + SUMI 
f(-9f(-7) | 


Iu the middle expression, the cycle of coefficients has length 7. 
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4* 


@) 1+4 рна -2 Y а 


- — = к o. 
(ii) Let B have degree 7 over х. Then 


qe 


oo k 2k © К 14К 
4 Yi Pr 
= 1o? (ao^ (q^) + Vab + /(1 о)(1 — B)}. 


In our proof of Entry 5, all references of the form (19.-) arise from Chapter 
19. 


PRoor OF (i). We begin by replacing q by —q on the left side of (i). Thus, we 
first derive an analogue of (2.3) wherein 4? has been replaced by — q. 
With q = е? and и = q”, where n is a positive integer, 


d e "2f 1 (e) 
22} А БМА 
и 


dq q'^f(q) 
d d 
a 4) 700) 
CM quu) 2m mg 
E we k(-aqX е k(-q"* 
ттун р) co 


by the same argument that we used in (2.1). 
On the other hand, by Entries 12(i) and 9(i) in Chapter 17, 


d op [EEREN 4. (28 {ва — BN 
2 dy L oe ( e Af i2(e-%) ) =2 dy Log E — 4 ) 


d 1— 
= —a(1-— a)z? d Log (a) (5.2) 


Thus, combining (5.1) and (5.2), we conclude that 
ng k-4 _ (1- 2 Се) 
eR е NEA C 
В(1 — A) 


xad a | (5.3) 


= —a(1-— a)z? — T i Loe ( 
Now, setting n = 7 in (5.3), we find that 


е 0 а К-а) 
:= 1 РБС ЦЕ cedi Et INA ЗЕ ДИ 
А ТС ЖЫР ory, 
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d В(1 — В) 
lo(1 — az? —L Mod Rd МА 
voca а 08 (As — a) 


ET 1—28 dB 1-2 „4 
= 60(1 ) tos p de a(1 — a) 124 Log m) 


= 4(1 — 28)22 — {1 — 2a)z} — 2a(1 — 224 Log m, (5.4) 


where (19.17) has been utilized. 
Let t > 0 be defined by (19.2). Observe that, for any positive integer n, 


Q2) 4 does n (pack dm 1 ат 55) 
nw) à m) V *m m?) dt mdt’ z 


Also, in general, if f has degree n and F is any differentiable function, then, 
from (19.17), it is easily shown that 


a(l — д8 A = nf — p)za (5.6) 


Za P 
Thus, from (5.4)-(5.6), 


$ = bun; (1 — 2B) — m(1 — 2a) — 12ma(1 — 224 Log m) 


7 
82121 (Za — 2f) — m(1 — 2a) 


1/2 -1 
= UT —a)ü- m A (v + a HC е Ш); (5.7) 


Ву (19.23), 

m— 1 = —6 + 161 — 1212 + 813, (5.8) 
and so 

А (r — z = 16 — 24t + 242. (5.9) 


From (19.20) and (19.22), respectively, 
m= —3 + 8t — 6t? + AP + 2R 
and 
7 2 3 
— = 3 — 8t + 6t^ — 4 + 2R, 
m 
where R is defined by (19.6). Thus, 


m+—=A4R. (5.10) 
m 


470 21. Eisenstein Series 


Hence, from (5.7), (5.9), and (5.10), 


з= ((n Le - n (n- je +B-1) 


1/2 2 
—24 fraga — a)(1 = pË E 2-м) (5.11) 


Our next goal is to obtain a suitable expression for (dt/da) (dt/dB). From 
(19.2), 


df , dt ; dt 
Bras a and а+ 3 gU ap 


Therefore, from these equalities, (19.17), and (19.18), 


dt dt 1 dp 
np ae! + * al ur) 


zy Wi 7p — p) mafl — a) 
— 6A? (6 е т?(1 — 2) (« * 7(1 — p) 
_ Ü(IAm?af(1 — a)(1 — B) + m*af(1 — a)? + 49af(1 — By) 
i 448a? B?(1 — о)(1 — В)т2 
 t(-2(—-9(—8)0 —2)( —8)* (t7 BP (1 — 0)? + (2 —о)2(1— В)2) 
64aB(1 —a)(1 — B)(t—a)(t— В) 
t {lt — B)(1 о) — (t — a)(1 — B)}? 
64af(1 — a)(1 — B)(t — a)(t — В) 

no-— e _ 

64«B(1 — a)(1 — B)(« — D(t — B) 


As we observed after (19.19), х > t and f < t. Thus, taking the square root on 
each side above, we deduce that 


Е a н ца – B — 2 
dadh)  8(a«B(1—o«)0 — B)(a — DE — B) 
Hence, from (5.8), (5.10), and (5.11), 


S = 212; («ке — В) +(—6 + 16t — 1212 + 827)(a + B — 1) 
7 12) — 3t + 3t? 
— 3t(1 — t)(a — P (35 XE) (5.12) 
From (19.18) and (19.19), 


(a — t)(t — В) = 20 — В)? = T? (1 — 0)2(1 — t + y. 
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Hence, 


(tea) mim 
(«—)t—B) — t1—90ü—to-0y 


By (19.5), х — В = 2BR and a + В = 2A. Substituting these expressions and 
then the values of A, B, and R into (5.12), we discern that 


| 6BQ – 3: + a) 


= 47,25 — t)(1 — t + t?)(2 — 3t + 2) — t + )(1 — t + 2?) 
+ (—6 + 16t — 1212 + 82) {(1 + t?) - (1 — 08 — 1) 
— 12t(1 — t)(2 — 3t + 2) 


= 2,2,(1 — 2t + 212)? 
= 2,2,{(1 — t)? + PY}, (5.13) 


where the algebra was effected by a computer algebra package. Utilizing (19.2), 
(19.3), and Entries 10(ii) and 11(iii) in Chapter 17, we deduce that 


S = z,zy(((1 — o)(1— В)}' + (ap) ^y 
= {Ф(—4)Ф(—4') + 4a^v(q?) (415%)}°. (5.14) 
Lastly, we use Entries 17(i), (ii) in Chapter 19 to find that 
olaola’) + 4q7W(q?)W(q"*) 


q 4? 4° q* 4° 4° 
edu... yp Чч. — € 
24 (te 1-4 1-0 1 — дў Еа i 
(5.15) 


where the cycle of coefficients is of length 7. Changing the sign of q in (5.14) 
and combining the result with (5.15), we complete the proof of the first equality 
in part (i). 

In order to establish the second equality of (i), we first observe, by Entry 
12(i) in Chapter 17, (19.2), and (19.3), that 


2q e 2 2(47 
asp POPO = zaz. 
It follows that 
2,24(1 — 2t + 212)? 


= QaY^f*(g) f СД — 6t + 1812 — 32? + 36t* — 24:5 + ay 


t(1 — t) 
(5.16) 
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On the other hand, by Entry 12(i) in Chapter 17, (19.2), (19.3), (19.14), 
(19.15), (19.6), (5.8), and (5.10), 


fiA af*(q’) 
af*(q’) ш /°(4) 


m? - (s - ay" 4? (E - ae 
Bü—B/ ma — о) 
1 ,[ «(1 — a) Уз — 49/p(1— PN} 
=a at" e -3) E = | 


1 49 
"Cic MERT — 7t +11? — 8t? + (në + A) 


49 
«a -zos(ve - 55) 
zd TW NOM -1) 
= 00" -;)(e Tt +11 se «ar (m > 


+(1— onm + :) + 14(2 —7t + 112 — 81? + z 


= ac + 8t — 612 + “(о — Tt + 11t? — 8t? + 4) 
x (—3 + 8t — 6t? + At?) 


+ 2(1 —200—3t-20)0—t4- 0) г + 22) 


+ 7(2 — Tt + 1112 — 813 + ah 


_ 1 
— t(1— t) 


+ 7(2 — 7t + 110 — 8P + z 


0-3 + 8t — 6t? + 4:3)(2 — 3t — 3 + 20) 


= 40 + t + 2312 — 64t? + 721 — 4815 + 16:5). (5.17) 


Combining (5.16) and (5.17), we deduce that 


f*(a) af*(q’) y 
— 242 E 2/362 2(.7 
2,24(1 — 2t + 21°) q*^f “(afr q ( af" 15 * 49 70) — 13 
-(£ (4) + 49427 * (q^) — 1347 *(4) 7а” y. 
fafa) 
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Using the equality above in (5.13) and changing the sign of g, we complete the 
proof of the second part of (i). 
PROOFS OF (ii), (iii). Replacing q by —q?, we showed in (5.14) that 
1 Еа — Huc HD 
зт 28 У тиа 


= (o(a?) (a! *) + 4a*V (q*) y (q?9))?. (5.18) 


By Entries 10(iv) and 11(iv) in Chapter 17, (20.6) in Chapter 20, (19.2), and 
(19.3), 


e (q^)e(q'*) + 4a*v (a^ )u (q^?) 
= zz + /1 — apr v В 
+ (0 — /1— aj — /1 — gy?) 
= zz + |a + /(1 — e) — B)? 
= zz + + (1 — 0*5)? 
= Jun - i - 0 
= nz — {apl — a) — B^) 


= ф(4)Ф(4') — 290(— 40(—97), (5.19) 


where we have invoked Entries 10(i) and 11(ii) of Chapter 17. Substituting the 
far right side of (5.19) into (5.18), we complete the proof of (ii). Furthermore, 
substituting the second expression on the right side of (5.19) into (5.18), we 
deduce (iii). 


Entry 6. 
(i) If B has degree 3, then 
е k-q' e ka” 
1+ 12 È Iso 36 à таз 
= PDP (q?) (ep) — ((1 — a) — B) ^y. 
(ii) If B has degree 5, then 


e К(—4)* е k(—q)** 
we ence Qr 


= PDPN + 4/01 — a)(1 — B) 
x (1 af + /(1 — a) — B). 
(ui) If B has degree 7, then 
k(— gy e k(—q)™ 
т-д PÀi-Cgm 


= o^ (a) (a )((8)^ + (1 — a)(1 — 8)) ^y. 
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PROOF or (i). By Entry 3(i), the series on the left side of Entry 6(i) is equal to 
M сд = OY 
V(-a(—-«) 


Using Entry 11(ii) of Chapter 17 and (5.2) and (5.5) from Chapter 19, we deduce 
that 


1 filet -2)]? — 3z3{8(1 — i 
2(z1 23)? {aB(1 — a) (1 — p) 
А ye — m?) — 323(m? — oe 


Зт?(2,23)'? 


= fe =? ie = и m NAS 

_ [t + 1)(3 — m) _(т — 13+ i 

us 4m 4m . 

= 2123({(1 — а)(1 — B)}"* — (up) *y. (6.1) 


Hence, the truth of (i) is made manifest. 


PROOF OF (ii). By Entry 4(i), the series on the left side of Entry 6(ii) is equal to 
y WOD — 249^ (9^ C7 4?) + 54? U^ (—a*) 
00—09°) 
х 004—4) + 2402(— 9)02(—4°) + 54у *(— 45)}!?. 
By Entry 11(ii) in Chapter 17 and (14.2) and (14.4) in Chapter 19, 


m w>(—q>)q? (mee = a)? 4m(a(1 -" ae) } 44 10 ) 


za \ B-p ар аву 


x Gz? {a(1 m a))? + 32,25 {0B(1 — a)(i — pr^ + + 222{8(1 — py? 


5 5 7/4 5 3/4 
_W5(—43)q2 |" (3-1) (i) 5 


= ico | WA TNCS UE neci та 
V(— q) (m — 1) (m — 1) (5-1) т-д" 


5 5/2 5 3/2 
x б G = ) (m — 1)? + (5 — 1) (m — 192 
m m 
5 1/2\ 1/2 
+ 5(m — 1)°? G — ) ) 
т 
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w>(—q°)q? ( 2 2 
(0 (5 — т)? — 2(5 — m)(m — 1) + 5(m — 1) 
V din - 9X | 
x ((5 — т)? + 2(5 — m)(m — 1) + 5(m — 1)?)!? 
у°(—9°)а° 
= (40 — 32m + 8m?)(20 — т + 4т2)!2. 6.2) 
V dim - 17 i ! | 
From Entry 11(ii) in Chapter 17 and (13.3)-(13.5) in Chapter 19, 
l6gy5(—45) ^ 4252 (20 = ү 
V(-an—1P — ziP(m — 19V a(1— о) 
ТА z3^ (p? — (т + 1?) = 23 _ 2195 
с 4zj(m—1P? 422 hw 
Using the calculation above in (6.2) and then employing (13.6) and (13.7) in 
Chapter 19, we discern that 


m? — 4m 4- (m — 2m + 5)" 


Y = 
2125 2m 4m 


= nz faf + (1 — @(1 — BG + Sab J — a0 — B), 
which completes the proof of (ii). 


PROOF OF (iii). Observe that (5.14) is precisely Entry 6(iii), and so the proof has 
already been accomplished. 


Entry 7. 


| э Ка = kq% 
) 143 —27 у. 
e à —q* Pier 


1 


MA f*(-4) 6r 3 3 9 2/6 9311/3 
Fear (—4) + 94f ^ (— 4)f ^ (— a?) + 27g $( — 3?)) 
_ к е0, vq) | 

V(q)v(q?) OCEN 


kq?* © kq1** 
pae" эшо ру 1-48 
_ {е $ Ager 9^ (q^) 
4 9" (o? (q*) 


(i) 143 Y 
k=1 


© kq?** 
x5 S o =. 
k 2 pa gt 


со k 
(i) 1+ Y ką 
k=1 1 — q4 


1 
f°(-4°) 


E Fong C9 + 24/(—4)/(— 25) + 54272(— 425). 
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Throughout the proofs of (i) and (ii), we use the notation of Section 3 in 
Chapter 20. 


Pnoor or (i). It will again be judicious to make a change of sign. By (6.1), 
$:2143 » s 27 i a 
=(14 125 X ed - 36 P Ma) 
(+ 12 p Ө se узек 


i (e +1)(3—-т) (т—1)(3+ my 
= aZ DO 8 


4m 4m 
nu (m'-0)08—m)- (m — 1)(3 + m)V 
42329 дт а 
3 —m?\? 3—m"V 
-panh EJ enn (A 7-). (.) 


Our next task is to express these last expressions in terms of t. By (3.10) 
and (3.11) of Chapter 20 and (7.1), 


er 3—mV , 3—m"V 
S = 4mm'z4Zs 2m + $2429 E em 


E [s + 803) (1 £20 | 3G-(- E 
~ 16 \ (1+ 20201 + 88) 1 + 8/3 


- — — 2t + 4t?) — (1 + 209? + 12(1 — 403)2) 
242. 
ET 12 8001 5 — 49}? + 3(1 — 4)?) 
2329 2 3 4 6 
frag abt» — 8t? + 12t* + 16t°) 
ERIS +t +Ê) — 2t + 42)? 
=: 2-5. (14 t+) — 2t + 402). (7.2) 


Next, we attempt to identify this last expression with the middle expression 
of (i). By Entry 12(i) of Chapter 17 and (3.7)-(3.11) of Chapter 20, 


ду 645) _ (ва – В) 
JOI) (агы) 2229 fal — аўу(1 — 9)7* 
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К 2329т'3211/3(1 -- ey + 20)? 
|. mPa HPA + 893) 
| Z3z9(1 + 83) (1 — PPPA + 2015 
^  Qq-420( — D? + 813)23 
_ Zgzgt "(1 — 2t  A?)'P(1 — PL + t + Ey 
(1 + 22)"8 


Hence, we may rewrite (7.2) in the form 
, EAE +t4+t7)(1 — 22+ zy 


— fafta?) t(1 + 20?(1 — 1) 
ree + 2t? (1 — t) t i 
1—5 3 
- fafta t aot al oman) 5 09 


where the last equality is verified by straightforward algebra. 
It now suffices to prove that 


fg ü-2y-: 
af *(q?) t 
for upon substituting (7.4) into (7.3) and changing the sign of q, we then obtain 
the first equality of part (i). 


Employing Entry 12(i) in Chapter 17 and (3.7), (3.9), (3.10), and (3.11) in 
Chapter 20, we find that 


f? _ (2)" (5 z 2)" 

qf*(a?) zs (1—» 

уз 1—) _(1+20%1—) 
(+2) t 3 


(7.4) 


= (mm 


as desired. 
To establish the second part of (ii), we first observe that by Entry 11 (ii) in 
Chapter 17 and (3.7)-(3.11) in Chapter 20, 


4242(— 4?)0(— 4)(— 4°) 
= 4234/2129{В(1 — B) ^ {all — о)у(1 — у)}!#® 


(1 — jc — 23) 
SaR у лыш 


Thus, by (7.2), we see that 
1 — 2t + 42V? 
t(1 — t) 


- аа аала - 3) : (7.5) 


S= ev cewcarce( 
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By Entry 11(ii) in Chapter 17 and (3.7)- (3.11) of Chapter 20, 
Va) m(fü-By^ — iere? 
aV (aV -4) mal әу р (-9^ 


Substituting (7.6) into (7.5) and changing the sign of q, we establish the second 
part of (i). 


(7.6) 


PROOF OF (ii). By part (i), the series on the left side of (ii) is equal to 
2/55r6( 16 2 2r3 18 
E hae тэ» 9) cou 270 (C700 N, 
f(C-4)f(-4' ) Nf? C a) f?(-4?) 
Utilizing Entry 12(iii) in Chapter 17 and (3.7)-(3.11) in Chapter 20, we deduce 
that 


23{B(1 — 8^ 
С 275,25) (a(1 — аўу(1 — yy 


2\ a(l — a — ey a = 2 
А (s) Gi -») +t 21) \a(1 — a) 

_ 230781 Pa + 20 

= (2,29)'7(1 En )^a + 813)*3 


(1 + 20)(1 — t}? t? 1/3 
«1 2 тетет > 


= 2,(2,2 ^. '(1+t+ "ya + 3t? + 4t? + 905 + 615 + д16)из 
(1 + 813)(1 — 2t + 4(2)15 

1+8 (12 t Y 

(1+ 202 1482 


1+:1+ 02ү 
= z3(24 29)? AH") 


= 23(2,29)'? 


3 1+ 823 V? 
- u2[ 7 4 
эзиз) E 4( vu) 


3 my 
= z3(z4 zo)? E + т. 
TE s 9*(q?) | 
= olaola (i —* 0 ЭЪ 7.7 
= 9" (q^)o(a)o(q^) ae áo (o^) (7.7) 
from which (ii) now readily follows. 


PROOF OF (iii). We employ the notation 
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which is a modification of (11.7) in Chapter 19. Returning to Entry 4(i) and 
utilizing (1 18) of Chapter 19, we deduce that 


© Ка* k 5k 
1+6) з, | ею реА si 
p 2 МЕ 45) г)" 
2 
а) * Ty * 7m 


Jn fat 2 p т m nom y 
p q^) жб 43578(—425) ^ wi? 4197120 425) 


+30 + 5w* + 15w? + 25w? + 25w) 


125 1/2 
+ E + 5w* + 15w? + 25w? + 25w) 


5 — 
= tw? + 22w? + 235w® + 1580w" + 7425w® + 25550w^ 
+ 65625w* + 125000w? + 171875w? + 156250w + 78125)? 
qf '(-4?) 
95) 


Again using Entry 4(i) and proceeding in the same manner as above, we 
discover that 


—— —s.— (wt + 10w? + 45w? + 100w + 125)(w? + 2w + 5)12. 


© kq?* © kq?** 

1+6} pg 58-305 1 5 

575(— 425) 12(. „5 1/2 
-ES (sis + 2 CES ; I) 
_ 4/°(—4°°) 


NUM Ms ((w5 + 5w* + 15w? + 25w? + 25w)? 


 22(w? + 5w* + 15w? + 25w? + 25w) + 125)? 
E rim q^) 
"CE LM E (wi? + 10w? + 55w® + 200w7 + 525w® + 1022w5 


+ 1485w* + 1580w? + 1175w? + 550w + 125)! 


4° 5 25 
= E ULP dws + 4w? + 9w? + 10w + 5)(w? + 2w + 5)". 


Multiplying (7.9) by 1 and (7.10) by 2, adding the two resulting equalities, 
and using (11.8) of Chapter 19 and (7.8), we conclude that 
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со 25k 
— 25 У; Е и 


mil- qi 


© ка" 
+> 1 
kil 


- ао + 10и? + 45w? + 100% + 125) 

+ 3(w* + 4w? + 9w? + 10w + 5))(w? + 2w + 5):2 
4f (-47) 
7—9) 
af (-4) 

f(—4) 
4f(-a4)( 720-9 fa y 
Е 7—9) (ds + aa) 225) +5] , 


from which the truth of Entry 7(iii) is evident. 


(w* + Sw? + 15w? + 25w + 25)(w? + 2w + 5)? 


T——— (w? + 2w + 5)2 


Entry 8. 
4? 2k 


cer - 4°? 
- NES 20qf ?(q)f ^(q!!) 
+ 324272(—42)72(—42°) — 2099/7? (— g^ (— 41) 
(ii) Let B have degree 11 over a. Then 
T 132 bE m 
= Bee np + ы + 2{(1 — a)(1 — B)}*? + (08): 
+ {(1 — 9 — В)}# — {apd — o)(1 — B)}**). 


(iii) If B has degree 19, then 
2k 


3+4 »E a ~ 16 Ý lta 
= a + T + {(1 — a)(1 — 5) + (ap) 
+ {(1 — a)(1 — B)}* — {ab — о)(1 — 8))!^). 


5+12Ў 
к=1 1— 


Qu 


We are unable to prove either (i) or (iii) using (2.3) or (5.3). Thus, the proofs 
of (i) and (iii) will be deferred until Section 11 where the theory of modular 
forms will be invoked to establish several results that we cannot otherwise 
prove. Part (ii) follows from (i), and so this proof will be the only one given in 


this section. 


PROOF OF (ii). By Entries 11(ii) and 12(i), (iii) in Chapter 17 and Entry 7(i) in 


Chapter 20, 
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597(4)97(q"') — 2047 ?(a)f ^(q*) 
 324?f *(—4?)f?(—4??) — 204? /?(— 9)? (— 41) 

= 21211(5 — 20-2778 {a(1 — a)f(1 — p) 2 
+ 32-2749 (a(1 — a) B(1 — B) — 5{0(1 — a) B(1 — B)}**) 

= 21211(5 — 50 — (x8) — {(1 — a)(1 — 8))'^) 
+ 2(1 — (a8) — ((1 — a)(1 — B)}*)? 
— 5(a(1 — a)B(1 — B)}**) 

= 21211(2 + 2(aB)'? + 2{(1 — a)(1 — B)}*? + (08): 
+ 00 — a)(1 — 8^ — (apa —o)0 — £^). 

Hence, (i) implies the truth of (ii). 


Entry 9. 


| o kg? o kgf“ 
@и Y, — 4 — 276 Y — 
kil q xil q 


= орча?) + Jap + Jd — a — B)) 
— I0(16af(1— «)(1 — В)}® 
— 8(16«8(1 — а)(1 — 8) ?(1 + (08): + (1 — а)(1 — B))1^)). 
(1) If B is of degree 15, then 


со k 2k © k 30k 
112} 4 п -180 Y I зя 
= $o*(q) o? (q! )((1 + (ap) + {(1 — о)(1 — pyy 
— 1 — Vaf — J0 — y — p). 
(iii) If B is of degree 31, then 
kq?* 
i= a 
= o? (go (a?) G(1 + Vab + (1 — 90 — B) 
+ {1 + (a8) ^ + (0 — о)(1 — 8) ^p 
— 2(af(1 — a)(1 — 8)) ^ (1 + (af)? + (1 — a)(1.— B)}*9}). 


5+4 У 
k=1 


We defer the proofs for Entry 9 until Section 11, where we employ the 
theory of modular forms. 
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Entry 10. 
(i) Let B have degree 5 with respect to «. Then 
со k 2k oo qi? 
16 7 - 305. 1— 


- pM. + af + (1 —a)(1 — f) 
— &(1- af — JJ — a) — p). 
(ii) If B has degree 9, then 


со kq!9* 
18k 


ki l—q 
= вде? (20 + aß + (1 —a)(1 — B) 


- £l = Jap — ./(1 — a)(1 — B) 
y? (aB(1 — о)(1 — B)}*? ү 
2 1— (af)? — {1 —a)(1 — B)? 

(iii) If B is of degree 17, then 


a 2, 
яй та 
E unu кл 
— 4 — Vab — J0 -= a0 — 8r 


— $441 — Vab — JA — ay — B)) {160 8(1 — о)(1 — В)} 
— 3{160B(1 — a)(1 — p)}*9)2?, 


4?^* 


2+3 


Рвооғ or (i). Comparing Entry 10(i) with Entry 4(iii), we see that it suffices to 
prove that 


(1 — Vab- A= AA — B)}? = 4(160f(1 — а)(1 — В). 


But this equality follows immediately from Entry 13(i) of Chapter 19, and so 
the proof is complete. 


PRooF or (ii). Employing the notation of Section 7, (7.7), and (3.10) and (3.11) 
of Chapter 20, we deduce that the left side of (ii) is equal to 


‚(т\п бү o, Qe SPP (1e re PY 
эү 1+2 ) К? 1+2 1 4 2t 
(1 — 2t + 4?y'?(1 + ¢ + Oy? 


= 7179740) (10.1) 
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Now by (3.17), (3.7), and (3.9) in Chapter 20, 


1—3 
Jap +/%—ж@(1—Бб)=1— n (10.2) 
and 
1-tY 1-0 
af — a) — В) = ie ( = х) at (10.3) 


Employing (10.2) and (10.3) and performing a very laborious calculation, we 
find that 


(1 — 2t + 412)(1 + t + )* 


y -HL + ap + (1 —a)(1 – В) 
t 4 2 24 
Р E 3d - By 
— 2 /af(1 — a)(1 — 8) 
| (1—2t + 412)(1 + + 22) 8(1—-0) 320(1— (3)? 
= (1 + 20)5 тиж 20? (1 + 2t)* 


1665(1 — t)*(1 — 13) 

(1 + 20*(1 + 83) 
_ —18t? + 3613 — 691* + 3015 — 7816 + 1687 — 391? + 4219 — 7211? 
Е (1 + 20)2(1 + 813) | 


(10.4) 
Next, from (10.2)-(10.4), 


1 — 2t + 412)(1 2. 
навња - 90 - 8) 
t $0 — Vab- a —a— В)}? 
| 3t*(1 — 2t — 2t? + 81° — 7e* + 20) 
i (1 + 20)3(1 + 873) 
_ Sr*(1— tY* 
i (1 + 20? (1 + 82) 


3f us 1-с ү 1-08 \f (1 + 22) 
= IC ( F >) Га а) (e = 5) 
3 — {ap(t — a(t — y^ 

21 — (ap)? — {(1 — a)(1 — 8) 


By combining (10.1) with the result just obtained, we obtain (ii) to complete 
the proof. 
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The proof of (iii) will be deferred until Section 11. 


Entry 11. If f has degree 35 over a, then 


2k 70k 


m kq 


17 + 12 Ў тн — 420 > ге 
Е (1 — (aB)"* — (à — 1 — ^y 
= ont 2(16af(1 __ a)(1 __ p 


+ (afy^ + (0 — 990 — Bj ^ — (apa — 3) — p") 


In fact, Entry 11 is listed as 11(i) in the second notebook (p. 256), but no 
further result is stated in this section. 

There remain now seven formulas in Chapter 21 which we have not yet 
proved but which we now establish via the theory of modular forms. Our first 
task is to identify the series on the left sides of these formulas as modular forms. 


Theorem. Let 
E()-1-24 у, m | 


where q = e™ and т € Ж. Define 

F,(t) = Е,(т) — nE, (n). 
Then Е, is a modular form on T(n) of weight 2 and trivial multiplier system. 
PROOF. Set E¥(t) = Е,(т) + 3/(лу), where y = Im(:). It is well known (e.g., see 
the treatises of Rankin [2, pp. 194—195] or Schoeneberg [1, p. 68]) that if 
V = (2 P) e T(1), then E%(z) satisfies the transformation formula 


EX(Vc) = (ct + 4)?Е%(т) — “er 4 d). (11.1) 


Observe that F,,(t) = E¥(t) — nEž (n1). So, by (11.1) and (0.4) of Chapter 20, 
if Ve D (n), 


ЕИ) = (ct + dP EZ (1) — S (er + d) 


2 ] 
— n( (Em + a) Ež (nt) — (© + 4)) 
п тп \n 


= (ст + 4)?Е, (о). 


The desired conclusion now follows. 
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PROOFS OF ENTRIES 8(i), (iii), 9(1)- (iii), 10(iii), 11. We first translate those six 
entries written in terms of « and f into proposed identities involving theta- 
functions. Thus, using Entries 10(1)-(iii), 11(1)- (i11), and 12(iii) in Chapter 17, 
we find that Entries 8(iii), 9(1)—(11), 10(ii), and 11 can be written as the 
respective theta-function relations 


é kq? каз8* 
3+4 и MAE 
k=1 1 — vi 1 — 4% 


= RN + 164:92(42)у2(4°%) + 9?(—9)9?(— 4?) 
+ 44% (a?W(a?*)o(a)o (a?) + o(a)o (a ?)o(—a)o(—a'?) 


— 4q*y (a?) (q?*)o(—a)e(— 4°), (11.2) 
о k 2k о k 46k 
125 ju H6 у ре 
= 1 — к=1 


= 5(ф2(4)ф?(4?°) + 164:242(42)02(4*%) + 9?(—4)9?(— 4?%)) 
— 16427(— 4?)/(— a*9)(o(q) (92°) + 44% (4?) (q*5) + ф(— 4)ф(— 923) 
= EDU od py (11.3) 


— ee 15 2 2 15 _ 2 24304 
prn ) + 22^ (QW (q?) + e(—4*)o( — 4?9)) 


— 2(ф2(4)ф°(4'°) + EM y?l) + e*(-4)9^(—4'?), (14) 


S44). 5 ES iC Y us 


= RM t ees + ф2(— 4)9?(— q?!)) 
+ (e(a)e(q?!) + 44% (4?) (a8?) + ф(— 4)Ф(—4°1))? 
— 4q*y (— av (— a?! (o (a) oq?!) + 24% (av (a?!) 


+ ф(— 42)ф(— q8?)), (11.5) 
© kq” © kq?** 2 
(13 E Eu үза 


= 2(o*(a) o^ (a!) + 2564! *u*(q?)u*(q?*) + o^(—a)o^(— a") 
— 1&(0^ (a) e^ (a! ") — 164? J^ (a?y? (q^) — o*(—a)9?(—- 4) 
-FC (- 9)? C- a?*) (9? (a) o? (a!) — 164? ? (q?)y? (q?*) 
— ф2(—4)ф2(—4'7)) — 48q9f *( —a?)f *(— q?*), (11.6) 
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and 


© м” io kg 
17 4- 12 oua 420 —— —JHi 
à 1 — dà 1—47 


i 
= urea rO) — 4g*y(q? yla) — o(—q)o(—q?5)P 


+ 4q* (92)4(а"°)ф(9)Ф(9°°) + o(a)o(q??)o(— a)o(—a??) 
— 44° (- a? (— 42°). (11.7) 
Next, we rewrite Entry 8(i) and (11.2)-(11.7) as proposed identities relating 
modular forms. s by (0.13) in Chapter 20, we find that, respectively, 


© © 22k 
5 4-12 Cus 
k=1 


= Soma = m UM + 32n?(t)q?(11t) — 20h1 (o) hi(112), 
(11.8) 
ES © а 


= rm + poe + ge(2)go(191) 
+ 49(1)92(197т)9; (т)9,(197) + 9;(1)9:(19т)90(7)90(197) 
— 49,(7)9,(197)9о(т)9о(197), (11.9) 
k 2k со k 46k 
s лв Y т aa 
= Hg} (1)g?(231) + 1693(t)g3(23t) + g2(t)g2(23t)) 
— 16n(t)n(23t)(g(t)g1(23t) + 4g2(t)g2(23t) + go(t)go(23t)) 
— 405^ (1)? (233), (11.10) 
s Е 18 оо kq?9* 


0 2 1 30k 


9 
(9: (0)9:(15т) + 2ho(z)ho(15:) + һ,(х),(151))* 


e$ т 
к= 


+0 ў Dx 


Е 
~ 292()93(157 ) 
с + po d + 95()98(15т)), (11.11) 


— 124 тав gus 
Ө Michele + 93003610) 


+ (g1(1)g1 (311) + 4g2(1)92(311) + go(t)Go(312))” 
— 4h, (c)h, (312) (0; (0g, (311) + 2holt)ho(311) + hz(1)h2(311)), 


(11.12) 
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kq 2k d 43% 2 
(2 +3 Xi 51» 1 — га) 
= dA i + gen + gô(1)g6(171)) 


25(92(т)92(17т) — 1692(7)92(177) — 92(2)92(171))? 
— 502(2)у2(177)(92(7)92(177) — 1692(т)92(17т) — 92(7)92(171)) 


— 48%(0)у*(170, (11.13) 
and 
9o oo kq?” 
E 1— A1l- 479% 
i di i (09:859) — 4g, (095351) — я00)00(35)° 
+ 4g2(1)g2(351)g1 (1)g1 (351) + 91(1)9,(35т)до(х)90(351) 
— 4h? ()h1 (351). (11.14) 


We next demonstrate that the multiplier system for each term on each side 
of (11.8)-(11.14) is trivial, for transformations belonging to Г = Г(2) nT p(n), 
where n — 11, 19, 23, 15, 31, 17, and 35, respectively. 

First, by the theorem proved above, the multiplier system of each of the 
seven left sides is trivial. Using (0.14), (0.16), and (0.18)-(0.23) in Chapter 20, 
we easily check that each term on the right sides in (11.8)-(11.14) has a trivial 
multiplier system. We note that (0.27) in Chapter 20 facilitates the computa- 
tions. Furthermore, for (11.11), we need to use the remarks made after (13.8) 
in Chapter 20, because here 3|n. 

After clearing denominators in (11.11) and (11.14), we write each of the 
proposed modular form identities (11.8)-(11.14) in the form 


F:= Е +F +: + Е, = 0. 


The following table indicates the weight r of each modular form F, the value 
рг calculated from (0.6) and (0.24) in Chapter 20, and the number и determined 
from (0.30) in Chapter 20. 


By the theory surrounding (0.30) in Chapter 20, if we can show that the 
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coefficients of 49, q!, ..., q” for F are equal to 0, then F = 0. With the help of 
the computer algebra system MACSYMA, we have, indeed, verified that the 
required coefficients are equal to 0. Hence, the truths of (11.8)-(11.14) have 
been established, and so the proofs are complete. 


After the statement of Entry 11, Ramanujan draws a short horizontal bar 
and offers below it three equalities relating ọ at certain arguments. Although 
the material is unrelated to the subject matter of Chapter 21, we provide proofs 
here because the results appear on the last page (p. 256) of Chapter 21. 


Final Entry. If the principal branch of each root is taken, then 


(q) eC-2) _ (еее ү" = (790 ж лаци (11.15) 


(a) + (4\27) + o^(-q^) e*(a*) 
and 
2 1/2 Pe 2 12 
{9(q) + ig(- 9)? = (ze Ы = we)" R (ze ^ x2) E 


(11.16) 


ProoF. Squaring and employing Entries 10(1)- (iv) in Chapter 17, we find that 
the first proposed identity of (11.15) is equivalent to the equality 


( cu 2x) t+ a х) – (1 x^ 


ї+@—хХ'#/ 10.1 -x +01 х) 
This equality is obvious. 


From (10.1) and Entries 10(111), (iv), all in Chapter 17, we find that 
o*(—4*) = o?(q')p?(—4?) = 12201 + /1— x) — 2)". (11.17) 


Taking the fourth power of the extremal sides of (11.15), using Entries 10(i), 
(1), (v) in Chapter 17, and utilizing (11.17) above, we deduce the equivalent 
identity 


( -(- a BUO — x)4)* — 10/1 — x)(1 — x) 
I-(1—x)45/ — qa(l + (1 — xy“) | 


A modest calculation verifies the truth of the latter identity. 
Squaring both sides of (11.16), we find that it is equivalent to the formula 


ola) + ie(—4) = Ф(9 + {фФ (4) — 29?(q?)'?. 
By Entries 10(1), (ii), (iv) in Chapter 17, the last identity is equivalent to the 


equality 
1+ (1—х!#=1+{1—(1+,/1 — x^, 


which is obvious. 


Some of the results in this chapter were independently derived by S. Ghosh 
in her doctoral dissertation [1]. 
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